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PREFACE

Tue employment of reinforced concrete in engineering
and architectural structures has rapidly become a common
" practice, and as the natural outcome of its more extended
use descriptive articles in the technical press have brought
the methods of construction to the prominent notice of pro-
fessional readers. Nwumnerous papers on reinforced concrete
and kindred subjects have been read before technical insti-
tutions and societies, out of which interesting discussions
have arisen, and these papers and discussions have appeared
both in the special literature of the various bodies and in
the columns of the technical press. As a consequence of
the publicity given to the use of this material it has become
possible to treat the subject in a considerably more con-
densed manner than was justified a few years ago, since
details of construction and lengthy descriptions of experi-
meénts have no longer the special interest that they possessed
in the immediate past. Although there are doubtless many
engineers aid architects who will still need the fuller treat-
ment given in the larger work which the author has pub-
lished conjointly with Mr. W. Dunn, still, it is evident that
there is a great and increasing demand for a concise and
faudy volume, and it is loped that this demand may be
satisfactorily met by the present treatise.
During the winter of 1908-9 the author gave a series of
lectures on reinforced concrete at the City and Gnilds of
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London Technical College, and during and after the delivemwy
of these lectures many suggestions were made to the author
that they should be embodied in book form.

The subject-matter of the lectures has been very consides-
ably enlarged upon in wriling the present volume, as it was
impossible to deal with the subjeet except in a very sketehy
mauner in a series of six lectures illustrated with lantern'
slides, and it is hoped that, in conjunction with the
“Reinforced Coucrete Manual,” this book may form a
sufficiently cowmnplete treatment of the subject for all
essential purposes.

The portions of the subject dealt with in the ““ Manual
have been omitted from the present volume or only briefly
touched upon, but the reasoning on which the calculations
for the design of structural members are based and the
derivation of the fundamental equations have been fully
explained. Lengthy descriptions of systems of eonstruction
and of experiments and tests have been omitted, but the
results of tests and the conclusions to be drawn from them
have been given full eonsideration in discussing the data on
which the caleulations are based, while a short deseription
of the methods of reinforcement which are essential to good
design has been given in the concluding chapter.

CHARLES F. MARSH.
June, 1909,
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REINFORCED CONCRETE

CHAPTER 1

PROPERTIES )

TaEg ingertion of metal to strengthen brickwork and con-
erete is by no means & new thing, Wilkinson’s patent for a
suspended strap reinforcement for floors having been taken
out in 1854, but within recent years the subject of rein-
forcing eonerete with metal sections has received g good
deal of attention, and under various names reinforced eon-
crete hag been-brought forward rather prominently as a new
material that may be used in suitable cases in place of or in
conjunetion with masonry or ironwork or both.

In the zest for the cause some of the advocates of rein-
forced conerete, 1t 1s to De feared, may have claimed some-
what too much for it. Like all other useful things, it has
tts limitations, yet from some of the publications one reads
#nd stalements one hears it might be thought that it
was the cheapest, strongest, and best material to use in
;‘:leost any engineering or architectural work which the art
of man could design.

e\lthough there are undoubtedly limitations to its use,
the material is nevertheless an extremely useful one, and
splendid results have been and will be accomplished Ly its

employment.
R.C. B
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Ten years ago there were few, in this country at any rafe,
who realised what was being done with reinforced concrete,
"and amongst those few it is certain that the majority
looked upon the structures erected in this material with
considerable distrust. ’

The structures undoubtedly existed, that fact could not
be disputed, but that such lightness could be combined
with strength was considered very doubtful by most of
those who saw then. ’

This opinion is still held by many able engineers and
architects, at any rate in regard to certain classes of struc-
tures, more especially -those which are employed for the
conveyance or the retention of water. The result which ig
most generally feared is the corrosion of the embedded
steel and consequent gradual failure of the structure.

Ten or twelve years ago, and probably up to a more-
recent date, many of the constructors in reinforced concrete
knew little or nothing of the true behaviour of the concrete
and iron with which they were erecting architectural and
engineering works, and when they did use any formuls
at all they were satisfied with those of a most empirical
Lkind. ’

It must be presumed that the clients of these firms placeq
great trust in the specialist’s practical engineering sense; as
the science, such as it was, which was then used in the design
of reinforced concrete was mainly regarded as the trade secreb
of the several patentees of the systems of reinforced con-
crete then in use on the Continent and in America. Such'a
state of things could not exist for long, and engineeers,
particularly engineering professors, began to inquire into
the nature of the stresses set up in a dual material formed

) )



PROPERTIES 3

of two such very different substances as concrete and
iron.

Even in the early years of the present century the most
'scientific formule used by many of the constructors in
reinforced concrete were semi-empirical, and those who

*

attempted to design their structuves by the application of
frue principles had to face the difficulty of competition with
firms whose methods were less accurate.

One of the chief disadvantages pertaining to the use of
reinforced conecrete, even to-day, is the time and labour
spent upon the caleulations, if these are made in a scientific
manner, and the consequent expense of design. Iven with
the use of the many tables and diagrams which have been
published, and which are based on proper and efficient
formule, there is still considerable labour in the design
(specially when the structure is a complicated one), if the
calculations are to be carried through in a scientific manner
from start to finish.

In what may be called the early days of reinforced con-
crete, few, if any, experiments had been carried ouf on this
material, except such rough tests as were made by the
several constructors mainly for the purposes of advertise-
Ipent, and no accurate measurements had been made to
discover the behaviour of the materials under service con-
ditions, and as a consequence of the absence of scientific
dnvestigation there was little available data on which to base
a proper system of caleulation.

AWithin recent years innumerable experiments on small-
sized specimens, and also many tests on full-sized pieces,
have been carried out with instruments for the exact measure-
ment of the strains produced under various conditions of

B 2



4 REINTORCED CONCRETE

loading.  We have thus obtained a scientific knowledge pf
reinforced concrete on which satisfactory theories may be
"pased.

When we come to inquire more closely into the subject o
we find that, owing to the conditions existing in préctice
and to the fact that large factors of safety must be allowed,
even in the most scientific design, sufficient accuracy cam
be obtained, although some departure may be made from
the absolute scientific facts which have been derived from?”
the results of carefully conducted experiments.

When such departures are made from what we believe to
be the true theory, it is very necessary that it should be
known what such departures involve and what are the
Iimitations to the use of any empirical or semi-empirical
formule arrived at by their adoption. In the same way,
although most excellent and useful diagrams and tables
have been published to simplify the design'of such pieces
as beams, slabs, columns, ete., 1t is very advisable thast they
should not be used without a knowledge as to the methods
by which they were calculated. For these reasons it is most
essential that all architects and engineers should, in the
future, have a knowledge of the general principles of, the
theory necessary for the proper design of simple reinforced
concrete structures. From such knowledge they may readily
proceed more deeply into the study of this interesting
material and to its applications in more complicated struc;
tures if their professional practice so requires.

With regard to the practical side of reinforced concrete,
this is perhaps rather more the business of the builder or
contractor than of the architect or engineer, but every
designer should thoroughly understand the difficulties

s ]
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which have to be met in the erection of the structure he is
designing, and no good specification can be drafted without,
an intimate knowledge of the materials to be used and the
conditions to be dealt with in the construction of the work.

THe study of the practical side of reinforced concrete
construction is very necessary, since the intelligent apprecia-
tion of the methods which may be adopted by the builder
or contractor in the erection of any structure which one
"may have to design will often reduce the cost of the work
in a very considerable degree.

The theoretical side can be learnt to a large extent in the
lecture room, but, although the practical side may be dealt
with and some information given, still there is no getting
away from the fact that the seeing of works in progress of
‘construetion and experience gained on such works are the
only ways of obtaining full appreciation of the methods
adopted in the execution of the details. ‘

The properties of reinforced concrete which have brought
it to the fore as a building material are mainly resistance
to fire and heat, durability, resistance to shocks, capacity
for moulding, facility of connecting together of parts, speed
of erection and economy of cost. The properties which are
d.isadvantageous to its use are its hardness and impene-
trability, transmission of sound, and the necessity of care
during construction.

» Fire RESISTANCE.

The fire-resisting qualities of reinforeced concrete are now
fully appreciated, but the tests which have been earried out
and the actual fires which have occurred during the last
few years have clearly demonstrated the necessity of giving
sufficient cover of concrete to the reinforcements and the
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advisability of the careful selection of aggregate when the
Jhighest degree of fire resistance is required.

As to the covering of conerete over the metal it is
evident that more thickness is required for narrow sarfaces,
such as beams and columns, where the flames can .Wrap
round the member, than for wide flat surfaces where no
such envelopment can take place. This is very noticeabl®
in tests and the appearance of buildings after actual fires
have occurred.

It has been found that according to the degree of fire
resistance required for beams and columns, the protective
thickness of concrete should be from 14 inches to 2 inches
and all the arises should be chamfered or rounded for 2 to 3
inches. The covering over the bars of flat slabs may be
reduced from % of an inch to 1 inch.

Some special tests were carried out by the British Fire
Prevention Committee in October, 1905, on the resistance
of several of the aggregates commonly employed, when
subjected to intense heat and subsequent application of a
jet of water under high pressure. It was found that furnace
slag, coke breeze, broken brick, furnace clinker, and burnt
ballast were best. Then followed broken granite whilé the
Thames ballast slab gave the worst result, defiecting ang
eracking badly and suffering much disintegration on the
application of the water jet on the hot surface.

Coke breeze, furnace clinker, and similar substances
make weak concretes, and are consequently unsuitable for
structures bearing heavy loads; they are undoubtedly the
best materials for concrete when used for fire protection only
and not as a load-bearing part of the structure, if proper care
is talken in their selection to eliminate under-burnt particles.

1
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The Committee appointed by the Royal Institute of
British Architects to formulate recommendations for rein-
forced concrete works made the following observations
when dealing with fire resistance :—

“§1) Floors, walls, and other constructions in steel and
concrete formed of incombustible materials prevent the
spread of fire in varying degrees according to the com.
position of the concrete, the thickness of the parts, and
the amount of cover given to the metal.

“(2) Experiment and actual experience of fires show that
concrete in which limestone is used for the aggregate is
disintegrated, crumbles and loses coherence when subjected
to very fierce fires, and that concretes of gravel or sand-
stones also suffer, but in a rather less degree (the smaller
the aggregate the less will be the injury). The metal
reinforcement in such cases generally retains the mass in
position, but the strength of the part is so much diminished
that it must be renewed.

“ Conerete in which coke breeze, cinders or slag form the

aggregate is only superficially injured, does not lose its
strength, and in general may be repaired. Concrete of
broken brick suffers more than einder conerete and less
than gravel or stone concrete.
' “(8) The material to be used in any given case should be
governed by the amount of fire resistance required as well
a8 by the cheapness of, or the facility of procuring, the
aggregate.

»‘ (4) Rigidly attached web members, loose stirrups,
bent-up rods, or similar means of connecting the metal in
the lower or tension sides of beams or floor slabs (which
sides suffer most injury in case of fire) with the upper or

\
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compression sides of beams or slabs not usually lnjuled
are very desirable.

“(5) For main beams a covering of 1 inches to 2 inches
of concrete over the metal reinforcement appears from
experience in actual fires to afford ample protection te the
structural parts. In floor slabs the cover required may be
reduced to 1 inch. ' ‘

“All angles should be rounded or splayed to prevent
spalling off under heat.

“(6) More perfect protection to the structure is
required under very high temperature, and in the most
severe conditions it is desirable to cover the concrete
structure with fire-resisting plastering which ma.y be easily
renewed.

“ Columns may be covered with coke-breeze concrete,
terra cotta, or other fire-resisting facing.”

CoNpuctioN oF HEAT.

Reinforced concrete is a poor conduclor of heat, and con-
sequently even temperatures should be easily mainfained
in rooms having reinforced concrete walls. These wallg
are, however, much thinner than brick or stone, and it has
been stated that the temperature of such rooms varies'
considerably with that outside. It is inadvisable to speak
definitely without actual experience, but it would certainly
appear thab a 4% inch reinforced concrete wall will keep a
room at a very much more even temperature than will
4% inch brick wall.

Of course the use of double walls will ensure that the
rooms will always have an even temperature.
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DurabrLITY. . i

No very definite opinion can be given as to the durability .
of reinforeed conerete under various conditions for some timé‘\

' fo come, but for floors and similar strucfures, where the
load is not subject to great and sudden variations and there
is no fear of dampness penetrating, even the least sanguine
‘must acknowledge that its life will be considerable.

. As to the life of structures where water may Penetrate
the mass, where the loading is variable or where subjected -
to vibrations, there may be more doubt, but if properly !
designed, constructed, and protected by waterproofing where
necessary, there is every reason to suppose reinforeed con-
crete in any of these situations will be as durable as if it was
only lightly loaded and kept free from the effects of water.

Whatever the ultimate life may be, there is no doubt as
to the very small cost for maintenance of a reinforced
concrete structure, sinee no painting, pointing, or patching
is necessary as is the case with other materials.

REsISTANCE To SHOCKS.

Reinforced concrete structures show great resistance to
shotks. In countries subjected to earthquakes this material
will doubtless be employed fo a very considerable extent for
buildings. IReinforced concrete is being largely used in
the rebuilding of San Francisco and Kingston, and it will
%o doubt be employed extensively when the rebuilding of

Messina is taken in hand.
»

Ease anp Rarmiry or Erectiow,
The ease with which pieces may be moulded in conecrete
renders it a very suitable material for building, and by a
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proper selection of materials it is possible to reproduce any
ornamental design by moulding concrete in a plaster of
paris cast, but concrete is perhaps more suitable to bold
mouldings, and it is almost certain that the architecture of
concrete will develop along the line of expansive surtaces
relieved by bold and heavy strings, cornices and other
mouldings,. ‘

The metal reinforcements of the composite structure

require no bolting or riveting for fastening them together.
A little bending, lapping with wire or joining by loose or
screwed sleeves is all that is required, the frictional resist-
ance and adhesion between the concrete and steel does the
rest. .
Reinforced conerete buildings are frequeutly erected in
an extraordinary short space of time, and this speed of con-
struction is a great advantage, espcemlly for factories and
similar structures. .

The time required for the concrete to properly set may
be placed against this advantage, as although a structure
may be quickly finished the loading of any part to any-
thing like its caleulated load must be avoided until the
concrete has been allowed to set for two or three months.

[ ]
Econovy or Cosr.

As regards the cost of construction it has been found
that in cases where reinforced concrete lends itself to the:
office it has to perform, a saving of 15 to 20 per cent. can
be effected by its use. -

Of course this saving cannot be expected always, and in
some instances where this form of construction has been
used it has been found to be more expensive than other
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gnore suitable material; but owing to the thinness of con-
crete required and the simplicity of the construction, there
is no doubt that it is a cheap form of construction if it is
rationally employed.

The provision, erection and removal of the false work
and moulds form a large percentage of the cost of any
reinforced concrete structure, as the false work and moulds
require a considerable amount of carefully prepared timber.
This 1tem in the cost can be controlled to a great extent by
forethought and good management.

HanpnEss.

The great hardness and impenetrability of well-made
concrete makes it necessary to provide for all fastenings,
openings, etc., before moulding. The cutting of a chase
in a reinforced concrete wall or floor, which has been
moulded for a few months, is no light task, and nails
cannot be driven into reinforced conerete unless coke
breeze, einder, or similar material has been used as the
aggregate.

. CONDUCTION OF SOUND.

The thinness of walls necessary when reinforced concrete
is used for buildings renders them very noisy—sound
penetrates concrete in a marked degree, causing street
noises, typewriting in an adjoining room, and similar
nuisances, to be very noticeable. Double walls are of conrse
a remedy for this, but they add considerably to the cost.

Partition walls, unless they have to carry a load or are
in a situation where noise does not matter, need not be
made of reinforced concrete, while outside walls should be
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made double, if the building is for office or domestis
purposes and comfort is required.

CirRE IN CONSTRUCTION.

The necessity of care during the building of structure} of
reinforced concrete is continually brought forward as an
argument against its use, but it is certain that asg rein-
forced concrete comes more and more into use it will take
its place amongst other building materials, its manipu-
lation will be as well understood and the necessity of care
during construction as much recognised, as is the case with
framed steel structures. There is no doubt that care and
good supervision are necessary when building in reinforced
concrete, but, as time goes on, a greater and greater
number of workmen and foremen are being trained, and
it certainly appears that the men, for the most part, take
an interest in their work, recognising that soniething more
rests on their carefulness when carrying out the necessary
operations for the erection of a reinforced concrete structure,
than when putting in ordinary concrete foundations.

When viewing buildings duaring construction it is fre-
quently noticed that the workmen are not so careless %as
their superiors. One has seen buildings during construc-
tion where floors have had every appearance of being
dangerously loaded with sand, broken stone, and other
materials and plant, and where dimensions have the appear-
ance of being cut rather finer than the besf conservative
design would admit. Such procedures are not calculated t&
act as good examples to the workmen or to induce them to
use care in the proper placing of the materials. Such
evils as these will, of course, be reduced when engineers

'Y L ]
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d architects become better acquainted with the material,
and embody more stringent clauses in their specifications.
Although it is frequently convenient for a contractor to
deposit materials and plant on floors of reinforced concrete,
due®are should be taken not to overload them, asg, although
a structure may to all appearance safely bear such load-

sing, it is extremely difficult to tell what stresses may be
set up within the material tending to lower its ultimate
' resistance.

At the present time, when reinforced concrete is foreing
its way to notice, it is doubtless tempting to reduce the
sizes of the members of a structure in order to show off
the capabilities of the material, but, when this is done, that
useful coeflicient, “ the factor of safety,” is being encroached
upon. Although, if all is well with the material, such a
structure may resist the loading to which it is subjected,
with every appearance of safety, and its users may never
know how near they are sailing to the wind; it is abso-
lutely immoral, while man remains human, to reduce that
safeguard over bad material or workmanship and all other
adversities and vicissitudes, which we call the factor of
safety.

. WATERTIGHTNESS.

There is still much difference of opinion as to the
ycapability of concrete to resist the penetration of water,
and this is rather a dangerous subject fo be in any way
adgmatic upon.

There is 1o doubt that reinforced concrete standpipes
have been constructed which have withstood considerable
heads of water, and it is equally certain that very many
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()]
reinforced conerete reservoirs and tanks leak more gr
less.

For small heads, say up to 20 feet or so, concrete, when
made of good materials carefully selected, and where the
mortar fills the voids as nearly as is possible, will be whter-
tight, if it remains uncracked. When concrete has been
used for small diameter pipes with comparatively thicle
shells considerable pressures, say, up to 100 feet head, have
been resisted, but as pipes get larger in diameter there is
more concrete to each foot length of pipe, and the more
concrete the greater risk of local defects. With the use of
coatings it is possible, doubtless, to construct a large
diameter pipe, say up to 5 or 6 feet, to withstand a head of
60 or 70 feet, but there is always risk of local defects.

In any situation where the surface may be subjected to
considerable changes of temperature or humidity, concrete
is very liable to crack, and in such a case, however well it
is able to resist the passage of water as a whole, the
formation of cracks may render it absolutely useless in
this respect.

Where no special precautions are taken with regard to
waterproofing, it is advisable, if it is possible, to place sthe
concrete of a structure in such a situation in dry and
eold, but not frosty, weather; as temperature cracks,
are formed when the concrete contracts, while the effects
of expansion will only tend to consolidate the mass. <

A reinforcement near the surface exposed to changes
in atmospheric conditions will prevent any dangero®s
cracking of the concrete due to local failure, and will
distribute tlie contraction in such a manner that the cracks,
althouglt numerous, are individually imperceptible. Such
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rginforcement should always be used in a structure which
has to resist tlie passage of water.

For unimportant cases a sufficient degree of imperme-
ability will be attained, if good, well-mixed materials are
used®for the concrete and about 5 per cent. to the weight
of the cement, of finely divided slaked limme is added when
anixing the ingredients, the structure being also reinforced
by a light mesh reinforcement near the exposed surface.
sT'or important works, however, there seems no doubt that
a special layer of waterproofing, protected by an outer
covering of concrete or other material, should be inserted
near the surface exposed to water pressure.

There are many excellent sheetings prepared with bitumen
which may be used for this purpose, but if the best results
are desired it is advisable to use at least two layers, the
laps of the one layer breaking joint with those of the other.
The ordinary sheetings prepared on burlap are somewhat
expensive when used in this way, but systems have
recently been introduced in which thin layers of felt are
used, breaking joint with each other, and having a
bituminous mastic sandwiched between them.

»

PreservaTION OF STEEL.

* The question of the preservation of the steel in rein-
forced concrete has been frequently discussed, and it has
seen shown again and again that, when the work is
properly executed with good materials, there is absolutely
nd fear that the steel will rust. In spite of most emphatic
assurances and conclusive proofs, doubt still continues to
exist on this point.

Very severe tests have recently been carried out in
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)
Germany on thirty-two beams, which were subjected_ to
rapid rusting while being loaded. = These tests showed
that, provided the reinforcement was not stressed beyond
its elastic limit, the cracks formed in the concrete were
insufficient to induce rusting. )

The concrete was mixed in the proportions of 1:2: 4,
and the reinforcement was from 1'03 to 131 per cent.®f
~ the sectional area above its axis, which was placed 11 inches
above the bottom of the beams. »

A sheet-iron casing was placed around the centre third
of the beams, and a mixture of carbonic acid gas, oxygen,
and steam was passed through this casing.

A mixture of carbonic acid gas and water was found to
have no eflect on unprotected steel bars, but with the
addition of oxygen the rusting was very rapid.

The beams were generally kept in this rusting mixture
of carbonic acid gas, steam and oxygen for three working
days, the loading being kept on during this period. After
this treatment the concrete was cub away so as to expose
the bars. In twenty-seven out of the thirty-two. beams
no rusting was found, although the loading must have
stressed the steel to frorn 18,000 to 35,000 lbs. per square
inch.

In the other beams, in which the steel was stressed to
from 35,000 to 40,000 lbs. per square inch, the bars were
found to be more or less rusted. o

Some experiments on the rusting of steel in concrete
have recently been carried out for Sir John Brunner at %he
National Physical Liaboratory. Five specimens were tested,
each being in the form of a prism of concrete, 74 inches
by 7% inches sectional area, containing one turned bar of

-
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1 inch diameter, and one 1% inches square bar from which
the shop scale was not removed.

The blocks were covered with water several times a week
for a year, and for a further three months were left in the
open under the influence of the weather. One of the blocks
was then broken up, and no trace of any action on the steel
gould be detected, even under microscopic examination.

Many instances have been recorded, showing that the
eteel in reinforced concrete is very adequately protected
against rusting. And it is obvious that any slight amount
of moisture which may get into the concrete, even if it
reached the steel, could not cause rusting without an ample
supply of oxygen. It is well known that steel, if kept under
water, will rust very slowly, while, if it is exposed to the
action of the atmosphere it oxidizes with great rapidity.

It is also well known that one of the best preservatives
for steel work is a coating of cement grout.

A slight coating of rust on the bars, when they are
embedded, is not in any way detrimental, providing all
loose scale is removed, as the cement appears to enter into
chemical combination with the oxide of iron, and a bar
emhgdded in concrete in a rusted condition will be found
to be quite free from rust if the concrete is broken away
ffter some time has been allowed to elapse.



'CHAPTER 1II
BEHAVIOUR UNDER LOADING
ComprEsSIVE RESISTANCE oF CONCRETE

A very great number of tests have been made to deber-
mine the compressive resistance of concrete. It is not
proposed to deal with these in any detail, but only to draw
general conclusions from their results in so far as they
effect the design of reinforced concrete structures.

The strength of concrete appears to vary approximately
with the proportion of cement to the sand in the mortar
employed, provided that the quantity of stone is such that
every piece is completely surrounded with mortar. No
additional strength is obtained by reducing the amount of
stone beyond this quantity; in fact, the strength is fre-
" quently decreased by so doing, the mortar when tested by
itself being weaker than a dense conecrete made with it.®

If the voids in the stone are measured, sufficient mortar
should be used to equal the capacity of the voids plus
about 5 per cent. '

Concrete, mixed in the proportionsof 1 : 2 : 4, or 630 1bs.»
of cement to 18% cubic feet of sand and 27 cubic feet of
stone, the mixture usually employed for reinforced concréte
structures, will have a strength of about 2,400 to 2,500 lbs.
per square inch when one month old.

Other concretes made with mortars having different
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gompositions, will have strengths varying approximately
with the proportion of cement in the mortar.

Consequently, the strengths of concretes mixed with
mortars of the following comsositions may be assumed to
hav® the strengths given in the fourth column of Table I
wlen one month old :—

\

Tanre L
: Proportion of
e cement in the, = Crushing
Proportion of mortar strength,
cement in the relative to 1bs. per
Ilortur. mortar, 1: 2 mortar. ‘ square inch,
1:1 05 1-50 3,600
1:13 . 04 1-21 . \1 2,900
1:2 ! 0-33 1-00 , \‘ 2,400
1:2L _ 0-286 0-867 K 2,080
1:¢ 025 075 1,800

The resistances of concrete of coke breeze or furnace
ashes is about one-third that for concrete of broken stone
or shingle, and may be even less.

The strength of concrete increases with the age, the
increase in the strength being rapid up to an age of about
for months, when it will be about 80 per cent. greater
than at one month, the strength after this period increases
at a slower rate up to three or four years, when it will be
about 50 per cent. greater than af the age of one month.

This is a very valuable quality for a structural material
to possess, as the factor of safety inereases with the age of
tAe member, and it is this quality that the more rash of the
firms constructing in this material mainly rely upon when
they use a high working stress in designing structures.

The strength of concrete is effected to a considerable

c2
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»
extent by the amount of water used in mixing. Tle
strongest mixture is that which looks like moist earth
when mixed, and in which a slight moisture appears on the
surface after severe ramming, but a moderately wet mixture
which will quake when rammed is very little weaker” and
much safer to use.

Like all other materials, concrete offers greater resistance
In compression when subjected to flexure than when under
direct compression ; this is probably due to the aid given’
to each other by contiguous fibres caused by the shearing
resistance of the material when the member is bent. For
this reason if is the universal praectice to allow higher safe
resistance in compression for pieces under flexure than for
those under direct compression. Allowing a factor of
safety on the ultimate resistance of about four for pieces.
under flexure and about five for pieces under direct com-
pression, will give for 1: 2: 4 concrete, the safe compressive
resistances of 600 and 500 1bs. per square inch under flexure.
and direet compression respectively.

Professor Talbot, of the University of Illinois, has
found from experiments on concrete columns that the
stress deformation curve under compression has a distinet
bend at a deformation of about half the ultimaie; thls
deformation occurs at about three-quarters the ultlmate
resistance, and from this he very rightly considers that
three-quarters the ultimate rather than the ultimate.
strength should be taken as a basis from which to assess
the safe working stresses. On the basis of three-quarters the
ultimate resistance of 1: 2: 4 concrete, the factors of safety
for the values of 600 and 500 1bs. per square inch would be.
about 8 and 8% respectively.
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Erastic BEHAVIOUR UNDER COMPRESSION,

To properly understand the derivation of the necessary

formule for the design of reinforced conecrete struetures it
is estential that the behaviour of the material under loading
should be properly understood.
* A great number of experiments have now been carried
out on beams, columns, ete., and from these it is possible
'to obtain a knowledge of the deformations in a stressed
member. :

If a prism of any material is subjected to compressive or
tensile stress it contracts or extends in the direction of the
load, and at the same time expands or confracts laterally.
With materials such as steel, if the loading does not stress
the material above its elastic limit, the prism will resume
its original dimensions upon the removal of the load.
When, however, the loading exceeds the elastic limit of the
material, it will not resume its original dimensions, but
becomes permanently deformed or takes a permanent set.

Concrete has a very low elastic limit, in fact it may be
said that for practical purposes its elastic limit is nil. It
thetefore takes a permanent set under very small loads.

, When we are dealing with a material such as reinforced
concrete, which is in reality two materials acting together
in resisting the stresses, it is essential that the elastic
s properties of the two materials should be known.

A material is said to be truly elastic so long as its elastic
lithit is not exceeded. .

During the truly elastic phase the deformation is directly
proportional to the applied stress. This means, for instance,
that if under an intensity of stress of 10,000 lbs. per
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square inch a bar of steel elongates or contracts 0-00033
of its length, then for a stress intensity of 20,000 Ibs.
per square inch it will elongate or contract 0:00066 of
its length. 1In other words, the strain is proportional to the
stress. This is what is known as Hooke’s Law. Ther® is
still, in spite of the advance of technical training, a con-
giderable confusion between the terms * stress” and*
“gtrain.” The stress is the force acting upon a body and
the strain is the deformation due to that force.

By common use it is customary to employ the term
i “stress ’’ as meaning the intensity of stress. For instance,
we talk of a stress of so many pounds to the square inch.
Similarly, with strain, the strain in a bar of steel 20 inclies
long under a load of 10,000 lbs. per square inch would be
00066 inches, but we generally mean by strain the
deformation per unit length, or in this case 0:00038.
When stress and strain are referred to subsequently they
will have these meanings.

The modulus of elasticity gives the relation between the
gtress and the strain for any material. It is the stress
which would, if the material remained truly elastic, cause
a strain of 1 or a deformation equal to the length of the
specimen. In any given case, the modulus of elasticity
multiplied by the strain, and divided by one, or the strain
produced by a stress equal to the modulus of elasticity,
equals the stress which produces the strain under con- e
sideration, or expressed mathematically, where E is the
modulus of elasticity, f is the stress and A = the strain.
E:l::f:)\orpl—)\:’f. . . . . . 1]

The way in which the modulus of elasticity is used for
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the purposes of calculating the resistances of reinforced
concrete members may be explained briefly as follows :—

We know that {within the truly elastic phase) the stress
is directly proportional to the strain. Now if a certain
stre®d is applied to a fibre of a material it induces a
strain, and this strain having been produced, no further
detormation ocecurs, though the stress still acts on the
fibre, or, in other words, the fibre is in equilibrium.
* When equilibrium occurs in a body the action and
reaction must be equal and opposite, consequently the
straining of the fibre causes internal stress which is equal
and opposite to the applied stress; this internal stress is
called the resistance of the fibre. Now, since the resistance
of the fibre is equal to the applied stress we have from the
equation [1] given above

I
A= o . . . [2]

Now if two fibres of different materials are acting
together to resist a stress, and under this stress they are
equally deformed (either elongated or coutracted), then it is
evident (provided neither of them pass the truly elastic
phase) that, as the strain is the same for both fibres, the
ratio of the resistances of the fibres varies as their moduli
of elasticity; or if f and ¢ are the resistances of the two
fibres and E, and L, are their coeﬂicxents of elasticity,

%hen A — (~0 f—
¢

F
L— i, EC . . . . (3]
¥ is most important that this is thoroughly understood,
as the calculations for the design of reinforced concrete
must be based on the elastic behaviour of the two materials.
In some materials the relation of the stress to the strain
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is different in tension than in compression, but with stgel
they are practically the same.

In the case of concrete, however, we are met with
difficulties with regard to this relation.

In the first place it has no truly elastic phase or Buch a
limited one as to be of no practical importance, and as a
consequence it can only be said to have an instantaneouws
modulus of elasticity, or, in other words, its modulus of
elasticity varies with the stress. *

In the second place the elastic behaviour of concrete
varies according to its composition and its age. Also, its
modulus of elasticity in tension is much less than that in
compression. This latter peculiarity, however, ig not of
great consequence, as the tensile resistance of the concrete
is neglected in the formule for the design of reinforced
concrete pieces under bending, the elastic behaviour of the
concrete under tensile stresses being only of importance
when the elongation of a member is required, which is
seldom necessary in ordinary practice.

Then, further, by reason of its poor elastic qualities,
concrete takes permanent sets under very small loads,
and consequently if a compressive load is applied*and
then removed the concrete does not regain its origin'a.l
length.

When the same load is again applied and removed, it
will be found to be shorter than before, but to a lessew
degree, and so on for very many applications, the perma-
nent set for each application becoming smaller and smalfer,
until at last, on the load being applied, it regains the
length it had prior to this application of the load.

The diagram (Fig. 1) shows this for a gradually applied
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and removed load. The small circles between the curves
indicate the deformations under repeated loadings.

It will be noticed that the load deformation curve
* becomes flatter under each application of the load and that
there ®is a permanent set left after each loading, which
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becomes less and less as the number of loadings increases.
I appears that the deformation of the member increases
at each repetition of the load in a greater degree than the
perthanent set. As will be seen, this beliaviour of concrete
affects its modulus of elasticity, since, after each loading
stress
stratn

= modulus of

the strain becomes greater, and as



26 REINFORCED CONCRETE

elasticity, the modulus of elasticity decreases with jhe
number of loadings.

For the reasons given, it is evident that the modulus
of elasticity for concrete is a very doubtful quantity;”
fortunately, however, the variation of this factor Ras no
marked effect on the ecalculations, for instance in the
calculation of a member under direct compression, with
5 per cent. of reinforcement (a very large amount), a
variation of 50 per cent. in the value of the modulus
of elasticity of the concrete only alters the resistance
of the piece by about 17 per cent.; for 1 per cent.
of reinforcement the same variation of the miodulus
of elasticity will only alter the resistance about 3% per
cent.

The many experiments which have been carried out on
compression pieces enable us to arrive at a fairly accurate
value for the modulus of elasticity of concrete mixed in the
proportions of about 1: 2: 4, the mixture which is generally
adopted for reinforced concrete at the present day. The
calculations will not be greatly affected if the same value is
adopted for the somewhat richer mixtures which are some-
times employed. In any case no great accuracy cau be
obtained, as so many influences occur which may affect tliis
coefficient.

Some authorities advocate the use of the initial modulus
of elasticity or that given by the tangent to the stress-
strain curve for concrete at its commencement. Professor
Talbot, from his experiments carried out in 1906, f&und
the initial modulus to be about 2,350,000, and from tests
carried out at the Watertown Arsenal he obtained a value
of about 2,500,000. From some later tests in 1907, he
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obtained an average value of 3,040,000, and explained the
variation as being caused by the employment of a denser
concrete.

" Professor Talbot advocates the adoption of a parabolic
stress-sfrain curve for conerete for the purposes of caleula-
tion, and with such an assumption it is necessary to use
the® initial modulus of elasticity, but for the straight
line stress-strain curve usually assumed the modulus of
elasticity used in the calculations should have a value
lower than the initial modulus.

When a straight line stress-strain curve is assumed
it appears better to take, for the modulus of elasticity, the
value given by the tangent to the stress-strain curve of
concrete at the working load which is to be allowed or at
a stress of about 600 lbs. per square inch, when it will be
considerably less than the values given by Professor Talbot,
and more nearly' 2,000,000.

When inquiring into the behaviour of conerete for the
purposes of obtaining the modulus of elasticity for use in
the design of reinforced concrete it is advisable to study its
behaviour when combined with the steel.

If a®compression member of reinforced concrete is tested
unger gradually increasing loads and the results plotted on
a diagram, we get a curve as shown (Fig. 2); this is the
elastic curve of the whole piece. Now the steel is perfectly
elastic, and consequently we can find how much of the load
it resists by multiplying its unit deformation at varying
load® by its modulus of elasticity and by its arvea. The
remainder of the total load, at each loading, must be borne
by the concrete.

We can therefore find the true stress on the conerete alone
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by dividing the load thus found as being resisted by tha *
concrete by the area of the concrete in the specim:n.
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deformations as abscisse, give a new curve which is the

elastic or stress-strain curve of the concrete only.

~ Professor Talbot effects this graphically in the following

manner: After having plotted the load-deformation or

stress-strain curve for the whole piece, he finds the unit
resistance of the steel for one loading, as described above,
butr instead of multiplying this by its area to obtain the
total load resisted he multiplies it by the ratio of steel to
the concrete in the section, which gives the load resisted by

. the steel per unit area of the entire section; he then plots

this on the diagram and draws a straight line through the

 point so found, which gives the line of the stresses resisted by

~the steel per square unit of entire section. The vertical
distance between this line and the load-deformation curve
gives the stresses resisted by the concrete alone.

The steel line is straight, as the strain is always directly
proportional to the stress.

*  Supposing the unit deformation or the strain under any
load = 0°001 and the modulus of elasticity of steel is
80,000,000. The resistance of the steel is 0-001 X 30,000,000,
or 80,000 lbs. per square inch.

Now suppose the prism had an area of 100 square inches
and there was 1'2 per cent. of steel in the section, then the
total load resisted by the steel would be 80,000 X 100
X 0012, or 86,000 1bs. If this is deducted from the total
load and the remainder divided by the area, we get the
stress resisted by the concrete for the unit deformation
or sftain under consideration. These values must be
replotted on the diagram to give points on the stress-strain
curve for the concrete alone.

According to the method used by Professor Talbot, the
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stress on the steel would be found to be 80,000 1bs. per
square inch as before, but this wounld only be multiplied by
the ratio of the steel area to the eonerete area, or 80,000
X 0012 = 360. ‘

This» wonld be plotted as an ordinate for the unit
deformation of 0:001, and a straight line drawn from the
origin through the point so found. Now if the vertical
distances between this line and the stress-strain curve for
the reinforced concrete prism are taken off with dividers
and set up from the horizontal axis at the unit deformations
or strains at which the distances were measured, the points
80 found will give the stress-strain curve for the concrete
alone. :

The diagram (Fig. 8) shows the mean stress-strain curve
for the conerete alone, drawn through points found from
various experiments by the first method, the stresses
resigted by the concrete being calculated directly for the
several unit deformations. This curve gives 1,830,000 as
the value for the instantaneous modulus at a stress of
600 1bs. per square inch.

Diagram (Fig. 4) shows the method adopted by Professor
Talbots the mean stress-strain eurve being drawn from
the results obtained from tests of reinforced concrete
-coldmns made by Professor Talbot in 1906 and the stress-
~ strain curve for the concrete located from the steel line.

{n this case the instantaneous modulus of elasticity for
the concrete at a stress of 600 1bs. per square inch is
1,780,000.

In members of reinforced concrete subjected to direct
compression and reinforced with longitudinal bars, where
E and E, are the moduli of elasticity of the steel and

"
*
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concrete respectively, the resistance which can be obtained

from the reinforcements can only be L times the

B,
resistance of the concrete as has been shown already.
It would appear, therefore, that the lower the value of

DIACRAN SHOWING THE ELASTICITY OF REINFORCED CONCRETE
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L, the greater will De the added resistance of the rein-
forcement.

The load-deformation curve becomes flatter the more the
member is loaded and unloaded, and consequen.ly the value
of B, will decrease, but the modulus of elasticity of concrete
increases with age, and although these ftendencies may
balance one another, it seems prebable that on the whole
the value of E, increases.

When enquiring into the value to be assumed for I, the
effect of theconditions obtaining during the process of harden-
ing and that of the permanent set taken by the concrete
under repetition loading, must also be taken into account.

The effect of the conditions of setting upon the reinforce-
ments and the concrete surrounding them are demonstrated
by some experiments carried out by Messrs. Emerson and
Peabody at the Case School of Applied Mechanics, which
show that when a reinforced concrete specimen sets in air
the concrete contracts, inducing compressive stresses in the
reinforcements; while the reaction due to the elastic
resistance of the steel bars places the surrounding concrete
in tension.

These experiments showed that, in the caseof 1: 2: 4
broken stone concrete hardened in air, the compressive
stréss on the steel eighty-four days after moulding was
more than 8,000 lbs. per square inch, while in the case
ofgravel concrete the average stress in two specimens was
about 5,000 1)s. per square inch.

Fram some experiments of the same nature on mortar
8pecimens in the proportion of about 1: 27 reinforced
with iron bars and hardened in air, M. Considére found

that the mean compressive stress in the metal was about
R.C. D
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2.850 1bs. per square inch; while the mean tensile stress
in the concrete was about 155 lbs. per square inch, sixty-
three days after moulding.

For pieces hardened under water the stresses are
reversed, but are not so great. *

The American experiments showed that for1: 2 : 4 broken
stone concrete specimens, eighty-four days after moulding,
the tensile stress on the metal was about 8,000 1lbs. per
square inch; while for the gravel concrete the stre:s was
about 1,500 lbs. per square inch.

M. Consideére’s experiments on1: 27 mortar, sixty-four
days old, show a mean tensile stress of 1,710 lbs. per square
inch on the steel and a mean compressive stress of about
100 lbs. per square inch on the concrete.

The percentage of metal was 04 per cent. for the
American experiments and 55 per cent. in those of
M. Considere, the sectional area of concrete for the
American experiments being 64 square inches and for
M. Considére’s experiments 24 square inches.

With regard to the effect of the permanent sets taken by
the concrete under loading: When a pressure is applied
to a reinforced concrete member the conerete and steé! are
shortened the same amount, but the steel would resume jts
original length on the removal of the load, whereas the
tendency of the concrete is to take a permanent set. The
two materials, however, are acting together, and the bond
of the concrete on the steel is absolute under working
stresses, consequently the steel in trying to regain its original
length drags back the concrete, placing it in tension,
while the concrete, by holding back the steel, induces a
compressive stress in the bars.
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The effect of this is that, under a fresh application of
the load, the tension on the concrete must be overcome
before it offers any compressive resistance, while the steel
is already under compression, and consequently must be
compréssed to a greater extent than formerly under the
same load. It therefore appears, taking all things into
consideration, that while the value of E, probably increases
with the age of the member, the effect of this is in a
certain measure counterbalanced when the member Is
hardened in the air, and for loadings after the first, by
the greater load which the concrete will bear before its
resistance equals the working stress allowed, while the
resistance of the steel ig greater for the same deformation,
as it is already under compression before the load is
reapplied.

When the member is hardened under water the effect
of the conditions while hardening and that of the previous
applications of the load will in some measure react on one
another, but the stresses induced when the hardening
takes place under water are not as great as those when the
piece hardens in air, and it is very seldom in practice
that & member is kept sufficiently moist to approximate
the, condition of hardening under water.

There seems, therefore, every reason to consider that we
may safely adopt the value of 2,000,000 for E, at an age
of* two or three months, when designing a compression
member, and similar reasoning applies in the case of a
memBer subjected to bending. This value of 2,000,000 for

E. gives a ratio of ]—5},—’ = 15.

I

The results obtained from the numerous experiments

D2
»
. »
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which have been earried out by various authorities justify

I

the assumption of a value of 15 for the ratio -7, although

I,
it is probable from experimental research that 171 is more
nearly the proper value. The value of 15 is no¥ very
generally adopted both by designers of reinforced concrete
structures and such authorities as Governments, Societies,
and Committees who have issued rules, regulations or
recommendations on the subject. Some few of these have
assumed values as low as 10, while others have gone as
high as 20, but by far the greater number have accepted
15 as the value of this most important coefficient.

HooreEp CoONCRETE.

At the present time the method of resisting the com-
pressive stresses on a member by hooping, is being largely
employed, and rightly so, as the hooping strengthens a
member considerably.

The first failure of any material under pressure is not an
absolute crushing, but a bursting out, due to the shearing
induced by the combination of the longitudinal compression
and lateral swelling of the piece. This is clearly shotyn by
the photographs (Figs. 5, 6 and 7), showing the failure,of
cast iron and stone speciinens.

M. Considére was the first to appreciate the advantage of
supplying resistance to the swelling of a piece under corfi-
pression, and the experiments he carried out are most
interesting. ?

It is evident that if a compression member is surrounded
- with bands or spirals, these will be put into tension when
the lateral swelling occurs and will resist such swelling.

»
» »
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With regard to this, however, by far the greater propor-
tion of the shortening occurs under high pressures above
those which would be adopted as working stresses. Also
in the case of hooped concrete, it is economical to employ
steel with a high elastic limit for the longitudinal rein-
forcements, as we can obtain the full working resistance
from the steel in the longitudinal bars, when the member
is hooped.

Both M. Considére and Professor Talbot are agreed on
the large lateral deflection to which a hooped concrete
member may be subjected without failure, and point out
that this, fogether with the scaling off of the concrete out-
side the hoopings long before failure is approached, are
great safeguards, as warning signs, oceurring considerably
before there is any danger of failure.

-After the outer shell of concrete has peeled off the
column has still a very considerable resistance. In one
of the columns tested by M. Cousidére (the same as men-
tioned before) the load when the outer skin of concrete
peeled off was 8,410 lbs. per square inch, whereas the
ultimate loading was 12,690 Ibs. per syunare inch, about 8%
times greater. .

Professor Talbot’s results on full-sized columns, thoygh
very remarkable, were not so high as those obtained by
M. Considére, in his experiments on small specimens.

The concrete used by Professor Talbot was mixed I
thie proportions of 1:2:4, or that usually employed in
structures of reinforeced concrete; the columns were 18 feet
long and generally 12 inches in diameter. Some were
bound with hoops of steel 1 inch wide and of various
thicknesses, while others were spirally wound.
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One column was twice loaded to 2,000 lbs. per square
inch, having then a unit shortening of 0-0041. After this
loading the spirals were removed and the plain concrete
gave an ultimate resistance of 1,080 lbs. per square inch.
Professor Talbot gives it as his opinion that the plain con-
crete before it had been tested would have had a resistance
of 1,200 1bs., and consequently, after twice loading the
gpirally wound column up to 2,000 1bs. per square inch,
the concrete, when the spirals had been removed, still
retained 90 per cent. of its original strength.

A similar experiment was carried out by M. Considére
on concrete mixed in the proportions of 840 Ibs. of cement
to a cubic yard of gravel, or about 1: 3.

This cylinder when hooped bore a load of 6,970 lbs. per
square inch, with a unit shortening 0006, and after the
removal of the spirals the plain concrete gave a compressive
resistance of 1,420 lbs. per square inch.

Another cylinder mixed in the proportions of 630 Ibs. of
cement to 1 cubic yard of gravel, or about 1 : 4, withstood a
pressure of 10,270 Ibs. per square inch, with a unit shorten-
ing of 0-024 ; while after the spirals were removed the con-
crete Tailed at a pressure of 925 1bs. per square inch,

oIt appears from the various experiments that the hooping
of a compression member gives greater security against
sudden failures and unevenness in the concrete and will
dllow a higher working stress to be safely allowed for the
concrete than is the case when longitudinal bars only are
used tied together by bindings spaced some distance apart,
as is usually the case.

It is also evident, that as in the case of members rein-
forced with longitudinal bars in the ordinary way, we may
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safely allow a working unit resistance for the longitudinal
bars fifteen times greater than the working unit resistance
allowed for the concrete, and if such allowance exceeds the
safe resistance of mild steel the employment of high carbon
steel will enable full use to be made of the longitudinal
bars.

CONCLUSIONS.

The conclusions which may be drawn from the behaviour
of conerete and reinforced concrete under compression may
be briefly stated as follows :—

(1) That concrete mixed in the proportions of 630 1bs. of
cement to 13.3; cubic feet of sand, and 27 cubic feet of stone,
oras expressed by volume 1:2:4, concrete may be safely
assumed to offer a resistance of 500 lbs. per square inch
when subjected to direct compression and reinforced by
longitudinal bars and bindings some distance apart, and
600 1bs. per square inch when subjected to flexure.

For weaker or stronger concrete the strength may be
considered to vary directly as the proportion of cement in
the mortar, provided that the amount of stone in the
conerete is not excessive. *

The strength of conerete 18 not increased by reducing the
proportion of stone below a certain amount depending
somewhat upon its composition, or, in other words, the
strongest concrele is that produced when the mortdr
exceeds the voids in the stone, after ramming, by about
5 per cent. *

{2) That concrete when hooped will withstand consider-
ably greater pressure than when reinforced with longitu-
dinal bars with bindings some distance apart. The proper
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safe resistance to allow for hooped concrete is still some-
what in dispute, but an increase of 50 per cent. on the
resistance allowed for concrete reinforced in the ordinary
manner is allowed by the most conservative authorities,
and it is extremely probable that with efficient hooping 23
times the compressive resistance allowed for pieces reinforeed
in the ordinary way could be safely permitted.

(8) That whereas steel is truly elastic under high stresses,
concrete has practically no truly elastic phase, and the
nature of its composition renders it difficult to assess any
very definite value for its instantaneous modulus of elasticity
under any defined stress.

As a consequence, although steel may be assumed to have
a modulus of elasticity of 30,000,000 lbs. per square inch,
the value of the modulus of elasticity of concrete at a stress
of from 500 to 600 lbs. per square inch can only be
approximately assumed to be about 2,000,000 lbs. per square
inch. Fortunately the effect of a considerable variation in
this coefficient has no very marked effect on the results of
the caleulations.

The internal stresses set up in the steel and concrete due
to the*conditions of hardening in air and the permanent set
taken by concrete under small loads tend to counterbalance
the effect of the increase in its coeflicient of elasticity due
to the combined effects of repeated loadings and ageing.

*(4) That it appears advisable to allow compression
members to harden in air when reinforced with longitudinal
bars® and bindings at some distance apart; but that
hooped compression members will offer greater resistance
when kept very damp, or, better still, allowed to harden
under water.

[ ]
[ ] N [
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Brraviovr unpErR FLEXURE.

The behaviour of reinforced conerete when subjected to
flexure is more complicated than when under simple com-
pression, for such pieces there will be tensile strains on the
concrete and steel, while the shearing stresses have greater
influence. The adhesion between the concrete and the
metal becomes a factor of considerable importance, while
the elastic behaviour of the concrete in compression is
again a factor affecting the whole fabric of the design.

STRESS AREA.

The bshaviour of the concrete and reinforcement under
compressive stress has already been diseussed, but in the case
of the design of members under flexure it becomes essential
to study the nature of the stress-strain relation under
aradually increasing stresses, or, in other words, to malke
an extended investigation into the form of the stress-strain
curve, since, as the strain varies uniformly from the neutral
axis to the outer fibre, the resistance must vary from fibre
to fibre with the strain, and with it the total compressive
resistance of the portion of the beam between the rteutral
axis and the outer tibre. .

The relation of strain to stress in concrete is shown by
diagrams (Figs. 8 and 4), which were referred to when
dealing with its modulus of elasticity, and these diagrams
show the effect which the non-elastic qualities of concrete
has on the true stress area on the compressive side® of a
reinforced concrete heam.

To demonstrate this the load-deformation or stress-
strain curve for the concrete may be plotted in diagram
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(Fig. 8,) with the difference that in this case the deforma-
tions have been plotted as ordinates and the stresses as
abscissee. The curve in this figure is a fair average curve
for a conerete in about the proportions of 1: 2 : 4,

The diagram so produced represents the resistances in
the fibres of the concrete just prior to failure, as the
deformation gradually increases from nil at the neutral
axis to a maximum at the outer fibre. The curve is para-
bolic in form and approaches so nearly to a true parabola
that it can be calculated as a parabola without appreciable
error.

Diagram Iig. 8 has been plotted from Professor Talbot's
experiments, from which he has eclearly shown that the
stress-strain curve of concrete In compression is for ail
practical purposes a parabola.

From the results of fifteen tests of plain concrete columns
made by Professor Talbot, the average maximum observed
stress was 1,929 lbs. per square inch, whereas the average
maximum stress obtained from a truly parabolic curve was
1,940 lbs. per square inch.

The parabolic nature of the stress-strain curve has also
been demonstrated by Professor Hatt, of Perdue University,
U.g.A., who studied a large number of experiments carried
out ab the Watertown Arsenal, and found that the average
of the ratio of the area of the stress-strain diagram of the
eoncerete to the area of the surrounding rectangle was 0657,
whereas the same ratio for a truly parabolic curve was
0°666, and that the ratio of the moment of the stress-strain
diagram of the conerete to the moment of the area of the
surrounding rectangle was 0'453, while the same ratio for a
traly parabolic curve is 0°417.
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The curve shown in Fig. 8 is that obtained when the
outer fibre is offering its ultimate resistance, and cannot
be taken as the stress-strain curve under any other con-
ditions; but Professor Talbot has deduced formule for
obtaining the stress area of the concrete under varions
phases of loading.

The stress area when the outer fibre suffers any less
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deformation than the ultimate is easily obtained graphically
by cutting off the diagram at the required deformatioi,
and the stress-strain curve being parabolic, we can easily
caleulate the stressin the outer fibre at various deformations
below the ultimate.

The diagram (Fig. 8) also shows the ratio of the resistance
developed in any fibre to the ultimate resistance at any

3
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vatio of deformation to the ultimate deformation and vice

rersd.
Comaressive Stress
Centre ‘\
[ of steel b
-3 e T - \
M-Af -n T S
Deformation Tensile stress

of steel
F1G. 9.—Stress and deformation at ultimate deformation.

Consequently, if in the diagram the origin of the curve is
considered as the neutral axis of a beam and the outer

Deformatior Comuressive stress {
e~ - P e \
ju e ———————— r-x )
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i ]
N ‘\\
L :
[ .
! 1 Y
]
. \
Neutral axis e

Centre
of steel

A5 - b e m e e

Y Deformation Tensiie stress
of steel

Tie. 10.—Stress and deformation at three-quarters
. ultimate deformation.
compressive fibre be talien at any parallel to the stress axis
or the horizontal base, the ratio of deformation in this fibre

to the ultimate deformation is given on the right side of the
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diagram, and the ratio of resistance of the fibre to the
ultimate resistance is shown at the top of the diagram.
In other words, if we assume the outer fibre haliway
' between the hori-

Deformation . Compressive stress
wAcs rf-c o zontal base and the
———— e == % i i .
(I top of the diagram,
3 or as having a defor-
f » .
. / mation of one-half
N ! axi : . .
o f S Nedeloxs s L /UK ' the ultimate, the
;
i resistance of this
( Centre H .
[ of stee/ . fibre is three-fourths
57 A *_3“}‘?;‘ the ultimate resist-
Deformation Tensile stress .
ormat; " ance of the concrete,

F1c. 11.--Stress and deformation at one-half and similarly for
ultimate deformation.
any other fibre.
From a property of the parabola, if the modulus of elas-
ticity were the same under all deformations, the ultimate

stress would be fwice De@cmaﬁan Compressive stress
. . e - O
that which is actually — fH------------ e S
. ' (S &
obtained when the L §§
: : R
stress-strain curve is a L Se
parabola. Thisisshown | = Weutra/ axis | Ry
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to the parabolic curve e = =
o . & Mmoo >
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Diagrams (Figs. 9, Tra. 12.—Stress and deformation at one-
10, 11, and 12) show quarter ultimate deformation.

the stress areas in beams when the outer fibre in com-
pression is subjected to the ultimate, three-fourths ultimate,
one-half ultimate and one-fourth ultimate deformations.



BEHAVIOUR UNDER LOADING 49

Professor Talbot calculates the properties of the stress-
strain diagrams from the initial modulus of elasticity and
the deformation of the outer fibre in compression.

He obtaing the values given in Table II., for a unit
width, where A, is the deformation of the outer fibre,
E, the initial modulus of elasticity, u the distance of the
neutral axis from the outer fibre in compression, and ¢ the
resistance of the outer compressive fibre.

The last column gives the values for a straight line
stress-strain curve, for the purpose of comparison.

TapLe 11
At ulti- | At 3 ulti- | At 3 ulti- | At 3 ulti- | Straight
Property. |matedefor- | mate defor- | mate defor- | mate defor- | line stress-
mation. mation. mation. mation. istraincurve.
¢ FE A, | EE 2, 2E, A, FE, A,
Stress area 2cu Becu fcu itecu tcu
Distance of fu 33 u 3 u 32w 3u
the centre of \
gravity of ",
the stress
area from the
neutral gxis.

It,will be seen from the above that at one-fourth the ulti-
mate deformation the parabolic stress-strain curve approxi-
mates very closely to a straight line, in which case the stress
ared would be a triangle and equal % ¢ u, while the distance of
the centre of the compressive resistances from the neutral
axis wolild be%u. Thisis also very evident from the diagrams
(Figs. 8 and 12), where it is seen that the parabolic curve is
very close to the tangent at the origin when the deformation

is 025 of the ultimate. The resistance at one-fourth
R.C. E
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the ultimate deformation is about 045 the ultimate resist-
ance, whereas the maximum safe allowable resistance used
in conservative design is about one-fourth the ultimate.

1t will be seen, therefore, that although Professor Talbot
is perfectly correct in his theory based ona parabolic stress-
strain curve, if the calculations are based on the ultimate
resistance, still in practice, when calculating from the safe
working resistances, the stress area in compression is very
nearly triangular.

In America it is very usual to calculate using the resist-
ance at the elastic limit of the steel and a resistance very
near the ultimate of the concrete and to increase the bending
moment by way of a factor of safety. Under such conditions
it is perfectly legitimate and more accurate to consider the
stress area as parabolic, but in this country it is usual to
calculate using the working resistance, in which case a
triangular stress area is to all intents and purposes correct.

If the resistance of the steel employed in the design is
taken as its elastic limit, the resistance of the concrete
gshould be taken as three-fourths the ultimate, or that
obtained for a deformation of one-half the ultimate, as
Professor Talbot has found from the results of many ‘experi-
ments that the stress deformation curve for concrete tqles
a decided bend at one-half the ultimate deformation, clearly
indicating this as the phase on which the resistance should
be based. ’

Boxp.
The resistance of a reinforced conerete piece whed sub-
_ jected to flexure depends entirely on the bond between the
steel and concrete. If the steel once commences to slide
through the concrete the effect is exactly the same as if the

)
) )
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bottom flange of a steel girder were suddenly severed
entirely from the web.

Fortunately the bond between concrete and steel is ample
to resist the tendency to sliding, even when the bars are
plain round or square commercial shapes.

Many experiments have been carried out to ascertain the
bond resistance, and the results obtained vary considerably
This 18 not surprising, since many conditions exist which
have a controlling influence-—particularly the roughness of
the bars, the density of the concrete, the amount of water
used in mixing, the depth of embedment, and the age of
the specimen.

Such experiments as these are necessarily conducted by
the direct pulling or pushing out of the rods, but this hardly
represents the true state of affairs in a beam where the
concrete and steel are subjected to other than direct
registance to longitudinal parting.

It appears from tests that the bond resistance varies with
the diameter or size of the bars, and that when the embedded
length is sufficient no failure of bond occurs until the bars are
stressed beyond their elastic limit, when they contract in area.

Table' II1. gives the bond resistance for plain mild steel
bars found by some of those who have carried out tests :—

TasLe III.
E
. . M, Con- |Coignet and Prof. Prof.
Authority. | M.de Joly.| “ggire Tideseo. | Marbarg. | Talbot.
¥
Average. | Average.
1905 1906

Lbs. per| 286 to 686 | 256 to 500 | 285 to 335 253 281 421
‘square 1nch
of surface.

E 2
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TasLe IIl.—continued.

. Prof. Prof. ‘ Prof. Van
Authority. | gpoffora, | Frof. Hatt. | yyarren. Ornum,

|
‘ |

| Average, Average.
Lbs. per|219t0274| 63610756 | 198 150
square mch
of surface.

These results were obtained under very varying con-
ditions in the density of concrete, length of embedment,
diameter of bars, ete., and show the variation of results.
which have been obtained. .

Slightly rusted bars naturally offer greater resistance to
sliding than smooth bars. i

It has always been evident that the bond resistance is in
a great measure due to the grip of the concrete on the
steel and not altogether to the true adhesion, as the outer
layers of the concrete will harden more rapidly than the
inner layers, and since concrete setting under ordinary
conditions will contract, this causes a tightening of the
conerete around the steel.

Recent experiments have demonstrated that this is the
case, and that after the bars had commenced to slide ia the
concrete there is still a considerable frictional resistance
amounting to large percentages of the original bond.

Professor Hatt, using plain round rods and 1: 2: 4 con-
crete, found the average initial bond resistance for y%inch
rods to be 636 lbs., and for § inch rods 756 pounﬂs per
square inch of surface, while the frictional resistance after
the rods had begun to move was from 60 to 70 per cent.
of the initial bond.
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Professor Talbot, from numerous experiments, found the
frictional resistance, after the bars had moved about 1 inch,
amounted to from 54 to 72 per cent. of the initial bond in
the case of mild steel plain round bars, and 32 to 49 per cent.
of the initial bond in the case of cold rolled shafting.

Professor Van Ornum tested eighteen specimens, using
plain square bars, and found that the average frictional
resistance after the bars had commenced to slide was
67 per cent. of the initial bond.

The conditions under which failure by sliding of the
* reinforcements is most likely to occur would evidently
be where the structure is subjected to severe and
frequent shocks, and in such cases it would appear advis-
able to use some form of bar shaped to give a mechanical
bend, although from the results of some tests made by -
Professor Van Ornum on thirty specimens subjected to
severe treatment of this nature the bond resistance was
only reduced 20 per cent. The specimens tested by
Professor Van Ornum were subjected to vibrations by
means of a machine devised so as to give a series of blows
on the concrete in which the bars were embedded, while the
specimen was supported by the bars. The blows were
del_i.vered at the rate of 150 per minute, and each blow
imparted about 740 inch-lbs. of work to the specimen. After
being subjected fo an average of 50,000 blows each, the rods
weare pulled out in the ordinary manner.

As might be expected, flat bars give a much lower resist-
ance %o sliding than either round or square, and square
bars as a rule give a lower resistance than round.

Bars, specially formed so as to offer increased resist-
ance against sliding, have been introduced in America
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and this country, and at first sight would appear an
Immense improvement on ordinary round or square bars.
Experiment and practice have, however, demonstrated con-
clusively, that the bond between plain bars and concrete
offers more resistance against sliding than will be required
under ordinary circumstances, if the bars are extended well
beyond the supports of a beam and are bent out at right
- angles for a length of about 2 {nches, or, better still, bent
to a hook having a radius of 1 to 13} inches. The bars are
sometimes split and opened at the ends, but it is better to
bend them over.

The longitudinal shearing stresses are greatest at the
end of a beam and decrease to nil at the centre of the span,
consequently if plain round or square bars are firmly
secured at the ends they cannot slide through the concrete
unless the cracks on the ténsile side extend beyond them.

In tests of beams reinforced with mild steel round or
square bars, the first failure is never due to the slipping of
the rods. Professor Talbot, in his 1905 tests, calculated the
bond stress to be as high ag 198 Ibs. per square inchin one
case, and yet there was no evidence of slip.

It appears that the safe bond resistance for plaia round
or square bars may be taken as 100 lbs. per square inch of
surface. If it is found that a greater resistance is required,
then provided the reinforcements in vertical planes are
rigidly attached to the longitudinal bars so asto transmit’the
diagonal tensile stress direct to these; no slipping can occur.

If the reinforcements in the vertical planes are not
rigidly attached to the longitudinals, and the bond stress is
found to exceed 100 lbs. per square inch of surface, then
special bars having a mechanical bond may be employed.
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SHEARING AND Draconin TEnsion.

The shearing resistance of concrete until a short time
ago was always supposed to be small, but recent investiga-
tions, especially those of Professor Talbot, have shown
that its value is considerably higher than was supposed.

Itis very difficult to test for direct shear, as there is always a
probability of the results being influenced by bending, but
there is no doubt that the shearing resistance of concrete
is at least 59 per cent. of its compressive resistance.

Professor Talbot’s tests on plain flat pieces supported on
a plate having a circular opening 6 inches in diameter, the die
producing shear being 5% inches diameter, gave an average
shearing resistance of 67 per cent. of the compressive
resistance of cylinders made of the same concrete, the
maximum and minimum values being 49 and 83 per cent.

The failure of these plates showed signs of tensile stresses
having been induoced.

Plain blocks recessed gave better results, the average
shearing resistance being 72 per cent. of the compressive
resistance with maximum and minimum values of 86 ar*d
52 per cent.

Other recessed blocks reinforced around the shearlng
aréa, to further resist the bursting pressure, gave an average
shearing resistance of 122 per cent. of the compressive
rgsistance with minimum and maximum values of 189 and
88 per cent.

Rgstrained beam tests, in which the beams were firmly
held at the ends, leaving a length of 4} inches on which the
pressure wag applied over a length of 4 inches, gave an aver-
age shearing resistance of 82 per cent. of the compressive
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resistance with maximum and minimum values of 100 and
58 per cent.

The shearing resistance, when compared with the com-
pressive resistance of cubes instead of cylinders, gave lower
results. ' ‘

These tests show that the direct shearing resistance
of concrete is considerable and may in some cases be
greater than its compressive resistance, but when a rein-
forced concrete beam is subjected to flexure, although the
resistance of the concrete to tension is neglected in the
calculations, it is nevertheless subjected to considerable
tensile stresses.

The tensile stresses above the rods are combined with
those due to direct shearing, and this combination forms
the diagonal tension which must be resisted either by the
concrete itself or by special reinforcements.

It ig difficult to compute the exact amount of the diagonal
tensile stress, since at any section it is dependent on the
horizontal tensile stress developed in the concrete at that
section. We ecan, however, calculate it with reasonable
accuracy by considering only the direct shearing stresses
and allowing a resistance for the concrete considerably
below its safe resistance to direct shearing.

The direct shearing resistance of concrete is probably in
the neighbourhood of 75 per cent. of its compressive resist-
ance. Concrete in the proportion of 1: 2: 4, or 630 lbs.
of cement, to 131 cubic feet of sand and 27 cubic feet of
stone, would therefore have an ultimate shearing resistance
of about 1,800 lbs. per square inch. For the purposes of
calculation, however, we must assume a value considerably
less than this for the reason already stated.
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Professor Talbot found, from experiments carried out
during 1905 on beams reinforced with longitudinal rods
only, that, in those which failed by diagonal tension the
apparent ultimate shearing resistance, as calculated, was
on an average 123 1bs. per square inch,

For the safe resistance to be used in the calculations we
may assume @ value of 60 lbs. per square inch, such calculations
being based on the direct shear.

TensiLE StrRAIN oN THE CONCRETE.

Although the tensile resistance of the concrete is generally
neglected in the calculations for reinforced concrete beams,
tensile stress must be developed, and as the cracking of the
concrete to any noticeable extent will allow moisture to
reach the reinforcing bars, it is well to be assured that in
properly designed beams no such fissures will occur.

M. Consideére, in his well-known experiments on specimens
carefully prepared and stored in water, found that the con-
crete on the tensile side of one of the test pieces did not
1-98
1,000
anothen case, after subjecting a specimen to flexure, and

crack when the elongation was of the length. In

. . 1-27
producing an elongation of 1,000

tension, two small cracks, % and ¢ inch long, were observed.
After being subjected to these elongations, the concrete
on the tensile side of the reinforcing bars was sawn away,
and thjs portion bore handling without breaking, and more-
over was again subjected to flexure and offered considerable
resistance before failure.
M. Considére concluded from the results of these tests

in the extreme fibre under
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that reinforced concrete would bear very much greater
elongation without cracking than had been previously
thought, and under these elongations would still retain its
maximum resistance.

As in the case of metals, concrete will elongate to a
considerably greater extent before failure when subjected to
flexure than when tested in direct tension. This is probably
due to the assistance offered by contiguous less stressed
fibres.

. The increased deformation of plain concrete under flexure,
however, only amounts to about 23 times its deformation
under direct tension, whereas M. Considére’s experiments
show that when reinforced concrete is subjected to flexure
the deformation before failure will be about twenty times
that of plain conerete under direct tension.

Some experiments carried out by M. Mesnager in 1903
on reinforced concrete specimens under direct tension

showed an elongation of ——— 13 before failure, which bears

1,000 ()OO
out M. Considére’s conclusions.

M. Christophe, Professor Talbot, and Professor Turneaure
carried out beam experiments at a later date to those of
M. Considére’s, from which they deduced conclugions
antagonistic to his.

M. Christophe concluded that although, in a reinforced
beam, the concrete in tension undoubtedly elongated bebore
cracking to a greater extent than plain eoncrete would do
under direct tension, still the elongation was considerably
lower than that found by M. Considére. He also calculated
the resistance offered by the concrete when the first crack
showed, and found this to be about 45 lbs. per square inch,
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while it should have been about 170 lbs. per square inch
according to M. Considére.

Professor Turneaure carried out some experiments on
reinforced concrete beams during 1902-3. These beams
were of 1:2:4 concrete, and were tested at an age of one
month. Careful observations were made for the appearance
of the first crack, the beams being moistened to show up
fine hair cracks.

Professor Turneaure states that the elongations when the

. 01 02
firgt fine hair cracks appeared were about 1,000 to 1,000
which agrees well with the elongations obtained from plain

concrete, while cracks visible to the eye occurred with elonga-

~

tions of about 1003000, and concluded that M. Considére’s

conclusions were incorrect.

M. Considére, however, was careful to point out that
small invisible cracks will frequently occur during the
hardening of beams in air and before any load is applied,
and he mentions the fact of the two cracks, {4 and } inch
long, observed in his test. The fine cracks detected by
Professor Turneaure were merely surface cracks, generally
only about § inch long, and did not extend across the whole
width of the beam. According to the Professor’s own
statement, such cracks could have very little effect on the
tensile resigtance or the elongation before any crack
sufficient to endanger the reinforcement is produced.

Paofessor Talbot, in his reinforced beam experiments
carried out early in 1904, observed that no - cracking

occurred until after the concrete had elongated 10000 of its
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length. After thiselongation, and during what he describes
as the readjustment stage, minute cracks probably existed,
but were not easily detected. The elongation of the

steel during this phase reached about i 01050, that of the

outer tensile fibre of the concrete being considerably more,

02
probably about —-- 1.000"

Between this deformation and a deformation of the steel

of about 1—&)6’ that of the outer tensile fibre of the concrete

15 . ) :
1000 fine vertical cracks appeared.
P rofessor Talbob does not state at whatactual deformation
these cracks first became visible, but it is probable that

they were not of importance until the elongation of the

being probably over

1
1,000°

In order to verify his former conclusions, M. Considere
carried oub further experiments in 1904 on two reinforced
specimens, one of which was kept after moulding covered
with bags and planks, which were frequently wetted, and
the other was placed in water. .

These were tested by flexure, the deformations being
carefully measured.

The loading was stopped when the elongation of tlle

outer fibre exceeded ———

extreme tensile fibres amounted to {% for the beam
stored under damp bags and planks and —— 1000 for that

stored in water. |
On examination through a microscope after these
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elongations, no fissures could be detected, although a thin
coating of cement had been applied to the tensile surfaces
of the beams.

The lower portion of the beam containing the rods
was carefully removed and slices of the beams, aboub
14 inches thick, immediately above the rods were then
sawn off the remaining portion.

From caleulation it was found that these slices had been
subjected to elongations of from 022 to 050 ; ——1n the case of

1,000 ° 1,000

056 , 107
the beam stored under damp bags, and from ——= 1,000 to 1,000

in the case of the beam stored in water.

These slices were then tested under flexure, together with
the remaining portion of the beam which had been above
them.

It was found that the slices just above the rods offered
very nearly as great resistance as the upper portions of the
beams.

It therefore appears that M. Considere's former con-
clusions were amply verified.

M. Cfonsidere accounts for the hair cracks frequently
notjced in reinforced concrete beams in the following
manner. When concrete is exposed to dry air after its
moulding, it is subjected to considerable contraction during
tht first few days, while its powers of resistance are small.

This contraction would be resisted by the reinforcements,
but the concrete has not attained sufficient strength to
induce tension in the reinforcement, nor has it sufficient
ductility to adapt itself to the induced stress from the
reinforcements.
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Cracks are consequently produced, invisible at first, but
which lengthen and open when a load is applied.

If, on the other hand, the conerete is kept moist for a
sufficient period it does not contract, and consequently
there is no tendency for the production of eracks until
1t has attained sufficient strength and duectility. The
concrete will tend to contract directly it is allowed to dry,
but by that time it has attained sufficient strength to
withstand considerable elongation, and it will not crack in
spite of the reaction of the reinforcements.

It appears evident, therefore, that all pieces which will
be subjected to flexure should, if possible, be kept damp
during the first few days after moulding.

It also appears safe to allow that the concrete will suffer

on elongation of of its length before any crack can

1
1,000
be sufficiently enlarged to endanger the reinforcement.

The elongation allowed by M. Considére in his calcula-

tions is but this is perhaps unnecessarily high.

15
- 1,000
It can be shown that the concrete in a reinforced beam,
using mild steel with a safe resistance of 16,000 1bs. per

square inch, cannot be subjected to an elongation of ﬁ

unless it is grossly overloaded or has too much cover of
concrete below the reinforcements. .

The reason for this is that, unless high earbon steel is used
for the reinforcements, the elongation which would pratuce
the safe working sfress in the steel cannot cause a deforma-

tion of at the outer surface of the concrete unless the

_1
1,000
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depth of cover of concrefe below the bars is considerably
greater than is reasonably necessary or the stress on the
conerete in compression is altogether excessive.

This is one reason against the use of high carbon steels.
It is evident, for instance, that if a high carbon steel is
employed, with a safe resistance of 30,000 lbs. per square
inch and a modulus of elasticity of 80,000,000 lbs. per
square inch, the elongation to produce a stress of 30,000 Ibs.

80,000 1
30,000,000 °* T;600° 214
elongation of the outer tensile fibre of the concrete must
considerably exceed that of the steel, it is clear that the use
of such steel would be suicidal, and even with a safe limit
of 20,000 lbs. per square inch dangerous elongations may
be induced in the concrete and especially in pieces of small
depth.

The existence of initial cracks appears to have no appre-
ciable effect on the resistance of a beam. Professor Talbot
made some special experiments on beams with artificial

per square inch will be as the

cracks and open spaces in the concrete on the tensile side.
On comparison of the deformations of these beams with
those of normal beams, there was no noticeable difference,
and_even the open spaces did not appear to be a source
of weakness.

» T Braus.

Special reference must now be made to the behaviour of
T behtms and the counclusions which may be deduced
therefrom.

If a T beam is properly designed and the rib has a
sufficient width, the failure will be of the same nature as
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that of a rectangular beam. There is, however, a marked
tendency for the concrete to shear near the ends on the
horizontal plane through the rib along the under side of the
slab, especially if the rib is of insufficient width, and it is
consequently advisable to introduce shearing reinforcements
extending from the slab into the rib for some distance at
the ends of a T beam and on each side of any supports.

A failure by diagonal shearing is more likely to occur in
a T beam than in arectangular beam, as a T beam is calcu-
lated as having an increased area resisting the compressive -
stresses due to the extra width allowed for the slab, whereas
the diagonal tensile stresses are only resisted by the width
of concrete on the rib. In T beams, therefore, it is nearly
always necessary to place special reinforcements to resist
diagonal tension.

CoNCLUSIONS,

To recapitulate the main conclusions to be drawn from
the behaviour of reinforced concrete under flexure :—

(1) The first signs of failure in a properly designed piece
i3 on the tension side of the neutral axis, and is'due to
direct or diagonal tension. .

(2) The initial cracks in the concrete have no effect on
the resistance of the piece.

(8) The cracks first formed on the tension side gwdually
extend into the compression side under relatively heavy'
loading, which indicates a rise in the position of the neutral
axis as the load increases.

(4) As the failure proceeds there is a shght slipping of
the longitudinal reinforcements through the concrete, due
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to the contraction of the area of the metal in tension,
unless it is of such a character as to give a mechanical bond.

(5) The longitudinal reinforcement in tension bends
when the cracks producing failure open sufficiently.

(6) The surface of concrete under compressive stresses is
the last portion of the beam to show signs of failure; this
flakes off in horizontal layers.

(7) In some cases the first sign of failure is that by
diagonal tension (frequently referred to as shearing) near
the supports. This is indicated by inclined cracks near the
supports sloping outwards and upwards and starting at the
commencement of the failure from the top of the bottom
longitudinal bars—A failure beginning in this manner often
terminates by a splitting along the top of the longitudinal
bottom bars towards the support, caused by the load on
the outer portion of the beam, beyond the inclined crack,
being transmitted to the lower part of the beam (containing
the longitudinal bars) near the support.

(8) The strength of reinforced concrete under flexure
increases with age, but in a lesser degree than its resistance
to direct compression, clearly indicating that the resistance
to compiession is not the ruling factor in the failure.

(9) The concrete in compression may be allowed a
maximum safe resistance of 600 lbs. per square inch if
mixed in the usual proportions of 1: 2:4, or about 630 1bs.
of cement, to 184 cubic feet of sand and 27 cubic feet of
stone ; while weaker or stronger concretes will have a pro-
portionately reduced or increased resistance varying in
direct proportion to the proportion of cement in the mortar
tsed to make the concrete (vide Table 1.).

(10) The safe resistance of mild steel in tension may be

R.C. F
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taken as half ifs elastic limit, or for ordinary commerecial
steel 16,000 lbs. per square inch. _
(11) Although the stress-strain curve for concrete is un-
doubtedly parabolic, this fact need only be taken into aceount,
when determining the stress area of the conecrete in com-
pression, if a resistance is allowed approaching the ultimate,
and the factor of safety is applied by assuming a greater
bending moment than that which has to be provided for.
For calculations based on safe resistances it is quite
sufficiently accurate to assume a straight line stress-strain
curve, making the stress area in compression triangular.
This of course uecessitates the assumption, that a con-
stant modulus of elasticity exists under stresses up to the
maximum safe limit allowed, which, although not strictly
true, is an assumption perfectly permissible from a practical
standpoint.
€12) The failure is seldom if ever primarily due to the
sliding of the reinforcements, and that altheugh the
resistance to sliding must be less in a beam, where the ,
concrete is also resisting direct tensile stress, than in test ;
pieces from which the bars are drawn out (the values found
for this resistance are very variable), still the faifure of a
beam is seldom if ever primarily due to the sliding of the
bars through the concrete. After the reinforcements have
commenced to move there is still considerable frictional
resistance between the concrete and steel. v
Vibrations will not have an appreciable effect on
the bond if the loads are such that the stresses’in the
amaterials are kept within safe limits. Although bars
having a mechanical bond do undoubtedly offer greater -
resistance to sliding than plain round or square bars, still
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there appears no adequate reason for their employment on
this account, unless in very special circumstances. Flat
bars slide through concrete more easily than round or
square bars. If plain round or square bars are exfended
well beyond the supports of a beam and are bent over or
otherwise treated to resist sliding, a safe bond resistance of
100 1lbs. per square inch of surface may be allowed, and
this may be exceeded if the reinforcements in the vertical
planes are rigidly attached to the longitudinals, although,
if a rigid attachment does not exist, bars with a mechanical
bond should be used if the bond stress is found to exceed
the limit of 100 1bs. per square inch.

(18) The shearing resistance of concrete is very con-
siderable, probably from 50 to 75 per cent. of its com-
pressive strength, but what, until recently, was known
as the shearing of concrete beams is in reality a failure
by diagonal tension and is influenced in a considerable
degres by the longitudinal tensile stress in the concrete,
which is difficult to determine. It is therefore advisable to
make the calculations for the direct shearing stress only,
allowing a resistance of 60 lbs. per square inch for the
concrete.” In the case of T beams it is nearly always necessary
to proyide reinforcements to resist diagonal tension.

(14) The tensile resistance of the concrete should be
neglected when designing a member subjected to flexure.
Dangerous cracks on the tensile surface will not occur
if mild steel reinforcement is used, but it is very
necessay to ascertain the tensile deformation of the
concrete if high carbon steel is employed, and this

deformation must not exceed

1
1,000
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(15) In the case of T beams it is advisable to insert
reinforcements in the vertical planes near the supports,
extending from the slab well into the ribs.

ARrcues.

The behaviour of arches shows that the stability of the
abutments has a considerable effect on their resistance.

The failure of arches with a curved extrados is generally
due to the opening out of the span caused by the abut-
ments yielding, and that of an arch with a flat extrados by
the top of the abutment breaking away and allowing the.
arch to drop at the cenftre.

As in the case of beams, the first failure in an arch
occurs where the tensile stresses are greafest and, if the
arch is properly designed, is never due to a lack of resist-
ance to compression.

Since the stresses in an arch are to a considerable extent.
compressive, it is advisable to tie the reinforcements at the
intrados and extrados well together.

In an arch with a flat extrados there is also a tendency
for the reinforcement at the intrados to straighten out,
consequently it should be well tied to the concrete or to the
reinforcement near the extrados through the central portion
of the span. The Dars extending through the arch near
the extrados should be continued well down into the
abutments to prevent the upper part of the abutments
breaking away.

In arched bridges with open spandrels formad with
columns or arches there is a tendency to local shearing
failures where the columns or piers of the spandrels rest
on the arch, and consequently adequate reinforcements to
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resist shearing should be inserted in the arch at these
places.

For large span arches it is advisable to place reinforce-
ments along the whole length of the arch, both near the
extrados and intrados. In simall span arches with a curved
extrados, under a uniformly distributed load, reinforce-
ments should be placed near the intrados throughout
the whole length, and also at the extrados extending
from the abutments for a length of about one-fourth the
span.

Arches with a flat extrados, should be provided with rein-
forcements placed near the extrados for a short distance
from the abutments and then inclined downwards, passing
through the central portion of the span near to the intrados.
They should also have reinforcements both near the
extrados and intrados, continuing through the entire span.
The reason of this method of reinforcement in the case of
arches with a flat extrados is that in reality they may be
considered as acting in a similar manner to cantilevers,
with a central span supported at their ends. This is also
the reason for the necessity of bending dowa the reinforce-
ments near the extrados, so as to extend well into the
abutpents.

, Errecrs or ArMospHERIC CONDITIONS.

There is one more question to be considered which applies
generally to reinforced concrete structures, and that is
the effect of changes in temperature or hygromefrical
conditions.

Concrete expands with an inerease of temperature or
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dampness and contracts with a decrease of temperature or

dryness.

The changes produced by these conditions are considerable
and are the cause of the unsightly cracks which so frequently
appear in concrete structures.

If a concrete structure is held rigidly at its ends or if it
is sufficiently long that it cannot expand or contract as one
piece, 1t is obvious that severe stresses must be set up by
atmospheric changes.

The rise in temperature or increase of dampness will not -
as a rule have a noticeable effect; as the concrete can with-
stand very considerable compressive stresses, but under a
fall of temperature or excessive dryness tensile stresses are
set up, and the concrete, being unable to resist these, will
crack.

This tendency to cracking may be resisted by placing
reinforcements near the exposed surface, and the amount of
such reinforcements can be easily calculated.

It must be borne in mind, however, that the changes of
temperature will act directly on the reinforcement as well’
as on the concrete, and consequently sufficient steel must
be used to resist the stresses directly induced’by the
variation of temperature and also those induced by the
concrete, and for this reason it is advisable to use a high
carbon steel for this purpose. A mechanical bond is also a
 distinct advantage. »

The concrete unaided cannot resist the tensile stresses
induced by a contraction, when held firmly at tha ends,
whereas the steel is perfectly ablc to do so, and has
sufficient resistance, if of the requisite sectional area, to
give all the assistance necessary to the concrete.



CHAPTER III

L
~.NFCESSARY. ASSUMPTIONS FOR A\URPOSES OF
' CALCULATION '

I is necessary to assume certain hypotheses on which to
base any calculations for obtaining the dimensions of rein-
forced concrete structures, and unfortunately it is by no
means certain that these are absolutely true. The
development of the most elaborate theories must depend
upon these hypotheses, and as a consequence the scientific
accuracy of the theories is to a great extent nullified at
the outset.

It is better, however, to employ formul® which have a
scientific basis, although they may be derived by the use
of hypotheses, some of which are not absolutely correct,
than to use empirical calculations which frequently have
no basis at all. There are, of course, practical formulm
founded on scientific theories, which it is safe to employ
within certain limits, but unless the subject is thoroughly
understood and the reasoning on which such formule are
based and their limitations are entirely appreciated, it is
better to avoid their use, since, while calculations of this
nature are perfectly safe in the hands of those who are
awawe of the extent to which they may be adopted, they may
become a source of great danger in the hands of the
uninitiated.

1t must be borne in mind, also, that all theories, even the
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most elaborate, are only approximate, being based on the
best information that can be obtained. .We are certainly
justified in assuming hypotheses which may not be abso-
lutely correct on which to base our calculations if we
thoroughly recognise that the results obtained are not
absolutely exact, and at the same time can satisfy our-
selves that they are sufficiently correct for all practical
purposes.

We will, therefore, take the hypotheses which it is
necessary to adopt for the purposes of deriving formule
for the design of reinforced concrete structures and study
the effect of their inexactitude upon the calculations :—

That the applied forces are perpendicular to the meutral
surfaces of pieces subjected to bending.

This is a general assumption which is accepted for all
beams and girders, and although it is clearly incorrect, in
consequence of the deflection of the piece, it is certainly
sufficiently near the truth for practical purposes for cases
of simple bending.

It cannot, of course, be applied to arches which are sub-
jected to compression and flexure combined.

That each fibre of the concrete acts by itself, nod being
affected by the contiguous fibres. R

This supposes that each fibre will be elongated or con-
tracted by the stress to which it is subjected, as if it were
alone. ’

It is almost certain that the fibres of a column or beam
do not act in this manner and that there is whatsmay
be termed a ‘‘striction” between adjacent fibres which
‘modifies the deformations controlling the action of the
several fibres, so that they undergo less deformation
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under the induced stresses than they would under the
same divect stresses in a testing machine.

This effect is the probable cause of the divergence of the
theoretically calculated and actual strength of rectangular
homogeneous beams, the breaking load on a cast iron
beam being from two to three times the calculated load.
Such a ““striction ” must exist, as it is entirely due to this
that a beam is enabled to withstand the longitudinal shear-
ing stresses which tend to cause the fibres to slide over one
another. In the same way a column which is loaded locally
certainly acts as a whole in resisting the stresses as in the
case of a pin-jointed compression member.

The admission of the hypothesis is entirely on the side
of safety, and may therefore be allowed, as its admission
considerably increases the factor of safety and thus probably
more than counterbalances the effects of the inexactitudes
in other assumptions which may be on the side of danger.

That there is aliways a solid contact between the reinforce-
ment and the surrounding concrete. ,

It is generally assumed that the concrete and the metal
act together, or, in other words, that the concrete follows
the defdrmations of the reinforcements.

This assumption is very necessary for the simplification
of the calculations, since without it we should have no
definite law connecting the relative deformations of the
twd materials, and the stresses would not be velated to
one another in the ratio of the moduli of elasticity. It is
very doubtful if this hypothesis is a true one: at any
rate when approaching failure, there is every reason to
suppose that the concrete hangs back and does not follow |
the deformation of the reinforcement.
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Asg failure is approached the reinforcements slide in the
concrete, and consequently the two materials cannot act
together.

Under working stresses, however, there is probably little
or no hanging back of the concrete, and at any rate, the
difference in the deformations is very slight. Consequently,
for all practical purposes, this hypothesis may be accepted.
This does not apply to calculations based. on the ultimate
resistances of the materials such as are sometimes used,
but, even in this case, the factors of safety employed are
sufficient to cover the errors involved by its adoption.

It must be admitted that there is an extreme possibility
that the reinforcement and the concrete in contact with it
are at no time equally stretched or compressed, and that
the theory of elasticity cannot be applied with the same
absolute truth to a heterogeneous material as it can
to the structural metals. The concrete in itself is a
~ heterogeneous material, and is subject to small voids and
- cracks even when carefully made; it has also a very
different molecular construction to that of the metal in the
reinforcements, and the sudden change from the compara-
tively large grained concrete to the close grainell metal
must have some effect on the deformations. .

The great shearing stresses where the concrete comes in
contact with the metal must also have a tendeucy to
- cause a displacement of the reinforcement in the conerbte.
There appears, then, every likeliliood that there is a_differ-
ence of deformation in the reinforcement and tife sur-
~ rounding concrete, and to consider no such difference as
existing is an incorrect assumption ; but, fortunately, such
* inequality of deformation can have only a very small effect
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on the accuracy of the calculations, especially those based
upon the working resistances of the materials.

With respect to the influence of the shearing stresses
where the concrete comes in contact with the metal, it may
be well to point out that, the greater the ratio of the peri-
meter of the reinforcements to their sectional area the
smaller will be these stresses, and consequently it is advis-
able to use a series of bars of small dimensions placed near
together, rather than bars of large area placed far apart.
Of course, wlen small bars are used placed near together,
they must have sufficient concrete between them to convey
the stresses.

It is very evident that when large sections, such as angles,

-tees, joists, or large sizes of bars are employed spaced far
apart, the inequality of deformation will be greatly
intensified.

Where the shearing stresses are small there is not so
much reason for avoiding the use of large sections placed
far apart, and consequently this method of reinforcement is
quite rational for arches and compression members,
although the calculations are made on the assumption of
equal'deformations of the reinforcement and the surrounding
concerete.

For pieces subjected to flexure, however, it is well fo
bear in mind as an object to be aimed at, that reinforced
cbnerete should be made as homogeneous as possible, and
consequently the employment of small sizes of bars is
an allvantage from a theoretical point of view, whatever it
may be from a practical standpoint; and that although
large bars placed far apart are more economical than small
ones placed near together, the truth of the caleulations may

»
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be dangerously departed from if economy of material is
given too great a weight when deciding on the sizes of bars
to be adopted. Ifor slabs, a good practical rule to adopt
would be to make the maximum distance allowed from
centre to centre of the bars no greater than six inches, or
for slabs thicker than six inches no greater than the
thickuoess of the slab.
That plane sections remain true planes during loading.
This hypothesis, generally spoken of as the conservation
of plane sections, is perhaps the most important of those on
. which the caleculations for pieces under flexure are based,
since it furnishes what is practically the starting point from
which the calculations are derived. It follows from the
hypothesis of the conservation of plane sections that the
deformation of any fibre is directly proportional to ite
distance from the neutral axis, and consequently that the
stresses in any two fibres are proportional to their distances
from the neutral axis, multiplied by the respective modul:
of elasticity of the materials of which they are formed.
This hypofhesis rests mainly on the two previously
considered, and its truth stands or falls with them. We
have seen wherein these former hypotheses are incorrect
and it is very evident that the effect on plane sectiong o:
any inequalities in the relative movement of the fibres o
the concrete itself or of the concrete and the metal musf
be very considerable. *
In the case of pieces acting under direct compressior
it i3 seldom that the load is applied uniformly®ove:
the section, and this must have a considerable efiect or
the deformations. The load on such pieces must be
always more or less local in application, and the effec
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of this on the conservation of plane sections must be con-
siderable, at any rate in the neighbourhood of the areas of
concentration.

In the case of pieces subjected to flexure the adoption of
this hypothesis becomes almost imperative, as without it
the calculations would be made extremely difficult, if not
impossible. It has been always allowed in the case of
metallic structures, although it is probably not an exact
truth even in this case, as the existence of shearing strains
must tend to cause the originally plane sections to take a.
curved form, since the paths of the combined direct and
shearing stresses follow curved lines.

When reinforced concrete is under consideration, it is
certain that the effect of the different elastic properties of
the concrete and the metal, upon the behaviour of plane
sections, must be considerable.

Professor Warren, of Sydney University, carried out some
experiments for the purpose of determining the truth of
this hypothesis. He tested ten beams, taking careful
measurements of the deformations at two points on each
side in the depth of the beam as well as at the extreme
fibres:

')l‘he diagram (IMig. 18) has been plotted from the results
of these experiments, and shows that the original plane
sections do not remain plane after bending and that the
deviations are greater as the bending moment increases.

It is certain, therefore, that the results of experiments
canmot be shown as a proof of the truth of this assumption,
but it appears, nevertheless, that if small seetions of metal
are used for the reinforcements and the caleculations are
made for the working resistances of the materials, it is

H
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sufticiently near the truth for all practical purposes and
may be used as a basis for the calculations, although we
must admit, that its use must to a limited extent affect
their scientific exactitude.

That there will be no initial stresses in the structures
before loading.

Initial stresses may be set up by the expansion or
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contraction of the concrete during selting, changes .of
temperature or the permanent deformations due to the load
of the structure itself or previous superimposed loading.

It seems almost certain that initial stresses are set up by
all of these, and it therefore becomes necessary to inquire
into their nature and the effect they will have onwthe
accuracy of the calculations based on the assumption that
no such stresses exist.

Conerete hardened in air contracts, while if it is allowed

®
.
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to harden in water it will expand, consequently for pieces
in which the concrete hardens under water tensile stresses
are developed in the reinforcements and compressive
stresses in the concrete ; while when the hardening takes
place in the air compressive stresses are set up in the
reinforcement and tensile stresses in the concrete.

From M. Considére’s experiments (page 84) it appears that
the initial tensile stresses in the concrete due to its setting
in air will very nearly reach the ultimate resistance in
tension of similar pieces of plain concrete at the same age.

As the resistance of the concrete is neglected, there does
not seem much cause for anxiety on this account on the
tensile side, since the initial compression in the reinforce-
ment increases its resistance to tension.

In the same way, the initial tension in the concrete on
the compression side is an advantage, and if there is a
reinforcement on this side the compressive stresses induced
in it, although they add to the siresses due to loading, will
not cause the metal to e stressed to anything approaching
its safe resistance, as the compressive stresses due to loading
cannot reach more than that in the concrete multiplied by
the ratio of the moduli of elasticity of the two materials or
about fifteen.

The initial stresses due to setting in air will, therefore,
if anything, add to the resistance of the structure ; the only
result to be in any way feared is a slight cracking of the
concrete on the tensile side, as the initial tensile stress will
increase the deformation due to the loading.

A piece which is kept wet during the period of hardening
will be affected in the opposite way, but the induced stresses
are not so high as those which are induced by setting in

3
>
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air, and as they will not be very great they may safely be
ignored.

With regard to temperature stresses; a fall in tempera-
ture will induce tensile stress in the concrete if held at the
ends; it is very seldom, however, that the tensile side of a
piece is subjected to much variation in temperature, it is
usually the upper side which is exposed, as in the case
of roofs or platforms of bridges, and it is only over the
supports that there will be tensile stresses on the upper
surfaces due to loading.

It is advisable to place special light reinforcements to
resist the tensile stresses induced by a fall of temperature
~ when the surfaces are exposed.

The compressive stresses due to a rise in temperature
can safely be left to the concrete, as, when these occur, even
if the structure is fully loaded, the concrete is perfectly
able to resist them.

There is no doubt that there will be permanent deforma-
tions in reinforced concrete structures even under the
application of small loads.

The effect of these has been referred to already, when it
was shown that, after loading, the concrete on tke com-
pression side of a beam will tend to take a permanent set,
but the metal in tension is perfectly elastic and would
recover its original length if it was not held back by the
concrete; as a consequence, the drag of the concrete -on
the reinforcement induces compressive stress, while the
pull of the reinforcement on the concrete which has’taken
a permanent set induces tensile stresses.

It is therefore evident that the effect of the initial loading, -
if not applied too soon after moulding, is in reality to induce

t)
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tensile stress in the concrete and compressive stress in
the reinforcements, and since the concrete resists com-
pressive stresses and the reinforcement tensile stresses,
the structure is consequently stronger after initial loading,
for the reason that the initial stresses in each material
must be reduced to nil before any real resistance is
required of them.

On the whole, it would seem that although initial stresses
will certainly exist from several causes, it i3 not necessary
to take them into consideration when designing @ structure
or to specially take them into account when assigning
values to the safe working resistances.

That the resistance of the concrbte in compression in picces
subjected to flexure varies uniformly from nil at the newtral
axis to @ mazimum at the outer fibre.

This Lypothesis has been fully discussed when dealing
with the behaviour of reinforced concrete when subjected
to flexure, and it has been shown that although the stress-
strain curve for concrete is parabolic when extended to the
ultimate resistance, it is sufficiently accurate to assume a
straight line stress-strain relation when the calculations
are based on the safe working resistance of the conerete.

The permission of this hypothesis includes the assump-
tion of a constant modulus of elasticity for the concrete.

That the ratio of the moduli of elasticity of the steel and
condrete is fifteen.

This hypothesis has also been fully dealt with when
discussl’ng the behaviour of reinforced conerete under direct
compression.

To recapitulate. It has been shown that the following
assumptions may be allowed when deducing the necessary

R.C. : a
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formula for the calculation of reinforced concrete structures
if these are based on the safe working stresses.

1. That the applied forces are perpendicular to the
neutral axis of pieces subjected to bending.

9. That each fibre of the concrete acts by itself, not being
affected by the contiguous fibres.

8. That there is always a solid contact between the rein-
forcement and the surrounding concrete.

4. That plane sections remain true planes during loading.

5. That there are no initial stresses on the structure to
be designed.

6. That the resistance of the concrete in compression, in
pieces subjected to flexure, varies uniformly from nil at
the neufral axis to a maximum at the outer fibre, and that
the modulus of elasticity of concrete is constant up to the
limit of the safe working resistance.

7. That the ratio of the modulus of elasticity of steel to
that of concrete is fifteen. . ‘,

Sare TexsiLe REsisTANCE oF STEEL.

The safe tensile resistance of steel may be assumed as
one-half its elastic limit. For commercial bars of mild
steel the elastic limit is generally from 32,000 to 84,000
pounds per square inch; the safe tensile resistance for
this class of steel will therefore be from 16,000 to 17.000
pounds per square inch.



CHAPTER 1V [

METHODS OF CALCULATION

LIST OF SYMDBOLS USED IN THE CALCULATIONS.
W = coucentrated load. |

w = distributed load per lineal unit.

P = pressure or load.

p = pressure per square unit.

I = shearing force. .

k = shearing stress per square unit.

¢ = maximum compressive stress per square unit on the concrete
subjected to direct stress or simple bending.

¢, = minimum compressive stress per square unit on the concrete
in pieces subjected to direct stress and bending combined.

¢; = maximum compressive stress per square unit on the concrete
in pieces subjected to direct stress and bending combined.

t = maximum tensile stress per square unit on concrete.

J = stress per square unit on the metal.

Jf. = stress per square unit on the compressive reinforcement.

J; = stress per square unit on the tensile reinforcement.

M = bending moment = moment of resistance.

T = Tangential stress, %.c. thrust normal to the radius i m arches

’ hoop tension or hoop compression.

H = Horizontal thrust in pieces subjected to direct stress aund
bending combined.

I = head of water.

R = Reaction at the springings of an arch.

Ry

R

5 ” ’” 3

)..H

3] b2 i3] iR

bh = sectional area of the whole effective piece,

w = sectional area of the metal.
- w, = sectional area of the compressive reinforcement.
w = sectional area of the tensile reinforcement.

a2



&4 REINFORCED CONCRIETE

a, = sectional area of traverse shearing reinforcement.

d = total depth of a piece subjected to bending.

D = depth of the floor slub in T beams.

b = breadth of a rectangular piece subjected to bending or of the
rib of a T beam,

B = breadth of the floor slab ina T beam.

R & r = radius.

§ = diameter.

o = perimeter of reinforcement,
I, = span.

! = any length.

v = rise of arch or dome.

Il

distance of the neutral axis in any section from the surface
subjected to the greatest compressive stress.

a = distance of axis of the compressive reinforcement from the
surface of the piece under greatest compressive stress.

B = distance of axis of the tensile reinforcement from the surface
of the piece under greatest tensile or least compressive
stress.

h = the maximum distance from the centre of gravity of any

tensile reinforcement to that surface of any piece subjected
to the greatest compressive stress.

(u-a) = distance from the centre of gravity of the compressive
reinforcement to the neutral axis.

(h-u) = distance from the centre of gravity of the tensile reinforce-
ment to the neutral axis.

(v-a),,,, = distance from the extreme edge of the compressive
reinforcement, when it is of large sectional area, to the
neutral axis.

(brw), = disfance from the extreme edge of the teusile reinforce-
ment, when it is of large sectional area, to the neutral
axis.

y = distance of the centre of gravity of symmetrical reinfopce-
ments from the neutral surface of a piece subjected to
direct stress and bending combined. )

v. = distance of the centre of gravity of the reinforcemen?, acting
under the greatest compressive stress, to the neutral surfuce
of a piece subjected to direct stress and bending combined.

v, = distance of the centre of gravity of the reinforcement acting
under tension of the lesser compressive stress, to the
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neutral surface of a piece subjected to direct stress and
bending combined.

= distance of the extreme edge of the reinforcement, acting
under the greatest compressive stress, from the neutral
surface of a piece subjected to direct stress and bending
combined, when the reinforcement is of large sectional
area.

= distance of the extreme edge of the reinforcement, acting
under tension of the lesser compressive stress, from the
neutral surface of a piece subjected to direct stress and
bending combined, when the reinforcement is of large
sectional area.

= coefficient of elasticity of concrete in compression.

1, = coefficient of elasticity of the metal.

y€ max

Vimazx

m = ljf
c
I = moment of inertia.
i, = moment of inertia of compressive reinforcement about its
own axis.
¢, = moment of inertia of tensile reinforcement about its own
axis.
¢ = angular circular measure.
A = angle in degrees.
¢ = angle of inclined reinforcements to the horizontal,
T = .E.
vd
e = elongation.
= degrees of temperaturo,
; .} = co-ordinates. ‘
3 = sign of summation. \
T = 3-1416.

.

Bexpine Momexts, Etc.

Taa weight of reinforced concrete may be taken as
150 1bs. per cubic foot.

The span of a beam or slab should in all cases be Laken
as extending from centre to centre of the supports.
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There is no need to go very fully into the question of
bending moments on beams and slabs, as these are fully
dealt with in several well-known text books and pocket
books, but it may be desirable to explain briefly the methods
for dealing with pieces partially fixed at the supports, as is
the case with most reinforced concrete floors.

} T P QQ

. Af ----——-_-_ﬂi,___ .- .“‘x«
7 % IR N\
%?% ' 3 § §

F16. 15.

In Figs. 14 and 15, the parabola and triangle represent
the bending moments on a freely supported beam, ungder a
uniformly distributed and a central load respectively, glving
bending moments at the centre of the span of

w L WL
) d—
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where w is the distributed load per unit length and W is
the concentrated load.

When the beams are absolutely fixed at the ends the
closing line of the bending moment diagram is C D, which
gives reverse bending moments at the supports of

w L2 WL
T1pT AT Ty
respectively. The bending moments at the centres of the
spans must therefore be, in the first case,
w 12 w 12w 12
8 12 7 24
and in the second case,

WL WL _WL

‘ 4 3 8

‘When the ends of the beam are partially fixed the closing
line will be horizontal if the fixing is the same at both
ends or inclined if it is different at each end, bub it must
lie somewhere between the lines C D and A B.

The effect of the fixing must therefore be left to the
judgment of the designer, as it is impossible to give values
of the reverse bending moments at the supports, which will
be absolutely accurate in all cases. '

The assumption is generally made, however, of a value
for the bending moment at the centre of a reinforced concrete
beam or slab, which is supposed to take into account the
fixing of the ends.

A very usual assumption for a uniformly distributed load
2
is w_10 , giving for the reverse bending moments at the

supports, if the fixing is assumed as being the same at
w2 e T2 w L2

both ends, of — s Yo =T o
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This is much too small an amount to allow, and if the
reinforcement over the supports is calculated on this
assumption it is extremely probable that the concrete will
erack.

A better assumplion to make is that the closing line of
the diagram of bending moments lies halfway between
CDand ABorat E¥. This assumption gives a bending

. 2 ,
moment at the centre of the span of 7~(—1~5——, and bending
moments at the supports of
wl®  wl®  w L
T8 127 7 2

and similarly for a central load the bending moment at the

3WL WL
16 16 °
For practical purposes it is frequently advisable to
assume the above values for the centre of the span, which
will provide for partial fixing at the ends, and also to allow
at the supports for absolute fixing, giving bending moments

cenfre becomes , and those at the supports —

7

w L in the first case and — 1‘,811 in the second.

12
With such allowances, we provide for either absotute or
partial fixing, and although it is probable that the fixing is
never absolutely perfect, and consequently the member will

of —

have an excess of reinforcement over the supports, we have
the comfort of knowing that the error is on the side of
safety.

These matters, however, as before pointed out, must be
left to the judgment of the designer in all cages arising in
practice.

When the piece extends over several spans and ig
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supported on columns or walls the fixing is more likely to
be perfect over the intermediate supports, and it is theo-
retically advisable to use the bending moments given for
continuous beams for the intermediate supports and spans,
while the outer spans may be calculated as for isolated
spans on the assumptions previously explained. If the

Tasre IV.

piece is supported on beams these will have a tendency to
deflect, and it is probably best to calculate all the spans
,as 1f they were independent on the assumptions previously
mentioned.

Tables IV. and V. give coefficients for multiplying wL?
to obta’h the bending moments at the supports and on the
spans respectively for pieces passing over several supports,
and Table VI. gives the coefficients for multiplying wL to
obtain the reactions at the supports.
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In any case, for practical reasons, it is advisable to
calculate all the spans for the worst conditions existing for
any one span, since it is very uneconomical to construct

TasrLe VI.




METHODS OF CALCULATION : 91

each spah of different dimensions and reinforcement as
would be the case for a piece extending over several
supports if different values were taken for the bending
moments on each span. It may be possible to keep the
concrete to the same dimensions and vary the reinforce-
ments, but it is doubtful whether the additional labour
spent on the caleulations is justifiable.
i

SraBbs. \

With a slab either built in or freely éupported at the
four edges, supposing (B) the smaller span and (L) the
longer, according to the well-known formul® of Grashof
and Rankine, the bending moments given for beams must be

4
multiplied by I?%——Bﬂ*; where (B) is the span of the beam,

and when (L) is the span of the beam the coefficient becomes

Bt
B+ LY
since they are derived from the assumption that each pair
of strips, parallel to the longer and shorter sides respectively,
act by themselves as if free fromn the adjacent strips, The
problem’ of the distribution of the bending moments on
slabs mppears to be indeterminate ; but the French Govern-
ment Commission on Reinforced Concrete, in their report,
give the values of the coefficients for the shorter and longer

1 1

SPAN S | g %and 14 z_g;* respectively. These certainly
appear to be more nearly the correct values than the co-
efficients given by Grashof and Rankine.

Table VII. gives the values of the respective coefficients

These coefficients cannot be absolutely correct,

)
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for various ratios of Ii to B, and in Figs. 16 and 17 C\il‘VGS

have been plotted giving the values from L L

=1t =2
B B
Tanre VII.
L ‘ s 1 B ; 1
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For the purpose of calculating the bending moments on
slabs, it is advisable to use the coefficients given by the

¥rench Government Commission.

For ratios of L to B greater than 2, it is only necessary

. . . 3 4 i & 7 . -9 Bo
0sd 0 _ti V2 5 17 18

0-30
045 045
0-40 040
& o3s 035
>
g N
g o030 \ 30
Q -
-~ 9/
g o2s % 025
g PN
fo 0 20 q;/ O, [oar{ <]
N Q@ (ve’
"g o5 $ "09 oS
A g /\\g\
010 \\’fé \‘\ 010
005 B 0-0%
: 9-00
00C e 11 2z 3 14 13 16 7 18 19 20
. Values of i—j .
Fic. 17. R

to consider the lesser span, as no reinforcement will be

necessdry in the longitudinal direction.

The greatest bending moment will be that for the shorter
span, but when reinforced concrete is under consideration,
the stability parallel to the longer side must be provided
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for with reinforcing bars, and the necessary sections for
these bars must be obtained for both spans.

We have, then, for a uniformly distributed load on a
built-in slab of one span—using the values of M, and
M, for the bending moments at the centre of the span and
at the end supports—

For the shorter span,

1w B? 1 ‘
Me=+ 9, X — -« [1]
1427,
T2 1
= - TR [2]
1+257 o
and for the longer span—
T2 1
1\.[@ = + % X ‘———T . . [3]
1+ 23
.T .2 .
P Y R T )
1+2*

For a square slab.
M, = + 0028« L? e o [5]
*M, = — 0014wl? .. (6]
For freely supported slabs the bending moment WUt the
centre will be—
Tor the shorter span,

JR2
BIC == 7_1..]1 X 1 B“' . - [r’

8
1+ 25

* See remarks on page 88 as to advisability of inci'easing the value
for the bending moment over the end support,
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and for the longer span—

LIC = 7,.L-‘ 1

X —— « . [8]
o T+2q

When the slab passes over several supports, the values
given in Tables IV. and V. may be wused, remembering
that for the shorter span the tabular coefficients must Le

multiplied by wB? and 1—]54, and for the longer span
|
1427,

1 ;
oy .

When uvsing these values, however, it must be remem-
bered that the slab is not absolutely fixed at the supports
by reason of the deflexion of the beams, but this deflexion is
so slight that for practical purposes we may neglect it.

The shearing forces may without much error te deduced
by allowing the same coefficients of reduction as used for
the bending moments.

For a uniformly distributed load the shearing forces will
have the following values close o the support at the middle
of the langer side—

by wL* and

1 1 ~ -
Kpg=cuB X ———;, .« . [Y]
2 Bt \
3 14+ 21* \\\
and at the middle of the shorter support—
K, = }wL X S i - . [10]
2 1+ 20
s B!

For a square slab—

1 )
K = EML - . .11
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‘Winp PRESSURES.

The wind pressure will vary somewhat according to the
nature of the structure. It would be greater on a plain
wall exposed on the front and rear faces than on a building
with four sides, on account of the vacuum which is pro-
. duced behind a thin strueture by the force of the wind.

As a rule, areinforced concrete structure is not of a thin
nature, and we may consequently take from 380 to 40 lbs.
per square foot as a maximum pressure in any but
very exposed situalions, or where the configuration of the
land tends to concentrate the wind on the structure under
consideration.

In such situations the limit should be increased to 50 or
55 1bs. per square foot.

When a building is of the usual kind it is generally
unnecessary to inquire into its stability against wind
pressure, as this will be amply provided for by the nature
of the structure.

The walls on a line with the direction of the wind will
in this case act as cantilevers, and the floors and roof as
deep girders, connecting the exposed face to them in a
perfectly rigid manner. ,

In the case of buildings with many windows or reet-
angular openings, it will be necessary to provide special
reinforcements at the junctions of the vertical and horizontal
framings, to strengthen these parts against any turning
effect produced by the wind pressure on the exposid face.
This is usually effected by placing inclined rods at the
angles.

For isolated erections such as chimneys, telegraph and
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transmission line poles, towers, domes, spires and similar
structures, the bending moment must be provided for.

The pressure of the wind ig reduced when it acts on
inclined surfaces ; for a hemispherical surface the area of
the vertical axial plane may be multiplied by 0°41; for a
structure circular in plan the area on the vertical axial
plane may be reduced by multiplying by 050; for an
octagonal plan the multiplier will be 056, and for an
hexagonal plan it may be taken as 0-66.

Asa general rule, the centre of action of the wind pressure
will be at the centre of gravity of the area of the plane on
the vertical axis above the section under consideration.

In the case of telegraph and transmission line poles there
will be two centres of pressure, one for the pole itself (the
bending moment due to the force acting on this will be
small), and the other that due to the force on the wires,
which are generally assumed as being coated with ice.

CALCULATIONS. |

Direct Compression.

When *direct pressure is applied to a eolumn, any
transvgrse section is displaced parallel to itself, and if
b and d are the lengths of the sides and w is the area
of the reinforcement, the area of the concrete will Le
bd— e

The concrete and reinforcement are assumed to be
deforme{l an equal amount, and the deformation causes
unit stresses of ¢ in the concrete and f in the reinforcement.
The pressure (P) is therefore resisted by a combined stress
cthd —o)+foorP=c(bdd—ow)+jw . . (13
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Now, if E, is the modulus of elasticity of the concrete
and I, that of the reinforcement and both the concrefe and
nietal are deformed an equal amount, we have the relation

(as before explained) c: I8, :: f: B, or f = ¢ %" .2

For convenience of caleulation the ratio Ei

(4

expressed asm. Therefore f=m ¢ and equation [1], giving
the resistance of the piece, becomes

=clbd+(m—1Do . . 18]

is generally

N

We have allowed a value for m, or %, of 15.
Therefore we get P =¢ {b d + 14 0} . . . 4]
This equation may be used to find the load a piece will

support by giving values to ¢ and o.

Now the pressure per square unit = p =

We have allowed 500 lbs. per square iuch for the value
of ¢. Assuming any ratio y of w to b d, © becomes b d,
and substituting these values in equation [4], we get

p=500(1 +14y) . . . . . [5

From this equation values of p may be found for various
ratios of reinforcement, and tabulated. .

These values have only to be maultiplied Ly the sectional
area of the piece to give the loads which can be borne wilh
any ratio of reinforcement. (Vide “Manual of Reinforced
Concrete, ete.,” p. 102.)

From such a table, a diagramn can be plotted giving at
a glance the sizes of columns and their reinforcements
to support any loading. (¥ide “Manual of Reinforced
Concrete, ete.,” p. 104.)
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Corvans witH FccenTtric Loaps,

If the loading on a column is eceentrie (i.e. is not applied
at the centre), the effect is not altered if we imagine two
additional forces equal to the loading in intensity and
acting at the centre of the column in opposite directions
parallel to the direction of the loading.

This is the same as substituting for the original loading
a load of equal intensity acting at the centre of the column,
and a couple acting with a lever arm equal to the distance
* of the load from the centre of the column. This gives us a
direct thrust and a bending moment and we proceed by the
use of the formule, pp. 185 to 199.

Hooped Columns.

The resistance of hooped columns is at present usually
culculated in a more or less empirical manner. The French
Government Commission on Reinforced Concrete, after fully
considering the question, decided on a formula for obtaining
- the value of the safe compressive resistance to be used in
the equation P = ¢ (0-7854d* + 14 o) . . . [4a]
which is snnllar to equation [4]; d being the dlameteL of
the hooped core and o the sectional area of the longitudinal
bars. ®

This formula may be stated for pitches of spirals between
1 d and % d, where d is the diameter of the hooped core of
concrete.

pc=028Ca+32y) . . . . [6]
where C is the ultimate compressive resistance of the
concrete at 90 days and v, is the ratio of the volume of
the hooping reinforcement to the volume of the concrete
-core within the hooping.

. m2
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The resistance of various mixtures as given by the French
Government are set out in T'able VIIL.
TasLe VIIL

Po;]nb(%(s} ?:ege(gle:azgo ;gé Ultimate resi;%ar:i(:ay of concrete at
27 cubic feet of stone. ys.
853 ! 2,844 lbs. per square inch,
718 2,560 ’ ”
632 2,275 ’s ’s

The last of these is approximately a 1:2: 4 concrete.

The Commission restricted the ¢ given by equation [6]
to a value not greater than 06 the ultimate resistance of
the concrete.

M. Considére recommends that the percentage of area.
of the longitudinal reinforcement should not be less than
0'5 per cent. that of the concrete in the core, and their
number not less than six.

The Austrian Government rules allow only the safe
resistance of the concrete for direct compression, but the
area of the piece used for the purpose of calculation may
be increased to the amount given by the equation—,

A=A, + 154, 4+ 304, . . (7
where A is the equivalent area, A, is the area of the
concrete within the hooping, A; is the sectional area of the
longitudinal reinforcement, and A, is the sectional area of
an imaginary longitudinal reinforcement, the wli!ight, or
volumne, of which is equal to that of the hooping reinforce-
ment, both weights, or volumes, being reckoned per unit.
length of the piece.
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These methods of calculation give safe results and may
be used with confidence, particularly the French rule, which
limits the compressive resistance.

It would appear, however, that the most rational method
to adopt is to find the area of the hooping which will
safely resist the unit pressure, and then to add longitudinal
reinforcements, to tie the hooping together, and to increase
the resistance to the amount required.

To effect this it becomes necessary to know the ratio of
the direct pressure to the lateral pressure.

This can be found from the results of actual experiments
where failure has occurred by the breaking of the hooping
reinforcement if the ultimate strength of the reinforcement
is known.

In such a case we know the unit direct pressure p, and
the unit hoop tension exerted, and can calculate the unit
lateral pressure from the equation for hoop tension, or

T=1 d , where T is the unit hoop tension and q is the unit

2
lateral pressure. From this equation we get ¢ = g,?T'

It appears from the results of experiments that a safe

ratio »f g = 10. .

Adopting a working resistance of 1,100 lbs. per square
inch in the longitudinal direction for hooped pieces of
1:2: 4 concrete, or a mixture having 630 lbs. of cement to

183 cubdt feet of sand and 27 cubic feet of stone, we get

g = 1,100 = 10, or ¢ = 110 lbs. per square inch,
AndastT =1 d T = 55 d per inch width.

_2_)
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If the hooping is of mild steel the safe resistance in
tension may be assumed as 16,000 lbs. per square inch,
consequently the area of spiral per inch width will be

55d __ d
16,000 ~— 290
It the pitch of the hooping is 1 d, then the area of the

square inches.

d d . d .. . ]
spiral will be —— 590 X z= 17350 giving a diameter for the

hooping, if round—

s=A L o, . [8]

1,450 X 0-7854
Slmll.n‘ly, for a pitch of } d, the area of the spiral will

be 17—40, and its diameter, if round, will be
2
6 et —\(—— — * . N
Vl ,740 X 07854 00275 d; - [0
]2
h [4 (
for a piteh of 1 d the area of the spiral will be -—— 2.030° and
its diameter, if round, will be
e
b= */m =0025d; . [101
and for a pitch of % d the area of the spiral will be ——— 9520 dAU
and 1ts diameter, if round, will be @
—
s=A T _goesad. . (1]

2,820 X 07854
In hooped members the spirals or hoopings are spaced
close together and consequently the longitudinal yods are
not necessary as distribution rods; they are useful, h'owever,
for the practical purpose of tying the hooping together, and
they will also add considerably to the resistance of the
mermber.
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If the spiral cannot be in a continuous length, the
geveral lengths must overlap for two spirals, and their
ends be bent into the centre of the core.

It is usual to employ from six to eight longitudinal
rods. With hoopings of the sizes previously found, the
unit compressive resistance of the concrete is 1,100 Ibs.
per square inch, and consequently the unit resistance
afforded by the longitudinal reinforcements will be 1,100 X
15 = 16,500 lbs. per square inch, and if  is their com-
bined area, the total resistance of the member becomes

or P = 1,100 {07854 &* + 14 o} [12]
where d is the diameter of the liooped core in inches.

LoxertupinaL Direcr Stresses 1N PiEcEs SuBJECTED
T0 FLEXURE.
Single Reinforcements.

If the reinforcements are of small sectional area, as is
usually the case, we may consider the stresses in the metal as
of uniform intensity

»

over the whole area, ‘_!"-—b-—"!' ey,
and that they act at | Z /
the centre of gravity X A
or axis of the section. 'S 0"

'

i

The compressive
resistance in thiscase ¥_| @ o _@
is that'due to the con- '\_0_ _.. _... /
crete on the compres- Fic. 18.
sive side of the neutral axis, and the tensile resistance is
supposed to be supplied by the reinforcement only. The
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compressive resistance is therefore represented by the
triangle A O H” x b (Fig.18), and since A A" represents
the maximum compressive resistance of the concrete, the
above expression becomes 4 ¢ w b if ¢ is the maximum
resistance of the concrete in compression and » the distance
from the outer compressive fibre of the concrete to the
neutral axis.

The tensile resistance is represented by w f, where w is
the combined area of the reinforcements and f the resistance
of the metal.

Since the compressive and tensile resistances must be
equal, we have L cud = o f . . . . . [13]

From the hypotheses of the conservation of plane sections

AN :CC ::0A:0C.

But AN XE=corAN =g
and CO XE,=forCC =~
E,

also OA=uand0C = (h — uw)
R el —w) _fu
..EC.E,,u.(h 1&),01—Ec =g,
B, (= E .
= butE =m=15 )
Sf=me (h_—_u) . [14]

Now substituting this value of fin equation [13], we get
Tu —molh—u) =0;
from which ,

uzmb"’[«/u-zﬂ—{l 5]

m w

3
»

Since the stress-strain curve of the concrete in compression
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is a straight line, the centre of action of the compressive
stresses is at a plane one-third of the height of O A or » from
A, and thelever arm of the couple of resisting forces will be

U
(’L -_ g).

And since the resisting moment must equal the bending
moment,

M=2uY (h -~ ’—‘) . “\‘.. .. [18]

similarly, i

M =fw<ll—g) L . [17]

These are the fundamental equations fdr a single rein-
forcement.* ‘

Double Reinforcements.

The reinforcements are supposed of small sectional area
as in the case of single reinforcements. In this instance
th(? com.pressive DR, SR bmcdi
resistance is that of & ] 1-5 A
the concrete on the 3
compression side of A A
the newtral axis added
to that of the com- S
pressive reinforce- @ @ -0 £ c
ment, and the tensile e N

resistance is supplied Fic. 19.
by the reinforcement on the tensile side of the neutral axis.

Thé compressive resistance is therefore represented by

the area of the triangle A O A" X b (Fig. 19) + w, X f

* Jor methods of employing these equations and tables and
diagrams based upon them, vide < Manual of Reinforced Concrete, ete.”

DR —
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Since A A” represents the maximum compressive resistance
of the concrete and the area A O A” equals one-half the
surrounding rectangle, this expression becomes

Feud + o f,.
The tensile resistance is represented by w, f,.
And as the compressive and tensile resistances must be
equal, we have
deub 4+ o f, = o f . . . . [18]
¥rom the hypothesis of the conservation of plane sections
we have
AA:CC:DD :1:0A:0C: OD.

But A &' X E, = ¢ or A A" = (E’ and, similarly,

/

. _ 1 LA
CcC =1, and D D =i
AlsoOA =0, 0C=(h —u)and O D = (u — a).
T o ofore S o N L
We get, therefore, BOECE wi(h—w: (w— a);
e (h — ' E, (h —
consequently ‘(LEC—“) = ‘%’ﬁ or fy = ¢ EJ; ¢ " )
cf=em =W 1)
u hs
c(u —ay __fou _ (u — a)
and T = ’E; Or.fc =cm —'—u . . . [20]
fiw—a) 17— ) _ =0
and ’*’“Ef - Ef Or.fc _ﬁ (/L _ U) . * [21]

Also, since the resisting moment must equal the bénding
moment,
M=1lcublX2u+w—a)o,f,+ (" —un)of;
orM=23cu?~+ (u—a)o, f, + (b — u) o, f; . [22]



METIIODS OF CALCULATION 107

Substituting £ and f, from equations [19] and [20] iu
equations [18] and [22], we have
Tu 4+ m o (0 —a) — o (b —w)} =0

oru = 45-(0, + ) [«/ +ji’(z“’++””’f’ 1] 23]

and M = - r% udh 4 m (o, (w—af + o, (b — wp} ] [24]

L

As before, m will be 15.

These are the fundamental equations for double reinforce-
ments.* For designing structures it is convenient to give («)
the value of  u, thus placing the compressive reinforcement
at the centre of the compressive resistance of the concrete.
We can then use the equation

M= o/, (h — g) .. L [25]
and if mis given its value of 15, the equation for u becomes
. b I v, .
u—b(Zw —{-—3&0,)[\/1—{- 512w, 3w)2 l:l [26]

Generally speaking, a double reinforcement is not
economical when used in beams or slabs unless high per-
centages of reinforcement are necessary, which is seldom
the chse. It frequently lappens, however, that the
avajlable depth is restricted, in which case it becomes
necessary to use a compressive reinforcenient to obtain
the requisite resistance.

Some people, when using a double reinforcement, the
bars being placed symmetrically on each side of the neutral
axis,®calculate the necessary reinforcement of a beam as if
it were a steel girder, neglecting the resistance of the

* For methods of employing these equations, and tables and
diagrams based upon them, vide ¢ Munual of Reinforced Concrete, ete.”



108 REINFORCED CONCRETE

concrete. This method is wrong, as the concrete must in
reality support some of the stresses, however the reinforce-
ment may have been calculated, and the assumption that
the reinforcement will take the entire stress cannot be true.

If the compressive reinforcement is calculated to offer a

high resistance, the concrete at the outer fibre must be
7

104
ED
or if the reinforcement is stressed to, say, 16,000 lbs.
per square inch, the concrete at its axis is stressed to
1,067 1bs. per square inch, and if the reinforcement is at
the centre of the compressive resistance of the concrete,
the outer fibre must be stressed to 1,600 lbs. per square
ineh, or 2:67 times the permissible safe resistance. As a
matter of fact, when a compressive reinforcement is uged,
the concrete in compression must be calculated as offering
only the maximum allowed resistance at the outer fibre,
and consequently tlie compressive reinforcement cannot
offer a resistance of more than 6,000 lbs. per square inch
if it is placed at the centre of the compressive resistance
of the concrete.

When the bending may be on either side, as in division
walls of reservoirs and like structures, a double reinfovce-
ment is, of course, essential.

Reinforcements are also necessary, extending into
beams or slabs, where reverse bending moments will
_ occur over the supports. Yor this purpose some qf the
tensile bars are frequently bent up at their ends, and"thus
afford resistance to the diagonal tensile stresses near the
supports. In most cases where the tensile bars are bent up
turther reinforcements will be required, in addition, to resist

stressed more than one-fifteenth of this amount if =15,

»
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the reverse bending moments, as the top bend of the
tensile bars should be at the support if they are to resist
the diagonal tensile stresses.

T BeaMs wiTH SINGLE REINFORCEMENTS.

In the case of a T-shaped beam, the floor slab which
forms the top of the T will resist the compressive stresses.

It is necessary, therefore, to inquire into the width of
the slab, which may be considered as acting with the
T beam. It is obvious that if the slab has already been
calculated as offering the maximum allowed compressive
resistance when acting by itself we cannot consider if as
again offering the maximum resistance when forming part
of the T beam, unless the stresses are acting in a direction
normal to those on the slab, and even in this case it is
doubtful if we can allow for the resistance of the whole
width of the slab. It is also evident that when the distance
between the heams is great in proportion to the span the
effect of the flexure of the beam will only extend for a
part of the distance from the beam to the centre of the
distance between the beams.

It is*difficult to determine the exact width of slab on the
sidg of the beam which may be allowed to act with it,
and we must therefore assume some safe limits.

The committee appointed by the Royal Institute of British
Architects to report on reinforced concrete, after careful
consideration, recommended that the width of the slab to
be considered as acting with the T beam might be assumed
ag one-third the span or three-fourths the distance between
the centres of the beams, whichever is the smaller dimen-
sion. This applies to secondary beams where there are

.
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series of beams at right angles to one another, or to all the
beams when they are only placed in one direction, since,
in such cases, the maximum compressive stress in the
upper portion of the slab, when considered by itself, wiil
act in a direction normal to the beams, and consequently
will not effect the compressive resistance of the slab in the
direction of the Deams. If the width of the panel is
greater than half its length, there will be compressive
stresses at the npper surface on a direction parallel with
" the beams, but, provided the ratio is not much greater than
one-half, the effect of the loading on the slab in the
direction of the beams will be small.

When the floor is divided into an equal number of bays,
by secondary beams supported on main beams, the maxi-
mum compressive stress in the main beams will be over
a secondary beam, and consequently these widths will
also apply to the main beams in such a case.

When the bays of a floor are square, or nearly so, the
floor slab, considered by itself, will have been designed
with the maximum compressive siresses in a direction
parallel to the beams, and in this case the width of slab
acting with the Dean should be reduced to one-hulf the
distance between the centres of the beams, and the same
applies to the main beams when the floor is divided into
an uneven number of bays by secondary beams supported
ol main beams.

When the neutral axis of a T beam coincides with or is
above the underside of the slab, the heam may be calecuniated
as a rectangular beam of a width equal to the width of the
slab acting with the T Dbeam, and the equations given for
rectangular beaws will apply.
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Tf, however, the neutral axis falls below the underside of
the slab, we cannot employ these equations.

In such a case it is usual to neglect the resistance offered
by the small portion of the rih above the neutral axis, as it

simplifies the equations and the neglected resistance is
small and tends to safety ‘

| ‘\,
. t
_______ 5 -C-n
T i e
2 i
—_x ¥ o _*.-y
3 \
< K
‘ |
P iy mm| y

T1c. 20. K

If we call the maximum compressive resistance ¢, and
the sesistance at the underside of the slab ¢, the depth of
the slab D and the width B,

nw—D

—_— 9 lrd
(= . . . [27]

and as the compressive and tensile resistances must be
equal,

¢ 4+ ¢
. o X BD = wf . . . [28]
“
and 9s in the case of rectangular beams, from the hypothesis
of Lhe conservation of plane seclions, we obtain the equation
h—u
f:CMT' . . . [29]

, Insez‘ting the values of ¢ and J from [27] and [28] in
[20], we get

B2D2 +moh

_ o . [30]
T BDH mew

u
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The distance of the centre of gravity of the trapeziam
¢ ¢; from the upper surface is

. ¢+ 2 ¢
LAl S .
For dividing the hatched portion in Fig. 20 into two
triangles, and taking moments about the upper surface,

(31)

we get
D a1, 2D _ e+ e
z, 3 T L—+? =y =)
or ' (—j_z CI.—‘]‘;:C:Cl(u—y)
D e + 2(’1
(" J) 3 ¢ + ¢y
Ingerting the value of ¢; from [27], we get :)
3uD — 2D?

CTYE 3 Ru=D)’

multiplying the numerator and denominator of the right
side of this equation by 2, we get

_83D@u~—D)-~D*_D DQQ_
UTI=E"TT6Ru—=D T 27 6Q@u—-Dy
D D? ’
or y:lb——§+ﬁm. . . .[32]
Also, M=g+h—ufow . . . [83]

and substituting the value of f @ from [28] and f.urther
substituting the value ¢; from [27], we get

M= C‘Pﬂ (y+nh—uw 2u —D)
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and inserting the value of y from [82], we get
¢cBD
MZT}W— (D@D —8w)+ 8L 2u—D)] . [34]
These are the fundamental equations for singly reinforced

T beams.*

T Beans with DouBLeE REINFORCENENT OF SMALT
SECTIONAL AREA.

If the neutral axis is above or coincides with underside
of the slab, all the
equations for doubly - . __ - S
reinforced rect-
angular beams will
apply if the width B
is substituted for b.

As i the case of oo oo
singly reinforced T Fro. 21,
beams, .-
w—D
er=¢ X N 1

W
and from the hypothesis of the conservation of plane
sections in a similar manner to doubly reinforced rect-
angular beams (Fig. 21),
}

’ Ji=me

! W —a
‘ fo=me

h—
. . . [86]

. [87]

and since. the compressive and tensile resistances must e

*

equal,

+
T XBD o= . . B8]

* For methods of employing these equations and diagrams based
apon them, vide ¢ Manual of Reinforced Concrete, ete.”
R.C. I
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Inserting e; from [85],f; from [36], and f, from [37] in
equation [38], we get

D
‘27 + m (o, h + ‘”ci)_ . . [39]

BD 4+ m (¢, + o)
. As in the case of single reinforcemeints,
D D2
y=r= 9t @Dy

c+(‘IABDJ+wfc(u—a)+wtft(h——u)

Substituting the values of ¢, £, and f; from equations [35],
[37], and [36], we get

2
M :l—il:y BD -li— ] o (= a0, (1 — u)aj»:l
Inserting the va.lue of y f101n equation [40], we get

D? :
M:%[Bl)(zﬂ—ub -1-—3)+m{wc @ — ay

=

. [40]

M =

+w2(k—u)}] .. D

These are the fundamental equations for doubly reinforced

T beams.
InveErTED T BraMs.

This form ot beam applies to the ends of T beams when
fixed or partially fixed. ,

Since the neutral axis in this case will always fall outside
the slab, the calculations are made as for rectangular beams
of the width of the rib.

THE ARRANGEMENT OF THE TENSILE REINFORchENTs

IN Braas.

In all beams it is advisable, if possible, to place the longi-
tudinal vensile reinforcements in two layers, and to bend up
the bars in the top layer towards the supports, as such bent

M
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up bars assist considerably in resisting the diagonal tensile
stresses; the bars should be so bent up that they reach
the centre of the compressive stresses at the support and are
here bent over so as to extend over or into the supports.
The remainder of the rods should be continued along near
the tensile surface well over or into the supports.

In continuous beams any bent up bars should be extended
near the upper surface, and bent down into the adjoining
beam. Additional bars are generally necessary to resist
the tensile stresses induced near the upper surface by the
reverse bending moments over the supports.

It the bars are not of sufficient length to allow of their
being carried through the adjoining beam, they should be
extended near the upper surface for some distance in the
beam, fhe reinforcements of the adjoining beam being also
continued for some distance near the upper surface. Thus
the bars of neighbouring beams pass one another over the
support. In this case it is probable that no additional
reinforcement will be required over the supports.

Another method of continuing the reinforcement from
beam to Leam is to allow the bars to overlap one another
where incﬁned, and to bind them with annealed wire at this
place. #The intensity of tensile stress is very small through
this portion of their length, and consequently it is a good
Place to form the overlap.

To avoid congestion of bars over the supports, it is fre-
quently advisable not to extend the bars, bent up from the
bottom, over the supports, but to hook these, at the edge of
the support, over additional bars placed near the upper

~surface.

The lower bend of any bent up bars should not be farther

12
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from the supports than one-sixth the span in a freely sup-
ported beam, or one-third of the span when the beam is
fixed or partially fixed at the ends or continuous.

It is advisable to extend the top reinforcements about
one-eighth the span into the beam from the end supports
and one-fourth the span on either side from the inter-
mediate supports, and any additional reinforcements over
supports should extend for like dislances.

Some constructors use special forms of bar or a special
arrangement of bars, in which case the above methods of
arrangement will not apply, but in all casesit is necessary to
provide bars to resist the tensile stresses over the supports.

Pieces witH REINFORCEMENTS OF LARGE SECTIONAL
Area (Fic. 22).

2
In this case the reinforcement has in itself a resistance
against bending, and neither the depth nor the sectional
area can be neglected when compared to

,J"'"b""’?_ that of the whole piece.

E L;i,, The values f. and f; will therefore be
o s,lz«_ considered as the mean and, forex and
;3 }3 Jimer 88 the maximum resistances of the
o0 S sections : (u—a) and (h—u) beihg the

distances from the neutral axis to the
centres of gravity of the metal sections;
and (4—a),,, and (h—u),,, the distances from the neutral
axis to the outer fibres of the reinforcements, ang further
. and 4, will be the moments of inertia of the reinforce-
ments about their own centres of gravity.

The compressive reinforcement takes up an appreciable

F1a. 22.
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area compared with that of the whole piece, which must
be deducted from the area of the concrete in compression.
The resistance of the concrete displaced by this reinforce-
ment may be supposed to act at its centre of gravity.

In this case the stress on the area of concrete replaced
by the upper reinforceinent will be—

(n—a)
St \

Equating the compressive and tensile stresses we got—

Feub — Wa% + w.f. = o.fi. . . [42]

For the calculations of the momen$ of resistance of the
piece, the moment of each reinforcement acting by itself
must be included, and for the compressive reinforcement
the moment of the concrete which it replaces must be
deducted.

We have therefore—

1 — @)ew, 2 .
M:gcuzb—u—%-l—fewc(u a)+ fza)-l-

U

ool — ) + (hf_riu). : ‘\\. . [43]

'We have also—
(v — a)

8 fimemM T2 L[4

w

(h — w)
u

fi = em . [45]

Substituting these values in equations [42] and [48],
we get-2
1 (4 — a) (v — a) (h—wy _ .~ .
2cub — g e + wem T T eem— = U, [46]

or—

3uth ~ (4 = @)l —m) —me,(h —uy =0, . [47]
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and— )
M =} chb —_ M—& +C1N,ch
3 U 1 u
L em(h — ”IL)Qw 4oem . [48]
u w u
M= 5[% Wb + {(u — ), + i‘} (m — 1)
+ mh — ), + i,]. . . [49]

The maximum stresses in the reinforcements are given
v (1 —a)

W — @),
- . [50]
uw,

uw
If there is only a reinforcement on the tensile side

fﬂ)t(l: - c,7l

and f;maz =am [5 1]

h— »
f=em - Mo Y e
1% — m(h — e =0, . . [63]
c1 .
M:al:§u3b+m{(h—u)%—{—z}:\ . - [54]
Tz = €m P = W _“u)’”‘”‘ [55]

The equations for T beams reinforced with large sections
follow from the above, being compiled in exactly thg same
manner.

The employment of reinforcements of large sectional
area is not to be recommended, as the best practice in
reinforced concrete construction for pieces subj:acted to
simple bending is to keep the metal as far as possible from
the neutral axis of the piece, where it acts at its best
advantage. The design of reinforced concrete is similar
to that of metal girders in this respect.
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The rolled joist is uneconomical as regards the use of
the metal, its economy being a purely practical con-
gideration. The same remark applies to a plate-web
girder, frue economy of material being only obtained when
the web is of the open type, being only sufficient to take
up the shearing stresses. With reinforced concrete the
practical economy of the rolled joist and plate web does
not apply, as the cost of construction is very nearly the
same whether we use large sections or small.

In the case of slabs, the tests and experiments which
have been carried out prove that the best type is that
when small sections of reinforcement are employed fairly
close together; and the fact that but few constructors
employ large reinforcing sections in beams is a sufficient
proof that small sections are the most economical for these.

Fo? arches which act mainly in compression, large
sections may be employed with economy, and many con-
structors, Melan and Wiinsch among the number, employ
this type with success. TFor arches large sections have also
the advantage of readily adapting themselves to hinged
connexions.

Whendarge reinforcing sections are employed it is the
usual practice to use them for the purpose of supporting or
partia{;y supporting the falsework, and in consequence
they gain an extensive practical advantage; but it cannot
be considered good practice to support the falsework by the
aid of the reinforcement, as, when this is done, there must
be a ceMain amount of initial strain and there is more risk
of vibration. These remarks do not, of course, refer to the
use of rolled joists as beams, this form of construction not
being reinforced concrete in the true sense of the term.
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Boxp iND SHEARING STRESSES.

The vertical shear on a piece under flexure ig resisted by
the longitudinal shearing resistance of the fibres.

The longitudinal or horizontal shearing resistances add
the increments to the direct resistance of the fibres. If
there were no shearing resistances between the fibres they
would simply slide on one another and exert no resistance
to bending.

On each small square particle of a beam there are hori-
zontal and vertical forces acting; the vertical forces being
the direct shear and the horizonfal forces the resistance of
the fibres. These must be equal to one another if equili-

brium is to be maintained.

- . The shearing resistances

that it is necessary to assure

/ , in a beam are in reality those

Y °"" acting horizontally, which

counteract the tendency for

the fibres to slide over one

B c another, and thus prevent the
Fi1a. 23. ¥16. 24.

failure of the beam.

Now it is clear that, the added increments of the longi-
tudinal stresses in a homogeneous beam being represented
by the triangles O E F and O G H (Fig. 28), the longitu'dinal
shearing stress on any horizontal plane must be equal to
the sum of the increments of the longitudinal stresges
above that plane. The effect of this is shown graphically in
Fig. 24, where E’ O’ G’ represents the vertical plane gection,
upon which are acting shearing stresses at each point in
its height, these shearing stresses being represented by the
ordinates from I’ O’ G’ to the curve E' 0" G’. It will be
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seen that these increase from the top surface until the neutral
axis ig reached. DBelow fhe neutral axis the direction of the
action of the stresses becomes the opposite to that above,
and consequently the increments of the shearing resistances
becomeminus quantities and the curve bends towards E' O’ G'.
In a reinforced concrete beam, where the resistance of
the concrete on the tensile side of the neutral axis is
neglected, the diagram of the shearing _
stresses will take the form shown in
Fig. 25, the shearing stress being a
maximum a$ the neutral axis, and con-
tinues of the same amount until the
tensile reinforcement is reached.
Considering a small vertical slice of
a reinforced concrete beam, of a length
x, acted upon by a total vertical shear-
ing force K (F'ig. 26), and if k,,,, is the maximum horizonfal
unit-shearing stress, k; the unit bond stress between the
concrete and the reinforcements, b is the width of the
beam, O is the total perimeter of the reinforcing bars,
C; and C; the total compressive stresses on the concrete on
each side of the slice, F; and F, the total tensile stresses in
the re.inforcement on each side of the slice, Cy and F; being

u

the greater of the similar stresses, and (h — 3)’ as before,

being the lever arm of the couple of vesisting forces.

Now the total bond stress between the steel and concrete
in the Yength of the slice = of the beam must be Fq — F,
and the unit bond stress

Fra. 235.

F, - F _
]J, = —27-6—1 . . . . [1]



122 REINTFTORCED CONCRETE .

It will be seen from Fig. 26 that if equilibrium is to be
maintained the moment K x must equal the moment
F; — Fy (h— )

Kz .
or (I's — Fy) :( U) o £
h— 3
3
Substituting [2] in [1], we get
K

*J. —
Iy, = 0 (h B g) . . . [3})
This gives the equation for the bond resistance.
Equation [3] may be written
K
I R 1
3)

1

Now k, O, or the ;:otal
unit shearing or bond stress
around the reinforecements,
must be distributed over a

=y horizontal section of unit
C,-¢ =<%® length just above the plane
of the reinforcements, and

we have ¢
Ok, = b lpas o
which, substituted in equation [4], gives us

K
* o = u . . . . . [8]
b(n—3)
This unit-shearing stress applies to all fibres beldw the
neutral axis.

* See remarks, p. 124, as to the reduction of the value of K when

‘
’

inclined bars are used. For diagram giving values of (h - l—;), vide

¢« Manual of Reinforced Concrete, etc.,” 1st edition, p. 147,
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The above equations apply equally to doubly reinforced
rectangular -beams when the compressive reinforcement is
placed at the centre of action of the compressive resistance

- w .
of the concrete, or at a distance of 3 from the compressive

gurface of the beam. When the compressive reinforcement
is in any other position the value

2
mw, (u — a) (h — a) -{—%) (h — %)
'\

!

-
maw, (W — a) + %b

must be substituted for (h — g)
In the case of T beams the shearing resistance must be
calculated as for a rectangular beam of the width of the rib.

e DEINFORCEMENT scsineT Discoxan Texsiox.

It is very usual to neglect the shearing resistance of the
concrete when calculating the reinforcement against diagonal
tension if it is found that the concrete is unable to resist it.

Inclined Reinforcements.

When an inclined reinforcement is employed to resist
diagondl tension, if its area is ,, its direct resistance:to
tensjon is f, and the angle it makes with the horizontal
is ¢ (Fig. 27).

The total direct resistance it offers is v, f, and the resistance
to vertical shearing will consequently be w, f sin ¢ or
K= @, fsin .

From this equation we get

o, = —
J s ¢
It follows from equation [6] that, when some of the

.. 0]



124 REINFORCED CONCRETE

longitudinal rods are bent up, or inclined reinforcements
are used, if o, be their area, the value of K in equations
[4] and [5] will become
Kis=XK - fo,stn ¢ . . . . . [7]
If the vertical plane dropped from the upper extremity
of an inclined shearing reinforcement falls outside the
lower extremity of the next inclined
reinforcement, the value of K in
equation [6] must be the total shear-
ing force on the length of the beam
| * Detween the vertical plane and the
TTTUTT=EL lower extremity of the next rein-
forcement. This value of K will be
Fre. 27. the difference between the bending
moments on the length of beam under consideration, 33 in
the case of vertical reinforcements.

Vertical Reinforcements.

In this case each horizontal plane of the beam between the
lower reinforcement and a plane close to the top is traversed
by the vertical reinforcement. We must therefore find
the total shearing force on the portion of the lLeam
between neighbouring vertical reinforcements, and this,
divided by the area of the vertical reinforcement and” the
lever arm of the longitudinal resisting forces, will give the
maximum shearing stress on the reinforcements. If M,
and M, are the respective bending moments, M, being the
greater, then (referring to I'ig. 26), v
My—M,=F:—F)xh ——g, and %, o, must equal Fg — F,

0

. I\IQ — M; = ks w; X (h ———3)



or Ls — (M2 - I\I1>
(O <h — %) . . . . . [8]
This may be written
A

£

k,,(IL—%). N )

The same remarks as before apply to the substitution for
(h — g) in the case of doubly reinforced beams (vide p. 123).

In equation [9], giving the area of the vertical shearing
reinforcement, the value of %, (the shearing resistance of
the steel) may be taken as 12,800 lbs. per square inch.

When some of the longitudinal bottom reinforcements
are bent up, the expression (Mo — M;) must be replaced by
(Mg®— M) -— f o, x sin ¢.

To prove that My — M; = K:—

We may consider a length of a beam to the left of the
centre, between a section (A) at a distance z from the left
support and a section (B) at a distance y from the left.
support, and using the following symbols—

R = reaction at the left support.

W = any load to the left of section (A).

W4 = any load between the sections (A) and (B).

These loads being of any intensity

z = the distances of the loads (W) from section (A), and

- 2z the distances of the loads (W;) from section (B).

Weshave for the shearing force at section (4),
Kks=R,—3ZW,

* For method of employing this equation and table and diagram for:
use in obtaining the proper spacing, vide ‘“Manual of Reinforced
Concrete, ete.”
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and for the bending moment at section (A),
My=R,z — 2 (W2).

The nean value of the decrease of the shearing force on
the length (y —) between the sections (A) and (B) will be,
= (Wi21)

(y — )
‘We have, therefore, for the mean value of the total
shearing force on the length (y — x)

S (W
Km =R —SW - _"1°U (“121).
y -
The total shearing force on the length (y — ) will

therefore be
K=R,(—a)— Wy —a) — S (W z).
Now, the bending moment at section (B) will be
My=R,y—Z(W2) —EW(@H —2) —2 (W 2), ,
and the increase of the bending moment over the length
(y — ) will be
Mq—Mi=R;(y—2) —EW(@H —2) —2(Wz2) =K

RESISTANCE To SURFACE CRACKING DUE TO TEMPERATURE
StrEsses, ETc.

In a structure exposed to atmospheric influences the con-
crete near the surface, which is acted on by the temperature
and moisture, tends to suffer deformation, but it is assisted
in a great measure by the fibres behind it, which are protected
from the direct action of atmospheric influences, and are
therefore subject to less deformation. ’

The reinforeing metal is also protected, and will conse-
quently be acted upon by a considerably less variation of
temperature than that acting on the concrete.

It is for these reasons that temperature stresses in

]
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reinforced concrete structures can be assumed as being due
to a considerably lesser range of temperature than those to
which the exposed surface is subjected.

Concrete in damp situations will not tend to crack at
low temperatures to the same extent as when in dry situa-
tions, since the effects of the dampness will counteract
those of low temperature.

It is most important that parts of a structure which will
be subjected to a considerable range of temperature should
be constructed when the temperature is fairly low, or be
thoroughly protected against the action of the sun’s rays
during hardening, as when these precautions are taken the
effect of low temperatures will evidently be reduced.

For the reasons previously stated, and if reasonable pre-
cautjons are taken during the hardening of the concrete, it
is probably sufficient, in this country, to provide for a fall of
temperature of, say, 30° Fahr. in the concrete and 20° Fahr.
in the reinforcing steel.

The greatest range of temperature is about 70° Fahr. or
from about 90° to 20°. Higher and lower temperatures occa-
sionally occur, but they are exceptional and of short duration.

It is finnecessary to consider such a range, however, as, in
the fjrst place, the assistance offered to the concrete at the
surface by the fibres behind has a considerable influence,
and further, the concrete will be so protected by the
moulds, ete., while hardening, that it will never reach a
temperature approaching 90° if the moulds are kept damp.
The ev‘aporation will tend to lower the temperature acting
on the concrete.

Assuming, therefore, as a maximum, a fall of tempera-
ture of 80° in the concrete and 20° in the steel, the
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deformation of concrete under temperature changes has
been found by tests to be about 0-0000055 per degree
Fahr.

The contraction for 80° Fahr., if the concrete were free,
would therefore be 0-0000055 x 30 = 0000165,

If the modulus of elasticity is taken at a high value of
3,000,000 lbs. per square inch, the tensile stress in the
concrete, if prevented from contracting and not reinforced,
would be 0°000165 X 8,000,000 = 495 lbs. per square
inch. '

The reinforcing steel will be subjected to a fall of tempera-
ture of 20° Fahr. and has a deformation of 0:0000067 per
degree Fahr. and a modulus of elasticity of 30,000,000 1bs.
per square inch ; therefore, as it may be considered as being
held firmly at the ends, the induced tensile stress would be
0-0000067 X 20 X 30,000,000 = 4,020 Ibs. per square mnch.

If, therefore, the elastic limit of the steel is 82,000 lbs. i)er
square inch, the resistance remaining to aid the concrete,
if the steel is not stressed above its elastic limit, will be
82,000 — 4,020 = 27,980 lbs. per square inch, and the ratio
of area of steel required to the sectional area of concrete

. . 495 o
outside the bars will be 97980 — 00177, or 1-77 per cent.

The concrete will also offer some resistance to‘) the
induced tensile stresses, but thig is neglected.
If high carbon steel were used with an elastic limit of
60,000, then the required ratio would be
495 '
60,00049~5 1020 = 55950 — 0-0088, or 0-88 per cent.
Supposing, therefore, a parapet wall with a covering of

3 inch outside the axis of the bars placed as reinforcement

)
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against temperature stresses, the following areas of steel
will be necessary.

For mild steel an elastic limit of 82,000 per lbs. per
square inch, 0'75 X 12 x 0°0177 = 0°160 square inch per
foot width, or § inch round rods 8 inches apart.

And for high earbon steel with an elastic limit of 60,000
Ibs. per square inch 0°75 X 12 X 0:0088 = 0-077 square inch
per foot width, or % inch square bars 10 inches apart.

For resisting temperature stresses it is desirable to use
high carbon steel, and the employment of bars giving a
mechanical bond is also advisable.

The position and nature of a structure must be carefully
considered with reference to temperature stresses, as the
requisite reinforcement depends entirely on the conditions
of eacli case, and no hard and fast rule can be laid down,
although in most cases considerably less area of steel will
be required than that found under the conditions assumed
in the example which has been taken.

Pipes, Cikcurar RESERVOIRS AND SIMILAR STRUCTURES.
When under Internal Pressure.

The direet tension on a unit length of the shell of a pipe
or eleva’ted circular reservoir or silo is given by the usual
formule—

T = 199, . . . [1]
where o is the internal diameter, and p the unit pressure.
If p is in pounds per square inch-—

n » =043 H,,
H,, being the head of water in feet.

For a reservoir or water pipe, therefore—

T = 0215 H,9, . . . (2]

R.C. K
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T being in pounds on a circumferential strip one inch
wide, H,, the head in feet, and & the internal diameter in
inches.

As the resistance of the concrete is neglected in tension
we must have—

T=fo,. . . . (3]

f being the allowed unit stress in the reinforcement, and
@ the sectional area of metal in the hooping reinforcement
for the length of the structure taken.

If we take a circumferential strip with a width of
(D) inches, all units being in inches and pounds, we get
therefore from [1] and [3] —

o 4
T )
and from [2] and [3] — ’
915 T, 51
° = %——‘L .. .5

from which we find the fotal sectional area of the hooping
reinforcement for the length under consideration, which
must be divided up into a suitable number of, hoops or
spirals.

For caleulating the sectional area of the longftudinal
bars, the portion of the shell between two adjacent hooping
bars must be considered, this portion being treated as a
slab built in at the ends, and of a span equal to the
distance (L) between the hooping bars. For gpractical
purposes the siab may be considered as flat between the
two adjacent longitudinals.

Ag the shell and the longitudinals are continuous, we
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may consider the slab as securely fixed at the ends, and
therefore the bending moments will he—

1 1 )

R f .
and l |
1 . \

Mg = w2 . . .

24

At the hooping bars the concrete is in compression at the
exterior of the shell, and the interior is in tension, while
the reverse is the case at the centre of the span between
the two hooping bars.

The longitudinal bars bear against the inside of the
hoopings; it is there-
fore necessary to know Fr—mt ——e

the distances t, and ¢, Li;zmi U
(I'ig. @B), or the axes of : _ _
the longitudinals from ‘ 1 j
the gurfaces of the sap- I I I T T T
posed slab. This will

Fic. 28.

give the position of the ‘
hooping reinforcement in the thickness of the shell. We

also requine the sectional area of the longitudinals.

The thickness (f) of the shell is always decided upon
from plactical considerations, and in a great mieasure
follows that which has been found good in practical
examples. The thickness of shell for pipes seldom exceeds
8 to 8% inches, and pipes up to 9 inches diameter are
usually from 1% to 2 inches thick. TFor reservoirs the
thickness may be from 4% to 6 inches, and sometimes
more.

If we suppose the width under consideration () to be
K2
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4 inches since the shell is curved,* we already know the
span L and the load w (being the pressure on the strip
4 inches wide). We can consequently assess value for
M, and M¢ in equations [6] and [7]. Further, we have—

=@ —1t) . . . [8]
Now al the supports M, = —ll—zwL‘Z, and since b = 4

M, wl?

3= . . . [91

Similarly at the centre of the span
/ 2
Mo . L . no

If w is the area of the longitudinals—
(0]

w
v, :bT’and\I/”: 5
Consequently v, bt, =, bt,, or ¥, t, =, 8,
and from equation [8]— .
v, L=, (t_t/)' . . 117

We must now find values of ¢, ¥, and v, from the

diagram, Fig. 29, using the values of % from equations

[9] and [10], so as to satisfy equation [11]. v
It is well to try the economic percentage for ¢, and ¥, as
a first trial. ?
Having found , and t,—
o =, bt,., . . . [12]
If we wish to place the bars more than 4 inches apart
we can multiply @ by the proposed distance apart in

* Where the structure is of large diameter the value of b may be
increased to 12 inches, the load w and the values for equations [9] and
[10] being altered accordingly.



METHODS OF CALCULATION 133

inches divided by 4. Having decided on the size of the
longitudinals, the value of ¢, or t, will give the position of
the hooping reinforcement in thickness of the shell.

ol 8 -0 f fo soniep

§ ¥ 8 8 % 8

g

Vafues of 2'
vaiues of

Fra. 29.

For thin pieces such as pipe shells, the hooping bars
may be placed at the centre of the thickness and the areas
of the longitudinals calculated under the worst conditions
obtaining, which may be either at the support or at the
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centre of the span. In this case we have % from equations

[97 and {107, and also the values of ¢, and ¢,.

TFrom Fig. 29 we obtain the values of v, and vy, from
which the values of w can be found under each eondition.
The greatest value so found must be used.

In the case of a pipe which has to bear transport, and
handling while being deposited in the trench, it is well to
somewhat increase the sizes of bars found by calculation,
for the same reason that we always increase the theoretical
thickness of a cast-iron pipe. This provision is, however,
of less relative importance in the case of a reinforced
concrete pipe, on account of the thickness of shell and
nature of the reinforcement,

Many of the practical constructors only calculatesfor the
hooping reinforcement and select a size for the longi-
tudinals from practical experience without any calculation.
If this course is adopted the hoopings should be placed at
the centre of the thickness of the shell.

The hooping bars may be spirally wound or in the form
of hoops, there being no theoretical advantage in the
employment of either form, but there is a practical
advantage in a spiral reinforcement, since there dre fewer
joints, and such a form is usually employed for small
sections. Where the reinforcing skeleton is built up of
rolled I, L, T or cross sections, and the concrete is poured
into the moulds, the spiral form of hooping»reinforce-
ment allows the air to escape more easily and it is less
likely to become imprisoned in the re-enterant angles; the
concrete consequently surrounds the reinforcement more
perfectly.

»
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The longitudinals should be always secured to the
circular reinforcement, as this helps to keep the latter in
position. 'Where large pipes are used, and a double
reinforcement i8 adopted, each set of longitudinals must of
course be placed inside the hooping reinforcement to which
it 1s attached.

The above method of treatment applies to pipes, circular
reservoirs or tanks, silos, and similar structures, the only
difference being that the pressure in pipes is uniform,
while that in reservoirs, silos, ete., varies with the height.
In the latter cases it is usual to consider the pressure as
uniform over heights of 12 to 18 inches (on the Continent
they usually take heights of 40 or 50 centimetres) and
vary the sections as the depth decreases.

! WaeN UNDER EXTERNAL PRrEssure.

In this case, as the plece is in compression, we may
allow for the resistance of the concrete.

As before, we have the general formula—

P=1pd . . . [13]
0 being® the external diameter in this instance, P being
the d}rect compressive stress on the shell. The method of
treatment is the same as for the determination of the
pieces under direct compression.

Taking for the value of

. v=7. - . . (4

where o 18 the sectional area of hooring reinforcement in
a length (1) of the piece, and (¢) is the thickness of the
shel. We assume the limiting unit stress (¢) on the
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concrete from which the area of the hooping reinforce-
ment (w) is deduced as shown in p. 98, either by
assuming & thickness of shell or a value for (y). The
unit stress on the concrete for ordinary proportions may
be taken as 500 lbs. per square inch, but if a richer
" mixture is used a higher stress may be allowed ; if, on the
other hand, quick-setting cement is employed, this unit

stress must be reduced.
The sectional area found for the hooping reinforcement
must be divided up into

~[ J TJ' { [ J, Lm iarsc,evl;'t;ii:h V\f)iﬁm;;rthe?i.

- . s
( — — +—+ sectional area zu.)d spacing.
: *1 - ‘ The calculation of the
T — longitudinal bars is made
——r - — . »
in exactly the same
Fi1c. 30.

manner as for structures
- under internal pressure, the longitudinals in this case being
on the outside of the circular bars (Fig. 80). The tensile
and compressive stresses are the reverse to those of a piece
under internal pressure. The general remarks which have
been made on the manner of freatment, ete., apply equally
to pleces under external, as to those under int.erna,l,

pressure.

Syann SeaNn ArcHEs.

Arches with Uriformly Distributed Load, and,
Considered as Parabolic.

For small span arches, such as those used for floors,
the arch may be considered as parabolic and the load as
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uniformly distributed. The curve of pressures is therefore
parabolic.

If (w) is load per square unit, (L) the span, and () the
rise, which will be practically the same as the versine of
the neutral surface curve, (H) being the horizontal thrust
we have—

wly L
W="+7)
'L2 \\
or 0= ’;v e £V

If we call the reaction at the springings (R)—
: ' Then R, = N/ <“;AL>'2 4 H2

‘ 12 ET
or R,="2A/1 417 g

8r 1.2
BOt{l the horizontal thrust and the reaction at the
springings will act at the neutral surface of the arch. The
value of R, being found, the equations for direct com-
pression, pp. 97 and 98, must be used.
Herren Wayss and Fratag proceed as follows. The

maximum eompression being at the springing—
' wl? 1602
[ AN
(d-—m)(—‘—f_ \/1 ., \
o L?

making o =  bd, and considermg the width of the piece
as unity, @ = .

wl? /1 + 16062
. Then d = TLN/T
SR ey
: . L s 1
tahng the ratio of - 210, d=185wL x Py (8]

and » = yd. . . . (4]
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Method for Arches Loaded over Half the Span and
Considered Parabolic.

Another method employed for the calculations for arches
is to consider the neutral line of the arch as parabolic,
which is approximately true when the rise is small as
compared with the span.

The dead load is supposed to be uniformly distributed.
The live load is assumed to cover only half the span, as
this loading causes the greatest bending moment. The
curve of pressures for the dead load follows the curve of
the arch, and that for the live load considered alone is
supposed to pass through the neutral surface curve of the
arch at the crown and springings. This is the same as
assuming hinges at these places. In this case the thrust

at the crown becomes— .

1.2
H=yez@4+2), . . [1

and the maximum at the sprinoings—

(310 (Bw + 4p)*)
R—lo (w+2p)N/1+ (o F) 2

w being the live and p the dead lomd.

The dead load produces no bending moment,®as it is
uniformly distributed and the curve of the arch qssumed
to be parabolic.

The maximum bending moment due to the live load
only is produced at a section a quarter the length of the
span from the springings, tending to cause a downward
deflexion on the loaded side, and an upward deflefion on
the unloaded side.

The ordinate of the parabolic pressure curve at the
section 1 L from the springing is § ». And the vertical
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component of the thrust at the springing on the unloaded
side due to the live load only is (taking it as the reaction

of a girder) Q The horizontal thrust due to the live

|
nL

1bl) ‘At
Taking moments, we get— !

load only =

M. = wl? 3 wl x L
ms = 5 X IV T g X g
wl?

The thrust at 2 L i ig L4 (u + 2p) sec. ¢, where ¢ is the

angle of the neutral smface curve to the horizontal. The
further treatment will be by the use of equations, from
p.’186 forward.

These equations will apply to any arch hinged at the
crown and springings if the weight of the arch and road-
way can be considered as uniformly distributed, which is
seldom the case in practice.

§
LiARGE SPAN ARcHES AND OTHER PIECﬁS SUBJECTED

9 10 Direcr StrEss sxD BenpING COMBINED.

General Remarls.

In treating the question of pieces subjected to both
direct and bending stresses the first essential is to know
the *position of the curve of pressures * through the piece

# The reasoning used in finding the position of the pressure curve,
etc., follows closely that employed by Prof. William Cain in his
¢ Elastic Arches” and ‘‘ Steel Concrete Arches” published by W, Yan
Nostrand Company.
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and the magnitude of the resulting pressures at different
sections. When we have found the curve of pressures and
its position on an arch ring, we may consider the force
lines forming the pressure curve as acting at the vertical
load lines. We have therefore at each of these sections
a foree R acting in the direction of the pressure curve at
this point (Fig. 81). The effect of this force is not
altered if we imagine two forces equal to R as acting at
the neutral surface of the arch in opposite directions
parallel to its line of action. This is the same as substi-
tuting for R a thrust at the neutral
surface, and a couple with a lever
arm equal to the perpendicular
distance from the neutral surface to
the pressure curve. o
The thrust at the neutral surface
may be resolved into components
tangential and normal to the neutral
surface ; the normal component only
produces shearing, and is always
small and is consequently neg-
ligible. The tangential component is the direct fhrust,
which we may call T. .
The forces R and R of the couple producing the bending
moment may also be resolved into vertical and horizontal

components.

The vertical compounents act in opposite directions and
therefore balance one another, and we have left a couple
of horizontal forces with a lever arm of the vertical
distance between the neutral surface and the pressure
eurve. ’
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The horizontal force of the couple is the Lorizontal
thrust, and is the same for all sections.

We have therefore the general equation for the bending
moment M = H X the vertical distance from the nentral
surface to the pressure curve, and varies at each section
considered.

Now it will be seen that if at any section we were to.
resolve the forces R and R of the couple into components N
normal and T; tangential to the neutral surface of the arch
instead of the components acting in vertical and horizontal
directions, the normal components would balance each
other, and we should be left with a couple of forces Ty, and
T, of the same magnitude as T but acting in the opposite
direction to T, with a lever arm equal to the distance
between the neutral surface and the pressure curve
measured on the radial line of the arch, and this couple
would produce & moment equal to T X the radial distance
from the neutral surface to the pressure curve. Now,.
however, the forces R, R of the couple are resolved, the
bending moment must remain the same, the components
altering in magnitude, but the lever arm of the couple
also vdrying inversely as the forces. Therefore T X the
radial distance from the neutral surface to the pressure
curve = H X the vertical distance from the neutral surface
to the pressure curve = M.

We therefore get the relation %\l‘i = radial distance from

the néutral surface to the pressure curve. In the case of
columns or other pieces that are not curved there will be
only one plane of reference in place of the radial and
vertical planes of arches, also T will be the direct vertical
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thrust and there will be no expression similar to H. The
relation 1\71, will De equal to the horizontal distance from

the neutral surface to the pressure curve.

Effect of the Bending-Moments on an Arch Ring.
Consider a very small slice of an arch (Fig. 32) of a
length As along the neutral surface, and
bhaving a central angle . The direct
thrust T cannot cause any change of
curvature, but under the action of the
bending moment M we may suppose the
central angle changed to a;, the curvature
being increased if R acts below the neutral
surface (as then the greatest compression
is at the intrados) and decreased when
R acts above the neutral surface—the angle
a; = a + Aa.

Fic. 32. Therefore Aa = (a1 — a), . . 1
and Aae is the change of inclination cof the tangents to
the curve due to the change of
curvature, as is clearly seen by
the exaggerated case (Fig. 83).

If we consider the benging
moment as plus when it is left
handed, then Aa is plus when
M is plas or B acts above the
neutral surface,and Aais minus
when M is minus, or R acts
below the neufral surface.

If we call (v) the distance of
any fibre of area (a) from the neutral surface, () being plus

Fre. 33.

'y
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for fibres above and minus for fibres below the neutral sur-
face, as the length of the arec is very small, it may be
considered always as the arc of a circle and the axis of a
fibre in the same plane as concenfric with it.

Therefore the length of a fibre before flexure is
{As + va), and after flexure it becomes (As + vay).

The change of length is v (@; — @), or from equation [1] —

The change of length = v Ae. . .2

If the unit stress of the concrete is (¢), and of the
metal is (f), since the unit stress on any fibre =
elongation of fibre
original length of fibre
on a fibre of concrete is—

X coefficient; of elasticity, the stress

v Ag
R ca = m a EC, - . . [3]
and on a fibre of the metal—

rAx
f& = m a Ef. . . . [4]
The coefficient of elasticity of the concrete is here assumed
to kave a constant value.
The (As + ca) in the denominators may be replaced by
As, without appreciable error.
The sum of all the stresses (due to flexure only) acting
on the entire section is therefore—
B, Aa ) E;Aa . .
s ) + 0 S ). (5]

The moment of the stress on any fibre about the neufral
surface must be (a ¢ v) or (a f¢) according as the fibre is of
concrete or metal. Therefore the total bending moment
= total resisting moment = Zv ca 4+ v fa.

Zca+ Zfa=

¥
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Then from equation [5]—
Aa o Aa
LI = E:KSE (L'" a,) + Efzgz (U2 ﬂ), . . [6]

but Z (¢? a) is the moment of inertia of the concrete or
metal. We have therefore—

Aa Aa
h‘[ = ECZ;‘ I{ + EfAT If,

or M = 2 [BL + B/,

M As
E L + mly™ " : - 1

We must now assume for the purpose of the graphical
treatment that for an appreciable length As, several feet for
instance, Aa is given by equation [T], provided that M is
taken as constant and équal to the value corresponding to
that at the mid point of the length, or § As distant f;om
either end, 1, and 1; being also taken there. This assumption
is very nearly true.

As the total change in the inclination of the end
tangents for a length s is the sum of all the infinitesimal
changes for the part of the arch under consideration, or

<« M As .

- ([ECI, + mIf]>’ )
As being very small, the above assumption means that
this expression is equal approximately to

M,s

0 = B.L 4 nl) . . (8]
where s = = As and M, is the moment at the middle of
s, I, and I, being also taken there.

If a, b, ¢ (Fig. 84) represents the neutral surface line of
an unstrained arch, and (s) a length of the neutral line

Therefore Aa =

;
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whose centre is b. 'When the arch is loaded the neutral line
changes shape, and the change of the inclination of the end
tangente to the neutral arc s is given by equation [8], where
M and E, are constant, and M, I. and I, are taken at b.
Suppose the end ¢ to be temporarily free, then the
bending on s alone
will cause a rotation
of the arc b ¢ about
b equal to 6, so that
the line b ¢ will
rotate through in- !
finitezimal distance °t7 = : a
¢ e, taken as perpen- \b/ [
dicular to b c. |
Taking ¢ as the
origiﬁ, and ¢ a as the axis of x and the axis of y as vertical,
and calling the co-ordinates of b, x and y, further drawing
e d perpendicular to ¢ @ ; then from similarity of triangles—

F1c. 34.

ce ce
cd:cc.:y.bc,Ol‘Cd*jcyﬂndb‘c”' 0.

Therefore ¢cd = y9. . . [9]

‘ similarly de = z6. . . . 10]

This‘assumes that if M, I, I,  and y are all taken at the
mid point of the arc s as a sort of average, the horizontal
and vertical deflections of ¢, due to s, are given with a
sufficiently close approximation by the above equations.

The total horizontal and vertical displacements of ¢ due
to the Bending of all the portions of the arch are then
given by = (y ) and 2 (z 6).

Further, if the tangent at (a) moves through at small
angle 8 we have a vertical deflexion at (c¢), due to it, of
R.C. L

’
»
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B.ac the horizontal displacement being nil. We have
therefore from equation [8]
o M.
U0 =S E0 i)
and S () =3 MEE s
E.(I 4 ml)
~ The total change of inclination of the tangents at (a) and
(¢) is similarly—
S0 =2 L
E(IL, + mI)
For an arch E. is constant, and congequently, if we divide
{he neutral surface curve of the arch in such a manner as

S .
to make L+ i, constant—we can write _ .
2(yby = = My. . . . [11]
2(xd) = S Mo 4 Baac. . . [12]
and 20 = X M. . . . [13]

We have then the following conditions—
Wien the arch is continnous having no hinges, we get—

SM =0. . . . [14]

T (My) =0. . . . [15]

_ SMa)=0. . . .  [16]

When the arch is hinged at the springinys, the span is
imvariable. Therefore— »

S My = 0. . . . [17]

The vertical deflexion of ¢ with respect to @ is zero, but
8 will have a value; therefore £ (M z) cannot be zero.

¥
Pressuvre CURvVE.

General Remarks.

The general principle employed for finding the true
pressure curve on any arch due to the loading and

»

»
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methods of fixing, whether hinged or otherwise, is stated
as follows by Professor Cain, in his ““Elastic Arches.”*

“If in any arch the equilibrium polygon (due to the
weights) be constructed which has the same horizontal
thrust as the arch actually exerts; and if its closing line
be drawn from consideration of the conditions imposed by
the supports, etc.; and if, furthermore, the neutral surface
curve of the arch itself be regarded as another equilibrium
polygon due to some systems of loading not given, and its
closing line be also found from the same considerations
respecting supports, etc.; then when these two polygons
are placed so that their closing lines coincide and their
areas partially cover each other, the ordinates intercepted
between the two polygons are proportional to the real
bending moments acting in the arch.”

Wé® have also, as a principle of the equilibrium poly-
gon, that if the ordinates have to be altered in a given
ratio, the pole distance is altered in the inverse ratio.
This simply means that if the slope of the lines in
the diagram of forces is to be altered, the vertical forces
remaining the same, it is necessary to increase the pole
distance for a flatter slope, and decrease it for a steeper
slope.

Iy the springings are at different levels we have, instead
of a horizontal thrust, a thrust parallel to the line joining

% The methods employed by Professor Cain are followed in the
paragraphyp dealing with the lecation of the pressure curve, by his
permission. These methods the reader is given in ‘“ Klastic Arches,”
¢ Concrete Steel Arches and Theory of Solid and Braced ELlastic
Arches,” published by Van Nostrand Co., 23, Murray Street, New
York, at 50 cents each.

L2
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the springings. In the discussion to follow, it is ﬁ;lways
assumed that the springings are at the same level.

Practical examples have been given in the following
methods for finding the frue position of the pressure
curves in arches, as it was considered that this would be
preferable to a general treatment. Different forms of
arched bridge and loading are given in each case in order
that the whole process may be clearly shown. The bridge
with arched spandrils assumed for the two-hinged arch
can be adapted to the other types, the only difference
being that the load lines or P are varied in position. For
the three-hinged arch, a bridge with a rise of 1 the span
has been assumed instead of the flatter arch selected for
the other types.

In all the examples the exterior load has been assumed
as covering half the span, but when designing a Wridge
several positions of the exterior load should be tried. It is
usual to assume two cases, one when the load covers the
whole span, and the other when it covers half the span,
but Mr. Cain, in the discussion on a paper recently read
before the American Society of Civil Engineers by Mr.
. B. R. Leffler,* advises the trial of two further positions,
one extending from the springing % and the other & of
the span. ’

Coxtinvous ArcH HAvING No Hixces (Iig. 89).

The description and loading of the assumed hridge is:
shown on the figure, the weight of the concrete used in
the spandrils is assumed to be the same as that of the

* <« Transactions of American Society of Engineers,” vol. lv.
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arch for the sake of simplicity, although it is usually less.
The dimensions of the arch ring were found by the use
of a formula devised by I. F. Weld,* based upon the
study of all available data upon the subject of his own
experience in designing arches for a great variety of con-
ditions of span and load. This formula may be stated as
follows— '
d = VT + 01L + 0005w + 0:0025p.

Where d is the depth of the arch at the crown in inches.

L the clear span in feet.

w the exterior load in pounds per square foot uniformly
distributed.

p the weight of the dead load above the crown of the
arch per square foot in pounds.

It :may be of interest to mention that an exterior load
of 200 lbs. per square foot will allow for a 15 fon steam
roller.

The radial depth of the arch ring at the quarter points
should be 1% that at the crown.

The extrados curve may be struck passing through the
points obtained as above from a centre on the line from
the crown passing through the centre from which the
intrado? was struck, as has been done in the example
given, or the radial depth of the arch at the springings
may be made double that at the crown, the outer portions
of the extrados being drawn in tangent to the curve
obtained, 58 described above.

An elliptical form of arch is frequently adopted when there
are no hinges and the rise is about % the span. In this

¥ Iuainocontna Rocard Nawamhor 4 1A03%
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case the intrados is described in the usual way with five
centres or as a true ellipse; the depth at the crown and
quarter points is found as described for segmental arches.

A neat method for the graphic construction of a five-
centred curve is
LTI given by Mr. A.
° Swartz in a letter
to the Engineering

Record.
Since we know
- ; 4° therise and span;
N, R let A B, Fig. 85,
AN ; represent the
J span and C D the
! rise. Draw, D I
parallel to ABand
produce D C.
Join A D. Draw F O perpendicular to A D. Make C P
= ¢ D, and describe a semi-circle on A P, cutting C D
produced at E. Make
CN = ED and
describe the are M N
from the ceatre O.
Make AL =CE,
and describe the arc
L M from the centre
K, eutting, M N at
Fi16. 36. M. K, M and O

are the centres, and A K, M H and O I the radii.
Mr. Daniel B. Luten, President of the National Bridge
Company, in an article published in the Engincering

R e L
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-
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K
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Fia. 35.
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Record of April 14, 1906, discussing the best form of arch
ring for reinforced concrete bridges, advises a curve for the
intrados of a mean between the ellipse and the segment
as shown in Fig 86. The ellipse is readily determined
by drawing two concentric circles on the major and minor
axes of the ellipse as diameters, and from the points where
any common radius cuts the two circles, projecting lines
parallel to the respective axes. The points of intersection
of these lines will be points on the ellipse.

Points on the curve of the intrados are found by
bisecting the vertical distances between the ellipse and the
segment and determining by trial arcs of circles to approxi-
mate the true curve.

The curve of the extrados is a segment struck from a
centre on the centre line of the arch, with a radius equal
" to the radius of the intrados, at the crown, plus 23 times
the thickness of the arch at the crown.

Mr. Luten states that an arch designed as above will be
in almost exact equilibrium under earth loading, when the
depth of fill at the crown does not exceed three times the
crown thickness. Where the fill exceeds this amount, it
will nearly always occur in high embankments where the
semi-circle is feasible and is the most efficient curve.

With a concentrated load at the crown the above form of
arch will be found to require reinforcement near the intrados
at the crown, and near the extrados at the haunches. By
using one series of reinforcements for both these regions
and adernating the points of their crossing the arch ring,
one system of rods can be made to reinforce the arch against
all the stresses.

By distributing the points of bending so that the rods
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will cross the middle and thirds of the half arch, this -
reinforeement will provide for all possible concentrations
of loading.

One arch of a double span bridge constructed at Franklin,
Indiana, with an arch ring and reinforcement as described
is shown (Fig. 87), and Mr. Luten states that numerous
arches up to 100 feet span have been built in this manner
with invariable success.

Having drawn the arch ring, the neutral surface curve
must be drawn in passing through the mid-points of the

F1c. 37.

thickness of the arch ring. This line must now be divided
into such parts that if s is their respective length in feet,
and d the respective depths at the centres of the lengths s
in feet, I, the moment of inertia of the concrete in fool units,

I, the moment of inertia of the reinforcement in foot upits,

and m the ratio of the moduli of elasticity or Ef = 15, then

S . . . .
———— must be constant; or, considering a longitudinal
I, 4 ml;

strip of the arch 12 inches wide, as I, = we must divide

12’
. s
the neutral surface curve into such lengths s that m
is constant.
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We can scale the depths of the arch ring d, but in order
to find I; a percentage of metal reinforcement must be
assumed.

It will be usually sufficiently accurate if this percentage s
taken as 075 per cent. of the area of the 12 inch width of
the arch ring at the crown.

This will be distributed half near the intrados and half
near the extrados.

This area of metal may have to be increased or reduced
when finally caleulated, but the adoption of this percentage
will be quite sufficiently accurate for obtaining the divisions
of the neutral surface curve.

In the case considered in Fig. 89, p. 170, the depth of
arch at the centre found by equation [1] is 125 feet.
Therefore the sectional area of reinforcement in a section
of thd arch 1 foot wide, will be 1'25 X 0°007% = 0-0094
square feet. The reinforcements will be placed with their
axes say 2 inches from the intrados and extrados respec-
tively. Consequently as the neutral surface lies half-way
between the intrados and extrados the value of the moment
of inertia of the reinforcements will be I, = 00094
X <% — 6'17)2. The depth d varies at each of the sections
of arch’ring considered.

Now to effect the proper division of the neutral surface
line. The depth of the arch ring at the springing and the
centre and also at several points along the neutral surface
line froid the springing to the centre (say 5 points) are
sealed off as accurately as possible ; it is advisable to plot
the’scaled depths as ordinates to an enlarged scale from a
horizontal line representing the half length of the neutral
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surface curve straightened out, and draw an even curve
passing through or close to the points plotted and so adjust
the depths, using those scaled from the curve thus obtained
for the purposes of calculation.

Table IX. gives these depths together with the values

1
3 R
of d3 ml,, and i
Tasre IX.
! -
ORC) 3) ) )
Distance along . wly =
neutral surface; Depth of 15 x 00094 %
line from | arch ring s, ; d P 1
springing. / (‘; -01 7) ' E X
Feet., i Feet.
0 2:85 23-149 0-223 0:043
4 2:45 14706 0-158 0'%7
8 2:12 9528 0112 0104
12 1-85 6332 0-081 0:156
16 1:623 4291 0059 0230
20 145 3049 [IRIETY 0323
24 1-32 2300 0-034 0428
28 1-26 2:000 0030 0493
31'12 at ’
centre | 1-25 1953 0-030 0-504

Now draw a horizontal line AB (Fig. 88) eqdal to the
length of half the neutral surface curve (81-12 feet, in the
case under consideration) and divide this at the points at
which the above depths have been taken, i.e.,at 0,4, 8,...28
and 8112 feet from the springing end. Erect perpendi-
culars at each of the points of division and set off on
each perpendicular, to any convenient scale, the values

1
These are given in the 5th column of Table IX. Join
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the points so laid off, forming a curve and ink in this
curve together with the perpendiculars AC and BD at the

3112 8,

3467 e 2557 218" Mo 1865+ 170+, 163 15870 156

Fia. 38.

© T
extremities of the horizontal line AB, rubbing out the
intermediate perpendiculars.

Now if the area ABDC is divided into equal parts by
perpendicular lines, these perpendiculars will cut the
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horizontal line at points which will divide it in such a way
that if the half neutral surface line is divided in a like
manner, L3 + w111 be constant.

This can 1endl]y be done by a few trials as the upper
eurved line will be approximately straight between the
several divisions, excepting that nearest the springing.

The figure being divided into the desired number (say
10) of vertical strips, the area of each of which is, in this
case, equal to one-tenth the whole area of ABDC. This
division is shown in Fig. 38.

In the case of the example (Fig. 89, p. 170) Table X.
gives the lengths of the divisions found as described above,
their summations and the distances from the springing to
the centres of the divisions giving the points @, as, as, ete.

TasLr X.
Length of Division Distance from Springing
COE Neutral b‘ur.facgz. Summation in feet. to Centres of Di[;isigmo
urve from Springing in feet
in feet. " )
9-97 ‘ 997 4-98
4:83 1480 12:39 |
326 1806 1643
2455 2061 19-34
2°18 22-79 2170
1-86 \ 2465 . 2372
170 i 2635 2550
163 27-98 2716
1'58 2956 28°77
156 31-12 3034

In the example the exterior load is assumed as co)vering
half the arch, as this gives approximnately the maximum devis
tion for the pressure curve from the neutral surface curve.

It is usual to assume three cases: the load covering half

3
)
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the span, the load covering the whole span, and with no
load on the bridge as the relative thrusts at the springings
will affect the design of the piers and abutments, and the
load covering half the span and covering the whole span
give different sections for maximum bending, and also the
thrusts on the sections vary in intensity in these two cases.

It must also be remembered that change of temperature lhas
considerable influence, and consequently the calculation of the
bending moments and direct stresses due to this cause must
never be neglected.

Having set off the «° along the neutral surface curve
perpendiculars are dropped Irom these points and the
loads for a strip of the bridge and loading one foot in
width are found for the portions of the arch, superstructure
and_‘exterior load between them. At the erown two loads
are found between aip and a;; and the centre line. These
loads act along the lines P passing through the centres of
gravity of the several trapezoids enclosed between the
verticals through the «f, the intrados of the arch, and the
line of loading, equivalent load lines being drawn reducing
all the several loads to the same value.

It is ‘only necessary to find the centre of gravity for.the
lines pf action for the P* where the inclination of the
intrados is considerable, in the present case for Pj, Ps, Pio
and Py, the remaining P* may be drawn acting through
the centre of the distance between the a'.

The loads for the outer portions between a; and ag and the
springih’gs, and acting through the centres of gravity of these
outer portions, are not used for obtaining the equilibrium
polygon, but are compounded with the thrusts through ¢; and
ag to obtain the thrusts through springings Ry and R ,.

)
»
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TasrLe XI.

For obtaining ordinate for plotting
equilibrium curve.
Load. Summation. . i
Additions from .
right and left Dlst,ancef
from P, and P, |  between I
Py 7.087 7,087 18,033 .
P, 2.925 10,012 10,946 j 58
1 1,793 11,805 8,021 ]
1, 1,359 13,164 | 6,228 255
I 1,051 14,215 4,869 '+ 2:09
I 407 15,122 3,818 | 1:82
I; 816 15,938 2,911 1T
1 751 16,659 2,095 P1-62
P, 740 17,429 1,344 | 1-35
Ty 382 17,811 604 113
Pu 222 18,033 292 Fos
T 430 18,463 430
Py 441 18.904 871 1'55 v
Py 486 19,3490 1,357 } 1-62
i 351 19,941 1,908 L1728
T 671 20,612 2,579 ) 1-82
Py 889 21,501 3,468 ;209
P 1,243 22744 4,711 L2450
Py 2,165 24,909 6,876 ' 340
Po 5,587 30,496 12463 I} 590

Table XI. gives the values of Py, Py, ete., together with
these summations. '“

The forces are now laid off to a scale of loads on
the vertical load line, and a trial horizontal thrust of
20,000 1bs. has been assumed acting between Py and Py,
giving a trial pole O;*. Now join the points on thewertical

loud line at the terminations of the several I* to O;.
y
* The trial horizontal thrust should preferably be assumed as acting
between Py and P, for the reason given on p. 171.
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The rays from the points between the several P give
the amount and direction of the several thrusts batween
those P? in the equilibrium polygon, 4.e., the ray from the
point on the load line between P; and 6,682 gives the
thrust acting between the outer vertical load of 6,682 and
P, in amount and direction; similarly that from the
point between P; and P, gives the thrust between P;and
Py, calling these rays Py, Py, Ps, Py, etc. We commence
drawing the equilibrium polygon by drawing a horizontal
line between the load lines Py; and Pia (in the present case
this is taken on O; H; produced), since the horizontal
thrust has been assumed as acting between these.

The polygon is completed by drawing lines between the
various load lines parallel to the respective rays, i.e., draw
linesﬁfrom the ends of the horizontal between Py;and Py, from
Py; parallel to the ray Py Pi, and from Py parallel to the
ray Pis Py from where these lines cut Py and Pyg lines
parallel to the rays Pjp Py and Pig Py, till they cut the
load lines Py and P4, proceeding in this manner until the
rays P16682 and Pyp5602 cut the vertical lines dropped
from a; and ag at vy and vy

The efuilibrium polygon can be checked by laying off
vertica] ordinates from the horizontal through P11 P12 on the
several load lines. The ordinates being found as follows :—

From similar triangles Py : Hy Oy : : the ordinate from
the horizontal through P;; P at Pj3: the horizontal
distance from Pis to P13 or the ordinate on Py

. P, x horizontal distance between Py, and Py,
- 1{101

-5
consequently the ordinate = 45%5%36& = 0°03.

]
>
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Also (Pp + Pig) : Hy O; :: the ordinate from the hori-
zontal through Pi3 : the horizontal distance from Pis to P4
.. The ordinate at Py from the horizontal through
P11 Pio = ordinate on Py
+ (P12 + P1g), X horizontal distance between Pz and Py,
20,000
871 x 1-55

or ordinate = 0°03 +- 90,000 — 0:03 4 0:067 = 0°10.

Similarly (Pi; + Pis + Pu) : H; O; : : the ordinate from
the horizontal through Py : the horizontal distance from
P14 to P15.

.. The ordinate at Py from the horizontal through
Py, Pio = ordinate at Py
+(P12 + P15+ Pyy) X horizontal distance between Py, and Pyg,

20,000

1,357 x 1'62

o000 - =010+0109= 021,

i

or ordinate = 010 +

and so on.

These ordinates must be laid off to the scale of distances.

Having plotted the equilibrinm polygon join vy g and pro-
duce the verticals through a; as, ete., to cut the equilibrium
polygon by, b, ete., and the line joining v1 v at vy, ¥s, s, ete.

The ordinates biri, bote, bavs, ete., are those which must
be used for the purpose of finding the true line of resistance.
We must first find the true closing line for the equilibrium
polygon to satisfy the conditions ZM = 0, and Mz =0
(p. 146).

The bending moments are proportional to the ordinates
of the equilibrium polygon from the closing line since fhe
horizontal thrust is constant. Consequently if FF; be the
closing line, EM = 0 will be satisfied if the algebraical sam

)
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of the ordinates from FF; to by, by, ete., or = (fb) is zero,
those measured downwards from the J* being positive and
those measured upwards negative. If the sum of the
ordinates between FF,; and vy, vs, vs, etc., are added to the
above equality, we get the condition that the sum of the
ordinates between FF; and vy, ve, v, etc., shall equal the sum
of the ordinates v1hy, vohs, vshg, etc., or that

, 2(f) must = Z(vb). . . . [A]

Also since X(rb) — Z(uf) = Z(fb), the second condition
S(Mzx.) = 0 may be written =(fbx) = Z(vb.x) — Z(vf.x)
= 0, or S(vb.2) = =(v/.x).

This indicates that if the ordinates of the types ) and «f
are regarded as forces, the sums of their moments about an
abutment are equal, or that the resultant of the vl coincides
with that of the ¢f*, since E2(vb) = Z(¥f) from equation [A].

Consequently if we malke the resultants of the v’ and
uf*® treated as forces coincide, we satisfy the second condition
that S(M.x) = O, and the first condition that EM = 0 is
satisfied if we obtain the equality =2(vf) = Z(vb) of equa-
tion [A].

To find the true position for the closing line I'Fy to satisty
these couditions, we first find the resultant of the ordinates
of the type vb treated as forces in position and magnitude.
The le)ngth of the sum of the ordinates vb is most easily
found by marking off the several lengths in succession on
the edge of a piece of paper and sealing the total length
thus found. Any scale can be used (generally the scale of
lengths) provided the same scale is used for measuring the
ordinates throughout the whole subsequent process.

Calling the magnitude of the resultant of the vl R we
find R = 125°95.

R.C. M

)
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To find the position of this resultant we take moments
of all the vb® about D on the vertical through the crown.
This may be conveniently done by measuring the hori-
zontal distances from the vertical through D to each of
the ©b* in hundredths of a foot, calling these z,, 23, ete.

And dividing [(r19be — veba)ze + (vishis — vaby)es + viby
— vbdzg + . . . . + (ubn — vih)2e] = 5004 x R
= 12595, as shown in Table XII., we find that R acts
040 feet to the right of D.

TasLe XIT.
1 2 3 4 3 ‘ 6
Horizontal
distances | ’roducts
Length of Length of g Differ-| from C D to | of col. ¢
ordinates. ordinates, um. ence. | &.rs insue- and
cession from | epl. 5.
CD to vehe.
by = 4773 | vighy = 406 8-79 067 | 2y = 1822 | 12207
3y = 6°28 | vighis = 548 1176 0:80 |z, = 1433 | 11464
vyby = T06 | vy;by = 624 13-30 0'82 |z, = 1153 | 9455
vshy = T°33 | vyghs = 6°79 14-32 074 | zz = 928 } 6-867
vehg = T81 | vyl = 7°16 14-97 065 |z; = 731 | 4-751
vy = T97 | wyby = 741 1538 056 |z = 555 3108
vehy = 801 | vyghy = 7611 1562 040 | ze = 39 1:576
wyhy = 805 | ryphiy = 782 15-87 023 [z = 233 | 0336
rgbig= 802 | ryybyn = 7°92 1594 010 | 250 = 078 ;‘D 0078
Summation ‘ 125°95 =R 50042
|

i“of. = 040 or R acts 040 feet to the right of C D.
12595 )
vl = I, = % = -]—)2[? == (30 to scale of distance.
Now we have to find a closing line from which the sum
of the ordinates to vire = 126, and where the resultant of
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these ordinates considered as forces acts at 0°40 feet to the
right of D.
Assuming a closing line EE; making voE and T,

)

:% where n is the number of ordinates (20 in the

126
present case) .. vl = vl = 20 = 6:30.*%

Next join Ery, dividing the ordinates from TEI to vty
into two sets.

Now since v9E = 2,E;, the resultant of the ordinates
within the triangle vyle; treated as forces will equal that
of the ordinates within the triangte v;E;E in magnitude,

R 126

3 =5 = 630 since vl = v E;

each Dbeing equal to
R,
ne
D, the one to the right and the other to the left, calling
the resultant to the left of D Trial T, and that to the right
of D Trial T1.

Next find the position of Trial T by taking moments
about D in the same manner as that used in finding the

and these resultants act at the same distance from

position fer R.

The difference between the ordinates at the same
distancd from CD may be conveniently marked off by
joining the point where Tr; cuts CD to vy, and measuring
the portion of the ordinate above this line. '

The 2° will be the same as those used for finding the
position wf R. The working is shown in Table XIIL.,

* Any other position for EE; would do, but the assumed position
makes the subsequent working easier. Itisrecommended by P’rofessor
Cain in his discussion on Mr. Leffler’s paper mentioned previously.

M 2

»
°
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Trial T being found to act 5:94 feet to the left of D, and
Trial Ty acting 5:94 feet to the right of D.
Tapre XIIL

Horizontal distance from CD to Difference of
vEs in succession from CD ordinates for Products.
to rE. Trial T.

2z = 078 021 0-164

Zyg = 2'33 0°59 1375

23 = 9894 0°98 3862

Zy = 095 138 7659

z = 731 1-80 13159

z1s = 928 2:28 21158

zp == 1153 281 33-523

7 = 1433 3:50 50°153

219 = 1822 448 81625

299 = 25°68 . 630 161-784
Summation 3744462

Trial T = Trial T}, = 63:00 a.nd,—f%i—;}% = 37::33 = 594
Trial T acts 5:94 feet to the left of CD,
and Trial T, acts 594 feet to the right of CD.
2 R 2 X551 1250

* 7 = — _ =TT 5
vy F T % 188 X 90 587

L R 2x688 12505 _ a.

’ f1F1—[+/1X7— 18 =~ 50 = 672

Now the position of Trial T is not changed if I 3 moved
to F, since the ordinates are all altered in the same ratio,
and similarly the position of Trial T; is not altered if E; is
moved to Fi.

Now since R is the vesultant in magnitude a.nad position
of Trial T and Trial Ty we have, by taking moments in
turn about ¢ and ¢ on the lines of action of T; and T. ,
Since R = 2Trial T = 2 Trial T,.

* As shown on p. 165.
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True T X 1188 = R(5'94 — 0:40) = 2 Trial T x 554,
and similarly True T; x 11-88 = 2 Trial T; X 634,

True T _ 2 X 554 o True Ty 2 X 6:34
O TralT 1088 2™ Tral T, 11-88

=2 X T B9 = s,
% 125(‘)95 — 670,

Set off vl = 587 and v Iy = 672, and join FF,, giving
the true closing line to satisfy the necessary conditions.

The next step is to find the closing line to the neutral
surface curve of the arch regarded as an equilibrium poly-
gon, due to some system of loading not given, so as to
satisfy the eonditions ZM= 0 and EZ(}M.z) = 0.

Suppose KK; is this closing line, then since the curve is
symmetrical the resultant of the ordinates from the line
AB (joining the ends of the neutral surface line) to the
neutral surface curve (the y° on the figure), treated as forces
passes through the erown.

Therefore to satisfy the condition Z(M.z) = 0 the
resultant of the ordinates from AB to KK; must also pass
through the crown.

This can only oceur when KK, is parallel to AB. There-
fore in this case KK; must be a horizontal line. To satisfy
the &ondition M = O the algebraical sum of the ordinates
from the line KXK; to the neutral surface curve must be
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zero, those measured upwards from KK being positive, and
those measured downwards being negative.

It is therefore necessary to place the line KK; at a
distance from AB, equal to the mean length of the ordinates
of the type y.

Since the neutral surface curve is symmetrical about the
centre, if we tale the sum of the y° on one side of the centre
and divide by half the number of ordinates or the number
of ordinates on one side of the centre, we get this mean
length—

The sum of the ordinates for half the arch = 44:28, whicli
divided by 10 = 4'42 = ¢, or the distance from AD to KK;.
We therefore draw in KK parallel to AB (or horizontal),
and 4-42 feet to the scale of distance from AB.

We have now found the true closing lines for both the
equilibrium curve and the neutral surface curve of the arch.

Now if we imagine the closing line FF, to be placed so0 as
to coincide with KKy, we should have two curves passing
through the arch, the neutral surface curve ai, ay, ag, ete.,
and that of the equilibrium polygon b, be, b5, ete.

Since both curves with their respective closing lines
satisfy the conditions ZM = 0 and X(M.z) = 0,%hen the
ordinates intercepted between the two curves, or those of
the imaginary type a,b, must satisfy these conditions. We
have then one further condition to satisfy, i.e., that Z(M.y)
must be zero (p. 146).

Since the ordinates of the imaginary type ab must be
proportional to the bending moments at the varioudsections, -
we have the condition that (a.b X y) must be zero

or Z(fb X y) — E(ha X y) = 0.

Therefore 2 (fb X y) must equal E(ke X ).
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S(ka X y) may be written 3(y — ¢)y, or 2y® — eZy. The
value of this expression is found from Table XIV.

Tasre XIV.
Length of ordinates of type . yt
gy = 1°38 2-496
| ya = 343 11-903
v = 415 17-222
Yy = 4°55 20-702
ys = 477 22753
Yo = 500 25000
wn = 510 1 26-010
v = 518 26832
Yy = 5°22 27-248
10 == 523 27-353
Sum — 4493 207-519 Summations for half
, ' the arch.
4+ . X
o2 = 442 = ¢ = ordinate to K K, from 4 B.
2 (32 — e3y) = 2(207°52 — 19581).
=2 X 11°71.

\

And,since the neutral surface is symmetrieal, these sums
need only be found for half the arch, and the total multiplied
by t¥o for the whole summation.

2(fb X y) must be found for the whole curve by b2 b . . .
bag, but the working is simplified by proceeding in the fol-
lowing manner, considering the ordinates above ¥F; as
positive and those below as negative. 2(f.0 X y) = [ fibwo
+ fubulyw + [fobe + Sfibia]yo . - . — [fsbs + Sisbislya
[ faba + frobiglye — [ i + faobao 1.

If the equality Ty? — ¢3Sy = 3(£.b X y) does not hold,
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all the ordinates of the type (f.b must be altered in the
Iy — Zey
(b Xy’
S(M.x) = 0 remain satisfied, since all the ordinates are
altered in the same ratio.

ratio of The original conditions M = 0 'md

Points on the true pressure curve ej.cz.c3 . . . g are
located on the arch ring by laying off from KK; ordinates
Ke, for which the general equation is—

The working is shown in Tables XV. and XVI., the

TasLe XV,

1 2 J‘ 3 ‘ 4 5
Length of ordi- Length of ordi- ‘ Sunw. 01;3?1?;33: gf (:P(ﬁogu;;(t
nates of type fb. | nates of type fb. ' type y. col. 4.
|
Sibi = — 672 | fuby = — 587 | —12:59 |y, = 138 | — 19-892
Jabe = — 180 | fibyy = — 195 | — 3756 |y = 345 | — 12:937
Sy == 025 | fidny = — 056 | — 081 |y =415 | — 3362
o= + 057 | iy = + 014 \ + 071 |y =435 | 4+ 3-230
Sfibs = 4+ 107 | fihg =+ 063 | + 170 |y, = 477| + 6109
Jobe =+ 185 | fubiy = 4+ 0098 | 4 233 | yy = 500 | + 11650
Jibr= 133 | fiy =+ 120 + 273 |y; = 510 4213923
Subs = 4 163 | fiy = + 140 | 4 303 | ye = 5181 4 15695
Joby = + 171 | fubp = + 190 | + 325 [y, = 522 | + 16965
Siobo = + 1470 | fuby = + 1°70 | + 340 fy10:5‘23 + 17782
Summation. ] +000 +51°163
4
Sy — Sey _ 2342 — 0438 »

36 Xy - 5116
30 Xy 51'16 .
3= Sey — oyl = 2:18 and 2'18 X 20000 = true horizontA4l

thrust = 43-600 pounds,
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distances ajci, asca, ases, ete., or the arms of the bending
moments at the various sections being given in Table XVI.
The tendenecy to tensile stress is at the intrados for a
positive and at the extrados for a negative Dbending
moment.
To draw in the curve cj.co.c3 . . . co, and to find the

TasLe XVI.

Length of Multi Length of Length of Length of
ordinate Tulti- ordinate ordinate ordinate
type fb. plied by. type Ke. type Ka. type ac.

fibh = — 672 0458 — 308 — 285 — 023
JSoby = — 1-80 ’ — 082 — 097 + 015
Sabg = — 025 ' — 011 - 027 + 016
Saby = + 0537 s + 026 + 012 + 014
Jibs = 4+ 1°07 ’s -+ 049 + 035 + 014
tibs ¢= + 1'35 'y + 062 + 038 + 004
fibr =+ 1'33 ' -+ 070 + 067 -+ 003
Jubg = + 1:63 'y + 075 + 076 — 001
Foby = + 171 » + 078 + 080 — 002
Jub = + 1°70 ' -+ 078 + 0-81 — 003
JFubn = + 1770 'y + 078 -+ 081 — 003
b = + 1054 ’y -+ 070 -+ 080 — 010
Sishyy = + 140 ' -+ 063 + 076 — 013
Sty = + 120 ' + 053 -+ 068 — 0-13
Jisli; = -+ 098 ) + 045 + 0°38 — 01
JSighs = -2 063 ' -+ 029 + 035 — 006
Sibyy = + 014 ' -+ 006 + 013 — 007
Sbg = — 056 v — 026 — 028 -+ 002
b = — 195 » — 039 - 097 + 008
Juby = — 987 ’s — 269 — 285 + 015

magnitude of the thrusts, the true force polygon must be
drawn.

From O; draw the line O;H parallel to the closing line
of the equilibrium polygon FI, to cubt the force line in
H, and from H draw a horizontal line H.0, making
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=(rh X oy 51-16
S F ogy— 20000 X 95
— the true horizontal thrust to the scale of loads (vide
p. 147).

The pressure curve is now drawn in by lines parallet
to the rays of the force diagram through the points

0 = H,0, X = 43,600 lbs.

C1.€2.€3 « + « Cg0.

Lastly, the thrust at the springings is found by combin-
ing the loads for the end portions of the arch with the thrusts
through a; and ag. This can be done on the force diagram
by setting off the respective outer loads (6,682 and 5,602)
above Py and below Py on the force line and drawing rays
from their terminations to O. These outer rays will give
the thrusts at the springings in magnitude and direction ;
consequently if we produce the pressure curve lines in the
arch acting from P; through ¢; to the load line 6,682 and
from Py through ¢y to the load line 5,602, and from the
points of intersection draw lines parallel to the respective
outer rays of the force diagram through the springings,
we complete the pressure curve.

It must be remembered that the bending moment at any
gection 1s the horizontal thrust X the verticals distance
between the curves arasas . . . as, and c¢i.co.cy . . . ca,
and that the thrust at any section must be resolvéd so as
to act normally to the radial line at the section or since
M
T
the pressure curve T = M -+ the radial distancge between
the neutral surface and the pressure curve (vide p. 141).

The working has been very fully explained for this *fype
of arch, and the further types will be treated in less detail,

= the radial distance between the neutral surface and
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since if necessary reference can be made to this type when
anything is not quite clear. When the load covers the
whole span, if the trial horizontal thrust H,Oy is drawn on
the force diagram as acting between Py and Py, the equili-
brium curve for the loaded half of the span in the case just
treated can be used, and as the two sides will be the same,
this side only need be used. The line joining the ends of
the equilibrium curve by.ba.by., ete., will be horizontal, and
a new true closing line must be found for these con-
ditions, and the rest of the working follows in a shmilar
manner to that shown in the above example. This also
holds true for the cases of the Arch Ilinged at the Springings
and the Three-Hinged Arch.

The thrusts and moments produced by changes of tempera-
ture must be added to thuse due to direct loading.

Arch Hinged at the Springings (Fig. 40). ‘

‘When an arch is hinged at the springings we have the
conditions that the curve of pressures must pass throngh
the hinges and further that equation [17], p. 146, or
=M.y} = 0, must be satisfied.

In this case the assumed arch has the same span, rise and
exterior loading as in the previous example, but a bridge
with arcade spandrils has been selected,* where the positions
of some of the load lines depend on the arched spandrils
instead of the divisions of the arch ring.

The depth of the arch ring at the springings has been
made nqual to that found for the crown by Mr. Weld’s
formula (p. 149), the depth at the quarter points has been
tdken as 13 this amount, and the extrados curve passes

# Vide remarks on p. 63 as to shearing under piers of arcades.

)
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through the points so found, a horizontal line tangent to
the extrados curves on either side of the centre completing
the arclh ring.

The neutral surface line of the arch ring is drawn through
the mid points of the depth of the arch ring, and is divided
in the same manner as the previous example.

Proceeding as in the last example we obtain the values
given in Table XVIL

Tasre XVII.

Division of Dist_anc.e from
R Length of : springing to
ncutr:tlﬁmfucc division, Summation. centres of
curve. division.
Sy 2:03 2:03 1-01
Sy 248 4+51 327
S, 312 763 607 e
8y 371 11-34 9-48
S 406 1540 1337
S 425 1965 17-52
Sy 3-86 23+51 2158
Sy 304 26435 2503
S, 249 2904 27-80
Sy 2-08 31-12 3008

The P* are found as follows: Py is taken as the*load of
the roadway, spandril and arch ring from the spri?ging
to the crown of the first spandril arch.

The line of action of the load of the roadway and
spandril arch will act through the centre line of the end
pier, as shown by the dotted line with an arrow-head ;
this load must be combined with that of the arch eing to
the centre of the first spandril arch, which brings the line
of action to Py. Ppis found in the same manner, but the
exterior load from the springing to the centre of the first



Arch Hinged at Spriqggings.

F1e. Y0.
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spandril arch must be added to the load acting through
the centre of the first pier.

Pig, Pig, P17 and Py, Py and P, act through the centres of
the respective piers and the magnitude of each is that due to
the whole loading from centre to centre of the respective
spandril arches, including the weight of the arch ring itself.

Pig and P; are each taken as the total loads between the
centre of spandril arches nearest to the centre to the
vertical sections at a;; and ag and act at the centres of
gravity of the respective loads.

The remainder of the P* are taken between the vertical
sections at the a’and acting at the mid points between
them, P1;; and Py being taken between ay; and ay and the '
crown. The loads are given in Table XVIII., together with

TasrLe XVIIT.

Summation,
Py 1,955 1,955
P, 2,440 4.395
P, 2,390 6,785
P, 2,275 9,060
P; 3,715 12,775
EG 2,420 15,195
7 1,805 17.000
P, 1,400 18.400
» Py 1,120 19,520
Py 805 20,025
Pu 285 20,310
Py 660 20,970
Py 840 21,810
Py 1,125 22,935
Py 1,620 - 24,555
¥ 2,650 27,210
Py 1,635 28,845
R P 1,755 30,600
Py 1,800 32,400
Pog 1,435 33,855
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the summation. The loads P are laid off as before on the
vertical force line to the left of the diagram. A trial
thrust of 80,000 1bs. is assumed in this case, acting
between Py, and Py or through the crown and the equi-
librium polvgon br.ba.by . . . by is drawn as before. The
checking is accomplished in the same manner as before,
the horizontal line in this case passing through Py,
and Py;.

The equilibrium polygon is continued to cut the vertical
lines dropped from A and B at A; and By

Join AB3;.

Since the pressure curve must pass through the hinges
at the springings A;B; is the closing line of the equilibrium
polygon, drop verticals through ay.as.as . . . @, cutling
the polygon at bi.baby . . . Dby, and the line A B, at
ULl « . . Top. Now suppose the line A;B; to coln-
cide with the line AB. The condition E(MM.y) = 0 must
be satisfied, but since the bending moment at any section
— the horizontal thrust x the vertical distance between
the two curves (ride p. 141), we get the condition =[(a.)
X y] = 0. 1If we call the ordinates between AB and
aj.as.a5 . . . agordinates of the type y and vibyvabarsbs . . .
ra0bg ordinates of the type y,.

The condition =[(a.l) X y} = 0 becomes

2

S — yy = 0.
The ordinates (y, — ) varying in sign according as g, or
¥y is the greater. ,
The above equation may be written—

)

Sy = Zy*.

If this equality does not hold good, all the ordinates of

2
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V
the type ¥, must be altered in the ratio —— ST to locate the
—~Jb,

true pressure curve, or generally—
32
Ye = Yo \./zﬂ/'

By plotting the values of y, thus found from the line AB
on the verticals through ay.asas., ete., points on the true
pressure curve cp.ce.cs . . . ¢y are located. The work-
ing is shown in Table XIX., together with the distances
1.0y, @309, azcs, ete., giving the arms of the bending moments
at the various sections. The tendency to tensile stressis at
the intrados for a positive, and at the extrados for a negative
bending moment. To obtain the true horizontal thrustand
to be able to draw the true force diagram for obtaining the
thrusts and drawing in the pressure curve on the arch ring,
drav; from the trial pole O; a line O,H parallel to A,B,
cutting the force line at H, and from H draw a horizontal
line H.O, making HO = H;0, %gl’ Then O is the
true pole, and H.0 measured to the scale of forces is
the true horizontal thrust, in this case 36,000 Ibs.
Lines parallel to the rays are drawn througlh the points
€1.C9.€3 .+ - C2p ON the arch ring, giving the true pressure
curve, and the lengths of the several rays on the force
diagram measured io the scale of forces give the several
thrusts. The outer rays of the force polygon give the
magnitude and direction of the thrusts at the springings.

It mu¥t be remembered that the bending moment at any
section 1s the lorizontal thrust X the wertical distance
be‘sween the curves ay.ag.ag . . . aspand ¢r.eacg o . . cop, and
that the thrust at any section must be resolved so as to act

,
L]
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Tasre XIX.

1 2 3 4 5 i» 6

Difference
column 1
y and
Length of | Length of | Column 1 Column 1 Colc 9 column b
ordinates. | ordinates, squared. X columu 2. % 0-83 giving
' 1 arms of
bending
motments.
y1 =047 by =056 0-22 026 047 000
ya =130 | rghy =173 1-69 225 144 + 014
ya =227 sy =303 815 6-92 2:53 + 0-26
oy =332 0y =436 11-02 14-48 362 + 0-30
yy =430 by =563 18-49 24-21 4-67 + 037
Yy =012 lvghg =657 2622 33-64 545 + 033
gy =369 |mby =716 32-38 4074 294 + 025
yg =602 | vy =748 3624 4503 . 621 + 019
Yo == 6°10 |1ghy = 752 3721 45-87 624 - 014
Y10 = 6°13 [v5d10 = T°50 37-68 4598 623 + 010
yn =613 | vy = 738 |———— 4524 613 =+ 000
20620
Yo == 6710 | v1oie = 7°19 X 2 43-86 397 — 013
13 == 602 | vygh13 = 6°91 41-60 574 — 028
i1y = 369 | by = 646 3676 539 — 031
Y15 = 912 Yusby; = 535 29-44 477 — 035
Y1 = 430 | vighre = 4°83 20°77 4-01 — 029
Yrr = 332 | 47y = 2°68 1222 305 | — 027
21 = 227 | pyadyg = 2°50 567 2-08 — 019
Yo = 130 | 3949 = 1-40 1-82 1-16 — 014
Yop = 047 | vopligy = 048 023 040 5 — 007
Summation 412:4=3,% 496-99 = Sy
S 4312-4 — 083 w

Sy _ 497

S, = itz = L2and 12 X 30,000 = True horizontal thrust

= 36.000 lbs.
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normally to the radial line at that section, or since T

= radial distance from the neutral surface to the pressure
curve T = M = the radial distance between the neutral
surface and the pressure curve (vide p. 141).

The thrusts and moments produced by changes of
temperature must be added to those due to the direct
loading.

Three-Hinged Arch (Fig. 41).

~ The following method was adopted in designing the arch
ring for this type:—

The depth at the crown and springings is the same as
that found for the crown of the continuous arch, i.e.,
15 inches, the depth at the quarter points being double this
amount. The radius necessary for a segmental curve
" having the same rise and span as the proposed arch is
found, and the centre for this curve is plotted on a vertical
line through the crown. Radial lines are then drawn from
this centre through the springings, and the thickness of the
arch ring laid off. From the mid-point of this thickness, a
distanee of 2 inches was set off perpendicular to the radial
line to give the centre of the hinges at the springing.

The hinge at the crown was next placed at half the depth
of the arch ring, and thus three points were fixed on the
neutral surface line.

The radius for a segment passing through these points
was ther? found, and the centre from which it is struck
plotted on the vertical line through the crown. Next a.
distance of 2 inches was laid off on the intrados and extrados
on each side of the erown. The points thus found on the

R.C. N
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intrados were then joined to the springings on either side, as
shown on the diagram. These lines were then bisected and
lines drawn through the points thus found and the centre
for the neuntral surface curve. The centres for the seg-
mental curves for the extrados and intrados must be on
these lines. The arch ring being double the depth at the
-springings or crown at the quarter points, the mid-points
ou the extrados and intrados curves are laid off from the
neutral surface curve, and the length of the radii were
found in the usual way from the span and versed sine
of these curves.

Table XX. gives the divisions of the arch ring found
by the method described for the continuous arch.

TapLe XX.
‘ l Distance irom
Division of | springings to
" neutral surface L;;‘l'%:ikz)g.f | Summation. i centres of
curve. ! divisions
i | giving as.
| |
Sy 101 1-01 050
S, 146 2-47 1-74
Sy 2:03 430 i 348
Sy 394 804 ! 627 .
S, 518 13-22 | 1063
S 701 20-23 16-72
Sy 518 2541 22:82
Sg 354 2895 27-18
Sy 2:03 3098 2996
S 146 32:44 ] 3171
T} 1-01 3345 ‘ 32:94

This gives a division of the arch into 22 paris instead
of 20, as in previous cases.

The P* are taken at the mid-points between the o’
excepling at the crown, where they are taken one on each
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side, midway between the centre and ay and ap, and at
the springings, where the P* are taken midway between
the outside of the spandrils and a; and ag,.

By a coincidence the lines of action of P, and Py pass
through the hinges. In this case the weight of the
concrete for the arch is taken at 155 lbs. per cabic foot,
that of the spandrils at 140 lbs. per cubic foot, and the
weight of the filling over the spandrils and of the roadway
are both taken as 100 lbs. per cubic foot.

This gives the equivalenf load Iine as shown on the
diagram, with the several loads reduced to 155 lbs. per
cubie foot.

The loads P are found as described previously, the
moving load on the right side being added to the similar
P? found for the left side to obtain the values of P,.P,
<. P

The loads are laid off on the vertical to the left of the
diagram, the force diagram and equilibrium polygon for
an assumed horizontal thrust of 80,000 lbs. acting between
Pys and Py being drawn as deseribed before. The verticals
through the « are then dropped, giving points on the
equilibrimh polygon Dbibgdy . . . Dgp and vyvery . . . 1.

Now gince the pressure curve on the arch ring must
pass through the three hinges, all that is necessary is to
scale the respective lengths of CD and CiDy, and if they
are not the same to alter the ordinates v10.veDe.vsbg . . .

oD
CiDy

The revised lengths thus found must then be laid off
from the line AB joining the hinges at the springings to
give points on the true pressure curve.

a9bay in thg ratio of

N2

3
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Tapre XXI.

Load Ibs. j Summation 1bs.
heA 1,442 1,442
P, 1,582 3,384
P, 2.557 5,881
P, 3.9%6 9,867
P, 5,729 15,596
P, 6.811 22,407
P, 5,115 27,522 - -
P 2,993 30,615
P, 1,628 32,143
Py 1,001 33,144
P 631 33,775
P, 321 34.096
P, 201 34,297
T 391 34,658
Py 641 35,329
Py 1,088 36,417 i
Py 2,133 38,550 b
P 3,975 42,525 » G-
Py 3,711 48,236 .
Py 4,989 53,225 e
P, 3,546 56,771
Py, 2,297 59,068
Py 1,702 60,770
Py 1,302 62,072
ch 1222 .
GD; = i4s = 1O *
ODy 1148
”éﬁl = {p.yp = 094 and 094 X 30,000 = 28,200 Ibsy = True

Horizontal Thrust.

To find the true pole and horizontal thrast for the force
polygon, draw the line O;H parallel to AiB; to cut the force
line at H, and from H draw a horizontal line HD, making

(73]
HO = IL0x X 45 .

Lines drawn through the points ¢r.ca.c3 . . . cap parallel

L
¢

>
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to the rays PiPaPeP; . . . PpPy will give the true
pressure curve, when the sharp bends are rounded off as
shown Ly the full line cr.eo.cy « + . €20

TabrLe XXIIL.

1 th of Product ordinate
~engih o Multiplied by. from A B to
ordinate. pressure curve,
. - f S

vyby 0-48 1-064 051

Vol 1-32 ' 140

vgbg 2-60 . 2:76

veby 4-45 ' 472

vshs 6-90 'y T34

vebg 945 i 10°04

Veby 10-90 ' 11-38

vgbg . 11-43 . 12:16

veby N, 11495 ' 1230
b\ 11-50 ' 12:24

. rubu ' 1148 ’ 12-22
",r ’ 1'12b12 1145 ’y 12-16
. ’L‘]3b13 11:35 ' 12-07
14014 11-22 ys 11-93

?‘1,:,b|_5 10°90 s 1159

215016 10°18 ’ 10:82

riby 860 . 914

vighyg 628 ' 567

Vighs . 405 v 499

vonlop ® 2-32 ’e 2:46

T'ZIb‘Zl 1-20 e 127

valp 040 | ' 0-42

The outer rays of the force diagram give the direction
and magnitude of the thrusts at the springings, and the
magnitudeqof the thrusts at the several points e.co.cs
. . . cn on the arch ring are given by the lengths of the
rays PiPe.PoPs. PsPy . . . PysPy of the force diagram.

Tables XXI. and XXII. show the working.
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TEMPERATURE STRESSES.

It is necessary to take the effects of the rise and fall of
temperature into consideration when designing an arch,
as the induced stresses from these causes may be
considerable.

A rise of temperature causes compressive stresses and a
fall tensile stresses.

The horizontal thrust or tension due to changes of
temperature always acts along the closing line of the
neutral surface curve, considered as an equilibrium
~ polygon.

In considering the effects of temperature on an arch we
must assume that the whole material of the arch ring
undergoes the same change. This manifestly is not likely
to be correct, as the concrete being a bad conductor of
heat, any particle of it will be less affected as its depth
from the surface exposed to change of temperature
increases.

We take, however, the average temperature of the mass,
which is a very different thing from the average tempera-
ture to which it is exposed. It is very doubtftil whether
the range of temperature of a mass of concrete W‘gll range
as much as the variation between the mean summer and
mean winter temperatures. Iron and steel when used
alone are employed as thin pieces, and being good con-
ductors, respond rapidly to changes of temperature;
concrete being used in thicker pieces, or in rfass, and a
poor conductor, responds very slowly.

An arch is usually employed for a bridge or reservoir
covering, and in either case las over it a considerable
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thickness of earth or other equally non-conducting material ;
and further, it is frequently over water. Both these
conditions tend to protect it against heat and cold.

Masonry bridges from time immemorial have been built
without provision for temperature stresses. If a range of
even 20 degrees had acted upon them, it is highly probable
that many would have collapsed from this cause, and
we know that they do not so collapse. In masonry
bridges the spandril walls doubtless aid in resisting such
effects ; but reinforced concrete arches are frequently built
of small rise compared with the span or with open
spandrils, and consequently receive little or no assistance
from the spandrils.

It appears that a liberal allowance for the range of
temperature used in calculations would be 15 degrees.
This would apply to most countries, the exceptions being
those which have a steady high summer and steady low
winter temperature, when 20 degrees might be taken. Tt
should be remembered that the daily range is of little
consequence, but that the high or low temperatures must
be long conlinued to produce any considerable effect.

The whole qnestion is one of great uncertainty, and must
be largely a matter for the judgment of the designer.

For®calculating temperature stresses it is advisable to
divide the half neutral surface curve into 20 or 30 parts,

s
I, 4 ml,
same mapner as described on pp. 158 to 156.

If L is the span of the neutral surface curve, € is the
expansion or contraction due to 1 degree of temperature
which may be taken as 0:000006.

such that is constant. This can be done in the



184 REINFORCED CONCRETE

t° is the greatest deviation of temperature,

H; is the horizontal thrust or pull due to the change of
temperature.

I, and I,are the respective moments of inertia of the
conerete and reinforcement.

E. is the coefficient of elasticity of the coucrete, which
may be taken as 2:067 x 10°

And m = % = 15.
. I 4 mI,.
By the construction - s constant.

As the arch may be considered symmetrical we need only
consider one-half, as the stresses in the other half due to

change of temperature will be identical.
We have now the condition that—
Let° < Mys

2 T TEJLF mI)
Let® Hi(ka) ys

and .M = 2.H,; (k) .. 3 = E‘E A, + wl)
. .

but H, and E, are constant and the neutral surface curve is

L]
(vide equation at top of p. 146)

divided so that Icw—i-smAIj is constant, consequently )
H, — Lreto % E«T, 4+ mIy;) 1

2 s xE(_ku)y' ' : o [1]

The ordinates of the type (fa) = (y — e).

e 1s found as described on p. 166, KK; drawn in and the
y* are scaled off the diagram at each of the a° all as
described above, the summation ¥ (ka)y being tgken for
half the arch.

Having found H, acting along KK, the effect of thig'is
not altered if we apply two opposite forces equal to H,
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acting at the a°, we then have horizontal thrusts at the
a* and couples H; (ka) producing bending moments. The
thrusts must be resolved normally to the radial joints.
These moments and thrusts must be added to the moments
and thrusts found for the direct loading.

When the arch is hinged at the springings H; acts along
the line joining the hinges, and the value of Hy, and its
moments are altered accordingly ; the summation in the
denominator of the last factor of equation [1] becomes
therefore X (3%), the summation being taken for half the
varch as before.

It must be remembered that H; is to be considered as a
thrust and also as a pull, since, when designing an arch,
it is seldom possible to tell whether it will be finished
when the temperature is high or low. The moments due
to temperature have a different sign as the line KK is
above or below the neutral surface line, in the same way
as described for the moments for direct loading.

After determining the maximum bending moments and
thrusts at the several sections, the method of calculation
given below can be used in determining the amount of
reinfortement required.

»
CarcouLaTions ForR PiEceEs SuBsecTED To BENDING AND

Direcr StrEsses COMBINED.
General Remarks.
Piecqs subjected to stresses of this nature are usually
arches, although other pieces may be also stressed in the

sAdme way, as, for instance, columns under eccentric loading
and compression pieces under the effects of wind pressure.
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There are two cases which must be considered—

1. When only one kind of stress is produced, as in the
case of a column with a load bearing slightly out of the
centre, or an arch in which the line of pressures lies well
within the arch ring.

2. When the piece is stressed in both tension and
compression.

The usual cases met with in practice are those in which
the main stresses are compressive, and in the following
such a disposition will be assumed.

When only Compressive Stresses are prcduced and the Rein-
forcement is of Small Sectional Area and Depth and at
both sides of the Piece.

In this case we have a thrust T acting at the neutral sur-

face and a bending moment M.. Urfller

Jiod, the effect of these the section A B

(I'ig. 42) may be supposed to take up posi-

tion Ay By, while A A; and B B; represent

the minimum and maximum compressive
stresses in the concrete ¢; and cq.

As seen from Fig. 42— »

, 1
B .8 Thethrust T =dbiei + 5 (@ — )}

e = P Bip
h [ |

Tic. 42. + foo + fi o,
b N '
= 9 ((‘2 + C]_) +J¢. W + jt Wy, . [11

The bending moment .

11 ‘
I\I:i((‘g—('l) (IX <2"— 5) d Xb“l—j;u)c Vc_ﬁ w? :,”'g.

.

(('2 - (‘l) d?b +Jc W Ve _ﬁ W L. . . [2}

k| =
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To find the values of f, and f,, it will be seen from
Fig. 42 that the hypothesis of the conservation of plane

sections gives us— by
. BB; x AD Y
Sinece DDy = =2 Vi \ \
DD, = AA, 4 DB X AD
AB
_ - & _Ce—
but DDy = i, AAp = o and BB; = R

also AD = g— voand AB = d. |
We have then \"\

f, = m{(‘ 2 1 o) — (e — 1) Vl*}, .. [8]
and similarly— |
b Jo= 7"{(52‘:;-‘61‘) + (2 — 1) %} - . (4]
Substituting [3] and [4] in [1] and [2] we get— .
{(62 + ) \

(= o) 5o \

db
T = 9 (2 4+ )+ m

+ ) k
. + ml(m 5 . — (e — Cl)-lj}“’t
o + Clidb + m(we + ‘Ot} + (2 — @) i{wc Ve
| P £ 1
and-—

flea + 1)
2

s 1
M = o (g — )% + m 0

+ ((’2 —_ Cl)%} w. v,
Heg 4+ ¢
m ] 2

— (cg — C])%J‘wt i
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(2 — (‘1)

d

m{wr,

A — (2;'1)

«l3b + mlor? + op?) ; +

- "%Vt) . . [6]
When ¢; = 0, t.e. at the limit when the w hole plece is in
compression and when v, = r,—

. T — ('Qr ( dh + m-(,wc + o) n ?”V(wc _ wt)],
L 4 / d
and—
_ id 4+ 12mr¥(e, + wt)] _ :l
M= [( 12d ) 2 \a) @)
1 &b 4+ 12m*w, + ) + 6dmv(nw, — w,)
and M = 6" db + md(w, + op + 2m(e, — w) (7]

If », and », are not equal the equation [7] musi be
altered by bringing », and v, inside the brackets.

If the reinforcement 1s symmetrical o, = o, and v, = v,and
we get— )]

7= 2 + a (db 4+ Z2mo), . - [8]

‘ €2 — €1 /a7 2
and M = = (12 + 2mav ), .. [9]

and when ¢, = o
M 1 P 4 24dmev?

T T 6d° db + 2mw - - »110]

When Tensile Stresses are induced, the Reinforcement bélng
of small Sectional Area and Depths and at both sides
of the Piece.

When this disposition occurs, we shall have (Fig. 43)—

1 ®
T = (‘11[) + o.f. — o, ft, . . [11]

1 { 1
M = 5 cub ((Q — -,311,) + fow, + frop,, [12]
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and, as in the case of pilece subjected to simple bending—

uw— a) o
A A f; = cm (11# y . . . [13J‘,
e—— 17 """ |
v nads 3 “
R A ;— Substituting [13] and [14] in [11],
; 37 and [12]—

-Qi',-—:zﬁ: T :-Cl:.l‘u% + mlofn — @) —
v wy 2 !
F16. 43. w[d — (u-+ B)]} :| y o . [15]

1 d 1
M_,u‘[z “21)< gu)_i_m{wc(u"‘a) Vc+

o [d — (@ + Br ;:l ... 18]
with a symmet1 ical reinforcement—

w, = wyand », = 1.,

We get therefore—
1 ( : -
T :E[éu% +molw—a)—[d—- (u+ [:’)],-]. [17}
Andas(u —a) + {d—(u+p)} =d—(@+8) =2

- _cfl e (‘1_1 ) 2}‘ :
M:—uLZHb 5 3u +2mw?r. . [18]

l
When the Reinforcement is only on one Side.

If the curve of pressures remains always on one side of
the noutral surface of an arch, one reinforcement may be

sufficient.
We have then for the case where the whole arch is in

compression, by retaining the reinforcement under the

K]
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greatest compression and eliminating that which tends
towards tension—

T = 2 + a (db 4+ mw,) | (eg — 01) w ve . [19]
M= (_Fﬂ{ @b + mao, 1, } +° _‘j Umar, . [20]
andf—m{( +(1 + (02——(1)t} . [21] »

And for the case when part of the arch ig in tension,
retaining the reinforcement on this side—

oo )1 .
T ::I{z w2 — wtz,]‘ . . [22]

. { 1
M:i{;«u?b (;—— 3 u) + m o {d —(u + B):‘l't}’ [23]

(14
and / = cmw. . . [241
U .
Inall these formul® the curve of pressures is supposed to
be passing below the neutral surface of the piece as shown
in the figures, but the same formul® will of course apply if
it passes above, the piece being considered as reversed.

Use of the above Formulea. ”

When the reinforcement is symmetrical, and we require to
use these formule to check a piece of given dimensions, we
proceed as follows :—

Taking the value of m as 15 we first try whether the piece
is subjected to tenston, using equation {10}, which becomes—

M . 1 d®* + 360w? -
P T 6 T F et 2

- If ]}f is equal or less than the value in equation [25], we

2
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know that there will be no tensile stresses, and we proceed
to find the values of ¢ and f under these conditions.
We have from [8] and [9]—
ca+ o = P*Z*T*—
b + 80w
and ¢; — ¢ = ——1%
a0 4+ 860w1?

From which we get—

— T \ 6Md o
= me + mm-z’ . . [-6]
and— | .
¢ r 6Md o]

V= 0 F 300 & -+ 360w

By inserting the values thus found for ¢; and ¢ in [3]
and [4], and as the reinforcement is symmetrical, replacing
1, and v, by v, we find the values of f; and f.

If we find from equation [25] that tensile stresses will
be ,prodmced, we must find the value of u.

From equation [15] we get, since the reinforcements
are symmetrical—

¢ oo T ) [28]
3w + 1o —a) — [d = (u+ A

and fremm equation [16° —

N
%ueb(fzi_%u)-y Lswr {(u—a) 4+ [ —(u+3)} L2

and since these two values of ¢ must equal one another,

¢ =

we get—
T
‘%u% 4+ ol —a) — {d — @+ B))]
, M

= i1
71)u2b ;‘, -5 “\ I ;77078 N (TR S v A

" [30]
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Substituting the various values we get an equation from
which we can find u.

This equation will be most readily solved (since it
containg the cubes of «) by inserting several values of u
and obtaining several values for the two sides of the
equation and plotting these on squared paper to find the
correct value of u.

Having obtained » the value of ¢ i3 deduced from
equations [28] or [29], and the values of f; and j follow
from equations [18] and [14], substituting 15 for m.

The values found for ca or ¢ should not exceed 500 lbs. per
square inch ; unless M is very large compared with T (a
condition which possibly may occur in some pieces such as
roof rafters without ties), when ¢ may be taken as 600 lbs.

per square inch. :

)

If it is required to determine the dimensions for a piece
having only the values of M and T, we may either assume
values for d and for 8 and ¢ (which have the same value),
or assume a value for 8 and also the percentage of rein-

forcement or = %‘“:; Where 2w is the whole area of the

two reinforcements and d is the whole depth of the piece.
A symmetrical reinforcement is usually employed for
pieces of this kind.

The value of B may always be assumed to be 2 inches,
if the reinforcement is of small depth compared with that
of the piece, small bars being used and the requisite sectional
area being made wp by the closer spacing of small section
bars as the total areca required increases. If however
it is thought desirable in the designer’s judgment to

2
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alter this dimension, the following equations can easily be
altered accordingly.
If we assume a depth d and a value for §,

Then v :g—— B,and if 8 = 2, thenv = d%i
» may be found direct from equation [26] by sub-
stituting for ¢y its maximum value (500 lbs. per square inch).
The values thus obtained must satisfy the expression
from equation [25].
3 2
M_ L @4 860wl g
T =64 db+ 300
If we assume a value for ¥ we have—

2w d -4
V= Ta and v = —g
Equation [26] becomes by inserting these values—
) 0 = T _ 6Md
2T 4+ 15bdy T &% + 45bdy(d — 4)?
T 6M

(32]

or bcg =

d@ 4 15y)  d® 4+ 45y(d — 4)”
giving ¢g its maximum value (500 1bs. per square inch), and
b its value (usually 12 inches), and inserting the assumed
value for ¥ we can solve equation [32] for d by trying
several values for d, and plotting the values for each side of
the equation on squared paper, and finding the intersection
of the respective curves.

Having obtained the value of d, w is obtained from the
equation o = ll’2id

4

The values found must satisfy the expression [31].

If in either of these cases the condition [81] is not satis-
fied, we may reduce the value assumed for v or increase the

R.C. 0
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depth d until the proper values are found, or we must con-
sider the case where tensile stresses exist.
When Tensile Stresses exist.
If we assume a value for d and 8, we get from equatlons
[17] and [18]—

T—-~|: uzl)—i—mw{(u, —a)— [d— (u_i_ﬁ)])]

and—
M= [*1 26(~ — —) + 2mowv ]

Assuming as before that 8 = 2 inches, we have also
m = 15, ('u-a)*(u-—-?) and [d — (u + B)] =.[d

—(w+ 2)],andv=—- — 8= d— 2 4, andvgiving ¢ its

maximum value (500 lb:. per square inch).

These values inserted in the above equations give—
)]

Tu . _]: 2 " _ Bl
=g b 4+ 150(%u — d),
T _ —lub
g 000 2 . . [88]
or @ = on < d) .
and——- .
2[ 2b< + 150(d — 4)2] .
or— ¥
L u,,(é _
250 2 3/, . . [84]
15(d — 4)2

The values of « from [33] and [84] must be the same.

‘We have therefore— »
r b !
% — udb 1%5—%1({% — 2u)
@u —d) (d — 4

(83]
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We know T, M, d and b (usually 12 inches), and there-
fore we can find the value of u from [35] by frying various
values for » and plotting each side of the equation on
squared paper as before deseribed. When the value of
1 has been determined, » is found from [38] or [84], and
f.and f; from [13] and [14] by inserting the values (¥ — )
=u—2and [d — (w+ B)] = [d— («+ 2)].

Tf we assume a volue for ¢ and 8, we write as before,
¥y = l?(% or w = f‘?

Substituting this value of « in [33] and [34] we
obtain—

YJ"
_u 236 —ub . . . [36]
| V= = d
s and—
! M ub
” 1‘1)’3 —_ ? (3d _— 21’) - . [37]

VET O fsdd — e

We know T, M, i and b (usually .12 inches), and can
therefore obtain from [86] and [87] two equations con-
taining % and d.

By trying various ratios of u in respect to d we find
values®of d of each of the two equations, and plotting
these on squared paper we find the true value of d at the
intersection of the curves for the respective equations, and
the true value of d inserted in either of the equations [86]
and [87],will give u.

Yl

Q follows from the equation o = £ —, and f£ and f, are

g
y

found as before from equationg (18] and [14]. If auy
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other value than 500 is assumed for ¢ the equations [35],
[86] and [37] must be altered accordingly.

P1ECES WITH LREINFORCEMENTS OF LARGE SECTIONAL AREA.

When reinforcements of large sectional area are employed
the reinforcements are always symmetrical. In this case,
however, both the depth and the sectional area of the rein-
forcements must be taken into account, and the resistance
of the concrete which is replaced by the reinforcements
when in compression must be deducted. As before, (f,) and
(f)) will be taken as the mean resistance of the reinforcing
sections, and (f.,) and (fi,) as their maximum resistance,
(i) representing their moment of inertia about their centre
of gravity.

When only Compressive Stresses are Produced (Fig. 44)).
R

We get for the mean stress on the area of “concrete
replaced by the reinforcement
under greatest compression—

~F — P
11: -—Fj— T 6'1+((,‘2—(,‘1)2+v

d
]L replaced by the reinforcgment

—b .y

- '-—-—~—+-—+ and for the area of concrete
e >
_I 4 J under least compression—

-

5 — V

2
d
Consequently similarly to equation [1], p. 186~

1 Yy
T= 52 + c)db — w(2cl + @m‘;ﬂ[(d + 2)+ (d —~ 2;»,)])
+ o(fe + 1)

Fia. 44. a + (co — c1)
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et @ =0 talf s, . [89]
and similarly to equation [2], p. 186—
M= Ilg(cz - 01)(321) - “’V{Cl -+ (('2 - 6‘1)<d _‘L—d2v) - — (C2
~ @GN T iy i —
1€/t NN 1)

Vo 2 ]
M:(CQ—Q){ oy — 2 l}+wv(fo—ﬂ>+3v(ﬁ+ft).

And we have also—

ft = m {(l—z—ﬂ — (6‘2 - (‘1) '1-:2}, . [40]
7’521{(02_*—“)4—(2——(1)2} ) . 1]
* Y fi=m {EL—til)- — (62 —¢1) 1@}» . . [42]
fc=7n{{‘2+01)+<2"‘c)m} '[43]
Inserting the values of[40] and [41] in [38] and {39] weget—
/ _ [(db _ ol
. = (ce + 1) '\( ) + m J \
T:@+au;+ww—n}. 44
and—" 0
o rw 2i 2rw?
M={(z2—c¢ ) db—T—El}'f‘ d”L(Ca—CO
27m
(02 - Cl)a

M _ (02 ; (1){ d® — 2002 (m — 1) 4 2 (m — 1)}

M = <%;®{dw+mm—na—wﬂ} . (45]

t
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When Tensile Stresses are Produced (Fig. 45).
The stress on the area of concrete

------- 4 replaced by the compressive reinforce-
j“‘ ment will be
"&‘w < s ]lc
U‘»p—i—-—i—#- LA “u

! | R
| —_—— i
B

and similarly to equation [11], p. 188.
RN S 1
j V[ T_jcub w+w(]c_]t

Flo.ds g =2 (% wh — I w) + w(f, — f). [46]
and similarly to eqmtlon [12], p. 188—
1 d w I,
M —-~3—cub< 3 §> — ¢—wv —Tzc + wv(f, + £)

k4

xi<][+]{:> R VT

and further we have— .,
Ji=em ('b) ... 48]

f,=cm (—7’%), .. [49]

Jim = cm Q'(”:@ s .. [50]

= emPe Ty

W
Substituting these values from [48] and [49] in [ZG] and
[47] we get—
2 (1
T=2 (_2_u2b — hcw> + Ry,

T= H[ 1 u?b + oh(m — 1) — mwht:l . [52]

and— 2}
M :%{% L i} + P D)
M= —;‘ %uib (%—- %) — hov — i + wom(h, + hy)+ 2im]
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—° 1, i_i) ) _ =
M_F[tjub(;ﬂ 3 + wrh, (m 1 4 i(2m — 1)

-{-mwl'ht:,_ . . . . [58]

SPHERICAL AND CoNlcaL COVERINGS.*

The graphical method of treatment for obtaining the stress
of domes of thin shellg, given below, is very simple and direct.

A, Fig. 47, p. 204, shows tlie half-section of a thin dome
of uniform thickness and of uniform weight per square foot,
which is hemispherical and of a material capable of resisting
tensile and compressive stresses.

Assume the vertical centre line as representing to some
scale yet to be determined the weight of the dome, or of
some section of it. Divide thig line into any number of
convenient parts (for convenience, sixteen equal parts have
bgen taken), and mark the divisions 1, 2, 8, Draw
throug'h 1, 2,, 8, etc., horizonlal lines to cut the seetion of
the dome in 1, 2, 8, etc.

Then as the area of any segment of a sphere equals ¢ &,
where ¢ is the circumference of the sphere and % is the
height of the segment, any length such as 2,, 3, or 5, 6,,
on the centre vertical, measured on the same scale upon
which that vertical represents the whole weight of the dome
or the chosen portion of i, will give the weight of the
segment, 9,3, or 5, 6, of the dome or chosen portion.

As the thickness of the dome is inconsiderable, the
pressure may be considered as uniformly distributed over
any section such as 1, and therefore tangential to the
surface. Draw through 1 a line 1, @ tangential to the

H

* The graphical method here given is based on a paper by W. Duun,
F.R.IB.A, published in the “ Transactions of the Royal Institute of
British Architects,” March, 1904, and is reproduced from ** Reinforced
Concrste,” 3rd edition, by Marsh & Dunn,
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surface (at right angles to the radius 1,, 16,,), and through
o' produce ao' indefinitely. Through o' and 1, draw o
and 1t' to intersect in ¢!, completing the triangle of forces -
holding that part o'l of the dome in equilibrium; o'l, is
the weight of it (being the load on point 1), the line 18
the direct compression uniformly distributed over the.

horizontal section, and the line o't the radial thrust, all
measured to the same scale (not yet determined) as o'16',

If the point 1, were taken very near the crown, the load
would be very small, and the horizontal thrust and direct
stress would also be reduced; at the crown itself there is
no stress. This is one of the material points of difference
Detween the dome and the arch, which latter consbruction
lias always a thrust at the crown.

Proceeding to section 2, we form the stress dingram

giving the four-sided figure 1, 21, Y 1,, 2, being the

weight of the segment, 2,,t2 the direct

c o stress upon the lower section, e
{ - giving the radial thrust. Proceeding
gimilarly for the remainder ®f the
2 figure, the direct thrusts cut the

horizontal lines further and further

from the load line until we reach 6,,

when the intersections begin to

approach the load line again, making

b the polygon of forces for each gection
T16. 46. similar to the four-sided figure abed
(Fig. 46). ’

The diagram of stresses may take another form (B,

']
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(Fig. 47). Set off the load line as before, and through o”
draw lines parallel to those tangential to the surface of the
dome at the various points to intersect with the horizontal
lines. Through these intersections draw the curve from o”
to 16,. Then we have the stress diagram but of form
Ty, z, o" following the vertical, then the horizontal, and
then the inclined line ; the radial thrust above the point
where the curve turns to the load line again and the radial
tensions below that point being given by the differences ., y.

The lengths x1" correspond to o, ¢’ in the first figure,
and similarly the z,y's correspond to the lengths ¢ 2,
2 3, ete.

These thrusts and tensions, or the x,3’s, must be resolved
into equivalent thrusts or tensions acting at right angles
to the plane of the paper—that is, actually upon the
vertical %aces of the section.

Let 0”16, represent the total weight of the dome, then
any x,y shows the total radial thrust upon the correspond-
ing section, whicll we shall call . Being uniformly
distributed its intensity per unit of circumterence equals

R
units in the circumference,
just a3 the intensity of pressure on a column equals the
total pressure divided by the units of area in the column.

In any eircular ring under uniform normal pressure
(C, Iig. 47), as in a cylinder holding water, the resultant
fension or compression T (which we call hoop tension)
equals the intensity of the radial pressure multiplied by
the radius, that is—

R X radius
circumference

»

= hoop thrust or tension = T,
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radius

——————— ig a constant quantity for any circle,
circumierence

and equals nearly, so that

1 R
6-2832 6-2832

When, therefore, 0”16, represents the total weight of the
dome, we must divide each horizontal Eﬁjby 6:2832 for the

hoop tension.

T 1
Suppose we take 0”16, to represent —-— 69850 of the weight

of the dome, then we shall not require to divide the z,;s,
as they will each equal the hoop tension at that point; i.c.,
360
62832
dome, the horizontal ;,_y?give the hoop tension or com-

pression directly.

if we take, not the weight of 860° but , or 578 of the

Form such a scale that 0”16“ measures the welght of

57+8°; the lengths 20" measured to that scale give the total
compression on & horizontal plane on a segment of 57°8° of
the dome (this segment is in plan).

As the length of an arc of 57-8° equals its radius we have

only to divide the lengths z,0" by the radius at tile corre-
sponding points to get the pressure per lineal unit on the
horizontal section.

At the joint where the hoop thrust changes to hoop
tension the maximum horizontal thrust is caused as Is
clearly seen in B, Fig. 47; it is the sum of all the thrusts
ay above it.  Below that joint this thrust is dimiidshed by
the tensions xy in each ring, until in the hemispherical
dome these exactly balance the sum of the thrusts xy. it
the dome were to spring from the joint where the heop
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thrust changes to hoop tension, the provision to prevent the
supports spreading would be the maximum obtainable for
the dome under consideration. Thig joint is frequently
called the joint of rupture ; it is situated at a height above

A, 1
the springing line of 3 (v/5-1) radius, or about 51°49" from

the vertical. Above that joint the dome tends to collapse
inwards ; below it tends to spread outwards.

If the dome is segmental, springing from, say, the level
6, 6,, the stress diagram at the poiut 6 is found by drawing
a vertical line representing the weight of the dome 0’6, (A,
Fig. 47). Through the lower eund of this line, draw 6,
parallel to the tangent at the springing and through the
upper end a horizontal line ¢'¢%. Then o't gives the total
radial thrust at the springing and 6, the total compression
on thy horizontal plane at the same point; or, if o'6,
represents

the weight of the dome
62832

then o, will equal the hoop tension at the base. This
would have to be resisted by a ring or by abutments.

The weight of the dome or its covering may be estimated
in the following manner. Above any horizontal section the
weight of the dome will be «w X 27 r v, where r is the
radius to which the dome is struck, v the rise, and w the
weight per unit area, the radius leing measured to the
centre of the section.

Thé same methods can be used for conical coverings,
\since it happens that the weights above any horizontal
section are proportional to the vertical distances from the
apex of the cone fo that section.

3 \
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In a cone the greatest horizontal thrust is at the base
if the abutments do not yield, or if there is a reinforcement
to tie in the base. If the abubtments yield, the cone itself,
if capable of doing so, also supplies the necessary resistance
to twisting open.

These results are only correct for thin coverings of
material capable of resisting tension and compression,
of true spherical or conical section, and of uniform weight
per unit of service. Such a material as reinforced concrete
may be assumed to satisfy these conditions.

1f we put an eye to the dome (i.e. omit the central upper

part, say the part above the line 1.1,), then the horizontal
line o', t!, 2, 13, ete. is lowered to the level of 1.1,, and
the position of the joint of rupture is also lowered. If a
heavy load, such as a lantern, were put at 1, then thpe
horizontal line o', it, 3, %, etc., would be raised, incréasing
the part under hoop tension and diminishing the part
under hoop compression. If the section is varied and
becomes pointed, or of any other curvature, there is also
a change in the position of this joint.

The intensity of the stresses in spherical domes as found
by such a diagram as A or B, Fig. 47, follows from the
weight of the dome, which varies directly with the thick-
ness, supposed to be uniform. As the area to resist the
resulting stresses i8 correspondingly varied, it appears that
whatever the thickness in a hemispherical dome of uniform
thickness, the unit stresses theoretically are always the
same for the same radius. We say theoretically, as the
foregoing theory does not take account of the -elastio
yielding of the dome which may cause the centre of
pressure to leave the centre of the section and so materially
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increase the unit stresses. There is so far no satisfactory
method devised by which we may aceuralely determine
the centre of pressure, and it is desirable therefore to
make allowance for these indeterminable stresses by
making domes of ample thickness.



CHAPTER V.

METHODS OF REINFORCEMENT,

Trere are at the present time a great number of systems .

employing various methods of reinforcement.
necessary to describe these in detail, but it may
Le well to briefly set out the general methods of
reinforcement which may be adopted to resist
the stresses in reinforced concrete structures.
The reinforcement of columns and piles may
consist of longitudinal rods tied together by
wire ties spaced some distance apart, as shown

‘;‘j‘i‘

ks + e 4'%31]} i }I;}

1E D Fods
5ot Stoal

I'1. 48.

(I'ig. 48). The spacing of the
ties for this type of reinforce-
ment should not be more than
twenty-four times the diameter
of the longitudinal reinforce-
ments for columns, and should
be about twelve diameters for
piles. At the top of piles the
spaciug should gradually re-
duce to about two or three
dianeters.

Columues and piles are fre-
quently reinforced by spiral
bindings or closely spaced hoop-
ings, together with longitudinal
rods. If the hooping is to be

It is not

»

I'ra. 49.
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considered as adding fo the resistance the spacing should
not be greater than about one-fifth the diameter hooped

)

' Fra. 50. )

core; a very usual spacing is about one-eighth this
diameter. This method is shown in Figs. 49 and 50.

The ch))tings of columns or walls are usually reinforced
by bars crossing each other parallel to the sides or
diagonally or both, and placed near the lower surface. A
good method toadopt

is to place two L —
series of fairly large 3 — :‘&J
sized hars cross- Irye. 5L,

ing one another at W : AN
. A __L\\
right angles under N~

the Dbase of fthe N
column and parallel \§\§

to the sides, with Fre. 52.
smaller Dars parallel ” 77 ") ,
to these from the IM%
outer sides of each = T K

series to the outer Frc. 33.
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edges of the footing. The larger sized bars are calenlated
to resist the reaction of the four trapezoidal portions of
the footing while the smaller bars
distribute the reactions from the
corners.

When a beam or sltab is freely
supported and the diagonal tensile
sfresses are resisted by the concrete,
it is only necessary to place reinforce-
ments near the under-side, as shown
in Fig. 51.

When the member is fixed at the
ends or passes over intermediate

~Fh

53,

Fic.

Fic. 54.

supports and the diagonal tensile
stresses are resisted by the Concrete,
it is mecessary to place further
reinforcements near the top surface
over the supports and extending into
the pieces, as shown in Fig. 52; or
some of the bottom reinforcements
may be bent up 50 as to pass”over. the
supports near the upper surface as
shown in Fig. 5.

For slabs which are square or

LY
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when the length is less than twice the width, it will be
necessary to provide reinforcements in both directions, as
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shown in Fig. 54, or expanded metal or other mesh rein-
forcement may be used. It is advisable to provide some

AN\ i

i @

Bty s
Fic. 55.

transverse reinforcement in all slabs, especially if they may
be loaded locally.

It the diagonal tensile stresses are more than can be
safely résisted by the con-

crete | alone, it becomes &%‘\\ . ol v ’/Z

necessary to place rein-
z?rcements to zes?k::b these. \Q\\\\\X\QJ?-MZ////’///
The bent-up bars shown R N

in Fig. 53 provide resist-

ance & diagonal tensile

styesses, bubt it is generally necessary to insert further
reinforcements for this purpose. Fig. 55 shows a very

usual method, the stirraps being flat hoop-iron or round
P

T1c. 58.

R.C.
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rods. Sometimes the bent-up bars are omitted, and
reinforcements are inserted as in Figs. 56 and 57.

It iz advisable that such reinforcements should be
in some way rigidly attached to the bottom rods, and

TF1a. 59.

they must penetrate nearly to the upper surface, or, better
still, be bent over and secured fo horizontal Dbars near
this surface. The bottom rods may also be Pent up
without passing horizontally over the supports as show.n
in Fig. 50, or the bars may be of a special form, as
Fig. 58.
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Other methods of reinforcing against diagonal tension

are shown in Fig. 59.
If the depth of the beam
ig insufficient for the con-

crete to supply adequate
resistance to compression,

horizontal reinforcements
.are provided for the entire
‘length near the upper sur-

i face, as shown in Figs. 57
and 59.
s Cantilevers are reinforced

AT
&

A VA 7 (AN

Fic. 60.

with bars near the upper surface, and these must be firmly
secured or embedded in the support.
against diagonal tension will be as described for beams.
®he jops of columns should be well tied into the
beams by continuing the longitudinal bars of the columns

well into the beams. The longi-
tudinal Dlars in the bLeams must
also be carried over the columns and
well into the supports.

The ®ongitudinal bars of columns
should be machined flat at their
lower ends and bear against a plate
inserfed in the footings, or be bent
out info the footing near the centre
of its depth. When there are a series
of floors the bars in the columns
should be made continuous by being
machined at the ends and being

The reinforcement

\l'\/ﬁ;';‘;'vl’:& il
§< %f/]
o 7 Ly
~

Fia. 61.

connected by sleeves or some other adequate arrangement.

P2
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Dipes, reservoirs, and similar structures are reinforced with

hoops or spiral windings and longitudinal distribution rods,

Fic. 62

Fi1c. 63.

as shown in Figs. 60
and 61.

Small span arciies
are frequently only
reinforced near the

- intrados, as in Tig.
62, but for large
spans 1t is advisable
to insert reinforce-
ments both near the
intrados and extra-
dos, as in Fig. 63.

Arches with a flat

Fic. 64,

e
¥ Resultant Pressure

Fia. 65.

Line of

extrados ave x}%ry
frequently rein-
forced as shown
(Fig. 64), although
the central portion of the upper
reinforcement is sometimes
omitted. '

In the case of arches gvith a
flat extrados having a small rise
in proportion to the span it is
necessary to place reinforee-
mentg in the vertical planes near
the centre to tie the Yongjtu-
dinal bars near the intrados fo
the concrete, or further bars

near the extrados. Generally

)
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speaking, it is advisable to use inclined reinforcements in
arches to tie the upper and lower longitudinal reinforce-
ments together, or to secure the bars near the intrados to
the concrete at the extrados. In fact, for all reinforced

Fra. 66.

conerete work it is well to thoroughly tie the bars to each
other and to the concrete.

There are, of course, many structures of a compound
nature in which the method of reinforcement depends on
the stredses to be resisted by the component parts, but the
general description given should be a sufficient guide to the
rational reinforcement of such structures.

Figs. 65, 66, and 67 show three methods of designing
retaining walls.






INDEX
AvpnEsioN between steel and concrete, 30 ef seq.
advisability of rigidly a.ttached
web members, 54, 209
conclusions as to, 64, 66, 67
effect of form of bars on, 53
rust on, 52
size of barsop, 51
vibrations on 53
frictional, 52
. ‘ security of end attachwents, 54 '
Adhesion, calcalation for, 120—122
Aggregates for fire resistance, 6, 7
Atcade spandrlls, loading for, 171—173
necessity for shearing reinforcements, 68
Arch with arcade and colonnade spandrils loading, 171—173
necessity for sheuring Tein-
forcements, 68
Arches, behaviour of, 68
calculations for stresses. etc.,. 185—199
elastic, 139—185
, large span, calculations for, 139—199
methods of reinforcement, 68, 69, 211, 212
pressure curve when continuous, 148—171
hinged at springings, 171—177
three-hinged, 177--181
reinforcement which may be assumed, 153
small span, calculations for, 136, 139
temperature stresses in, calculation of, 182—183
Architecture of concrcte, 10
Assumptions necessary for calculation, 71 et seq.
conclusions, 82
rAtmosphcric conditions, calculations for, 126—129
effects of, 69
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Austrian Government formula for hooped concrete, 100

Bars, disadvantages of large sizes, 75
form of, effect on bond resistance, 53
methods for securing ends to prevent sliding, 54
size of deformed, for resisting temperature stresses, 51
spacing of, in slabs, 76
use of deformed. for resisting temperature stresses, 70
Beams, behaviour under loading, 44 et sey.
continuity of reinforcement over supports, 108, 115
continuous, bending moments and reactions, §9—91
double reinforcement of, discussion on, 107—109
methods of reinforcement, 208—211
rectangular, calculations for bending stresses, 103—107
reinforced with large sections, calculations for, 116—11
reinforcement over supports, 108
span of, §5
T, behaviour under loading, 63 et seq.
calculations for, 109—114
width to be assumed, 109, 110
Behaviour of reinforced concrete under compression, 18 ef sei® =
conclusions, 42
flexure, 44 et seq.
conclusions, 64 ef sey.
Bending and compression combined, calculations for, 185—199
moment in arches, 140 et seq.
morents, 85 et seq.
continuous beams, §9—91

slabs, 91—95 .
Bent-up reinforcements, calculation for resistance of, 123, 124, 125
use of, 108 3

Bitumen, use of, 15
Bond between steel and concrete, 30 ef :¢q.
advisability of rigidly attached web
" members, 54
effect of form of bars on, 53

rust on, 52 L .
size of barson, 51
vibrations on, 53 »

frictional, 52
security of end attachments, 54
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Bond resistance, calculations for, 120—122

conclusions as to, 64, 66, 67
British Fire Prevention Committee, remarks on aggregates, 6
Building, ease and rapidity of, 9

i
CALCULATIONS, assumptions necessary for, 71 ef seg\ '
for arches, large span, 139—199 \
small span, 136, 139
temperature stresses in, 182—185
beams, double reinforcement, 105—109
rectangular single reinforcement, 103—105
T-double reinforcement, 113114
T-inverted, 114
T -single reinforcement,110—113
with reinforcements of large section, 116—
' 118
bond resistance, 120—122 )
cantilevers, Same as beams. ;
columns, 97—103 \
eccentric loading on, 99
hooped, 99—103
compression, and bending combined, 185 —199
direct, 97, 98
domes and spires, 199—205
pipes, 129—136
pressure curve in arches, continuous, 148—171
hinged at springings,
171—177
three-hinged, 177—181
reservoirs, circular, 129—136
shearing resistanco, 120—126
temperature stresses, 126—129
in arches, 182—183
symbols for, 83
Cantilevers, calculations for, Same as beams.
methods of reinforcement, 211
Ohristophe experiments on tensile strain in concrete, 38 ef seq.
Cinder concrete, strength of, 19
Coke brecze concrete, strength of, 19
Colonnade spandrils for arches, necessity for shearing reinforcements, 68
Coluwmns, calculations for, 97—103
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Columns, methods of reinforcement, 206, 207, 211
spacing of ties in, 206
Compression, and bending combined, calculations for, 185—199
behaviour of reinforced concrete under, 18 et seq.
conclusions, 42
Compressive resistance of concrete, 18, 20, 42
under flexure, conclusions as to, 65
Conclusions on behaviour of reinforced concrete under compression, 42
flexure, 64 et seq.
Concrete, calculations for shearing, resistance of, 120—123
cinder, strength of, 19
compressive resistance of, 18, 20
effect of setting conditions on, 33, 34
hooped, discussion on, 36 e seq.
mixtures for, 18, 19
modulus of elasticity in compression, 25 et 'seq., 35
effect of variation of,
on calculations, 26
tension, 24
proportions of, 18, 19
resistance to diagonal tension, 56, 57
shearing, 36
tensile strain on, 37 et seq.
Conditions of setting, effect on reinforced concrete, 33, 34, ¢
Conduction of heat, 8
Conical coverings, graphical treatment for, 203, 204
Conservation of plane sections, 76
Considére experiments on conditions of setting, 33
hooped concrete, 40, 41
tensile strain in concrete, 58 ef seq,
Construetion, care required in, 12
carelessness in, 12
ease and rapidity of, 9
Continuity over supports of beams, etc., 108, 115
Continuous beams, bending moments and reactions, 89—91
Cost, economy of, 10
of falsework, large item, 10
Cover to metal, 5—8
_ Cracking of concrete, due to tensile strain, 57 et seq.
Cracks, fine, initial or artificial, effect on resistance, 63, 64

DrFoRMATIONS, permanent, effects of, 80
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Deformed bars for bond resistance, 53
resisting temperature stresses, 70
Design, scientific, introduction of, 3
Diagonal tension, 83 ¢f seq.
calculations for resisting, 120—126
conclusions as to, 63, 67, 68
reinforcements, calculations for, 123—12~
Domes, graphical treatment for, 199—204
Durability, 9

EARLY use of, 2
Earthquakes, resistance to, 9
Elastic arches, discussion on, 139—185
behaviour of concrete in compression, 21 ¢ seq.
moduli of concrete and steel, ratio of, 36, 81
modulus of concrete in compression, 23 ef seq.
effect of variatjon of, on
calculations. g

\‘,

tension, 24

. steel, 49

Klasti.ity, discussion on, 21 et seq.

Emerson experiments on condition of setting, 33

Empirical formula, use of, 4

Erection, ease and rapidity of, 9

Expeliments on conditions of setting, 33
conservation of plane sections, 77
hooped concrete, 40, 41
preservation of metal, 16
shearing of concrete, 35
tensile strain in concrete, 58

FELT, use of, for water pressure resistance, 15

Fibres, action of, 72

Fire resistance, 5

remarks of Reinforced Concrete Comypnittee of
RIBA,T7,8
Blexute, behaviour of reinforced concrete under, 44 et seq.
conclusiong 64— 68
* Footings, calculations for, 207. Same as for Cantilevers.
methods of reinforcement, 207
Formula, empirical use of, 4
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Irench Government Commission, coefficients for bending moments on

slabs, 91—95
formulee, ete., for hooped concrete’(
99, 100

GrAsHOF, coefficients for bending moments on slabs, 91, 92

IIsrDNESS, 11
Iieat, conduction of, 8
Iligh carbon steel, disadvantage in the use of, 63
‘ useful to resist temperature stresses, 70, 129
TIooped concrete, discussion on, 36 et seq.
JIypotheses necessary for calculations, 71 ef seq.
conclusions, 82

TMPENETRABILITY, 11

Tinpermeability, 13

Iuclined bars, calculations for, resistance of, 123—125
Increase in strength of concrete with age, 19

Initial stresses, effect of, 78

Introduction of reinforced concrete in England, 1

Jornts between columns and beams, 211
of reinforcements in beams and slabs, 115

T.zNgTHs of reinforcements over supports, 115, 116
Loading, behaviour under, 18 ef seq.
of structures, period before, 10
while erecting, 12, 13

MAINTENANCE, small cost of, 9

Mesnager experiments on tensile strain on concrete, 58

Metal, cover necessary over, 3, §
disadvantage in use of large sections, 75
for resisting temperature stressos, 70, 80
preservation of, 15 ‘
spacing of, in slabs, 76

Methods of reinforcement, 206—213

Mixtures for concrete, 18, 19

Moduli of elasticity of concrete and steel, ratio of, 36, 81

steel, 43
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Modulus of elasticity of concrete in compression, 25 et seq., 35
Moments, bending, 85 et seq.
Moulding, ease and rapidity of, 9

to ornamental designs, 10

NEUTRAL axis in arches, calculations for finding position of, 191, 192,
195
beams, calculations for finding position of, 104, 107,
111, 114

ORNAMENTAL designs, moulding of, 10

ParaBoLic and straight line stress-strain relations, comparison of,
49, 50
stress-strain relation, 44--30

Peabody experiments on setting conditions, 33
Permanent set, effect on elasticity of reinforced concrete, 34, 39
Piles, calculations for, Same as for columns and beams.

methods of reinforcement, 206, 207

spacing of ties in, 206
‘Plpes ycalculations for, 129—136

methods of reinforcement, 211

position of reinforcements, 134, 135

spacing of reinforcements, 132, 133

thickness of shell, 131, 133, 134
Practice and theory, 4, 5 \
Pressure curve in arches, 139—185

of wind, 96, 97 \
coefficients for reduction, 97
Proportions for concrete, 18, 19
)

>

RANKINE coefficients for bending moments on slabs, 91, 92
Ratio of moduli of elasticity of concrete and steel, 36
Reactions of continuous beams, 89, 90
Reinforcement, bent-up, use of, 108
calculations for resistance of, 123—125
, ’ disadvantage in use of large sections, 75, 118, 119
methods of, 206—213
of columns and beams, continuity of, 211
of large sectional area, discussion on, 73, 118, 119
of slabs, spaciug of, 76
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Reinforcement over supports, 108, 115, 116, 211
to be assumed in arches, 153
to resist temperature stresses, 70, 80
under piers or colonnades for open sprandril atches, 68
Teservoirs, circular calculations for, 129—136
position of reinforcements, 134, 135
spacing of reinforcements, 132, 133
thickness of shell, 131
methods of reinforcement, 211
Tesistance bond, 50 et seq.
of concrete to compression, 18, 20, 42
safe, 42
diagonal tension, 56, 57
shearing, 53
of reinforced concrete to compression, 42, 43
sufe, of steel, 82
to fire, 3
covering to metal, 6
to sliding of steel, 50 et seq.
Retaining walls, methods of reinforcement, 213
Rigid attachment of web members, advisability of, 54
Rust, effect on bond resistance, 52
of, on preservation of metal, 17

SAFE stress, bond, 54, 67
concrete compression, 42, 63
diagonal tension, 57, 67
tensile stress in steel, 82
Scientific design, institution of, 3
Sections, plane, conservation of, 76
Set, permanent, effect on elasticity of reinforced concrote, 34, 35
Setting conditions, effect of, 79
on elasticity of reinforced concrete, 83, 34
reinforced concrete, 33, 34
Shearing, 55 et seq.
forces on slabs, 935
reinforcements, advisability of rigid attachment, 54
calculations for, 123—126
resistance, calculations for, 120—126
Shocks, resistance to, 9
Slabs, bending moments and shearing forces, 91—95
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Slabs, continuity of reinforcement over supports, 108, 115
methods of reinforcement, 208—211
reinforcements, spacing of, 76
span of, 83

Sound, conduction of, 11

Spacing for bars in slabs, 76

Span of slabs and beams, §5

Spires, graphical treatment for, 203, 204

Steel, disadvantage in use of large sections, 75
for resisting temperature stresses, 70, 80
high carbon, disadvantage in the use of, 63

useful to resist temperature stressed, 70, 129
in slabs, spacing of, 76 i
preservation of, 15
safe tensile resistance of, S2

.

Stirrups, calculation of resistunce of, 124—126 5
Straight line and parabolic stress-strain relations, compahson of, 49,
50

stress-strain relation, 49, 50, 81 \

Strain and stress, discussion on, 22
- Igusiib, oI concrete, o4 erseq.
conclusions as to, 67
Strength, compressive, of concrete, 18—20
Stress and strain, discussion on, 22
area of concrete, 41 ef seq.
conclusions as to, 66
initiul effect of, 79
strain curve, 27 ¢ seq., 81
working bond, 54, 67
concrete in compression, 42, 65)
° diagonal tension, 57, 67
tensile in steel, 82
Stresses in arches, distribution of, 140, 141
Supports, reinforcements over, 108, 115, 116, 211
Surtaces, reinforcement of exposed, 14
Symbols, 83
°

v

L
TALLOI experiments on tensile strain on concrete, 59, 60

remarks on compressive resistance of concrete, 20
stress-strain curve, 45—39
tests on hooped concrete, 40, 41
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Talbot tests on shearing of concrcte, 53
Tanks, circular, calculations for, 129 —156
methods of reinforcement, 211
position of reinforcements, 134, 135
spacing of reinforcements, 132, 133
thickness of shell, 131
Tee beams, behaviour of, under loading, €3 ef seq.
caleulations for, 109—114
width to be assumed, 109, 110
Temperature, etfects of, 69, 80, 126, 127
stresses, calculations for, 126 —129
discussion on, 69, 80, 126, 127
1 arches, calculation of, 182—185
steel for resisting, 70, 80, 126—129
Tensile strain on concrete, 57 et seq.
conclusions as to, 67
stress in steel, 82
Tests on conservation of plane sections, 77
hooped concrete, 40, 41
preservation of metal, 16
shearing of concrete, 55
tensile strain on concrete, 38 et seq.
Theory and practice, 4, 5
Thickness of arches, 149—152
Thrust in arches, 140 et seq.
Turneaure experiments on tensile strain on concrete, 59

ULIiMaATE compressive resistance of concrete, 18—20
not true basis for assess.
ing safe stresses, 20

VEKRTICAT bars, calculation for resistance of, 124—126
Vibrations, effect of, on bond resistance, 53
resistance to, 9

WaLLS, retuining, methods of reinforcement, 213
reinforcement of, 108
Warren experiments on conservation of plane sections, 77
Water, effect on strength of concrete, 20
pressure, resistance to, 13, 14, 15
Waterprooling, 9, 14, 15

=}
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Watertightness, 13 —~15
Web members, effect on fire resistanee, 7
stresses, calculations for, 120 —126
Weight ot reinforced concrete, 8o
Width of T beawms, 109110
Wilkinson's patent, 1
Wind pressures, 96, 97
cuefficients for reduction, 97

BRADBUKY, AGNKW, & CU. LD., PRINTERS, LONDON &ND TONBRIDGE.

Q

25



	00001.tif
	00002.tif
	00003.tif
	00006.tif
	00007.tif
	00008.tif
	00009.tif
	00010.tif
	00011.tif
	00012.tif
	00013.tif
	00014.tif
	00015.tif
	00016.tif
	00017.tif
	00018.tif
	00019.tif
	00020.tif
	00021.tif
	00022.tif
	00023.tif
	00024.tif
	00025.tif
	00026.tif
	00027.tif
	00028.tif
	00029.tif
	00030.tif
	00031.tif
	00032.tif
	00033.tif
	00034.tif
	00035.tif
	00036.tif
	00037.tif
	00038.tif
	00039.tif
	00040.tif
	00041.tif
	00042.tif
	00043.tif
	00044.tif
	00045.tif
	00046.tif
	00047.tif
	00048.tif
	00049.tif
	00050.tif
	00051.tif
	00052.tif
	00053.tif
	00054.tif
	00055.tif
	00056.tif
	00057.tif
	00058.tif
	00059.tif
	00060.tif
	00061.tif
	00062.tif
	00063.tif
	00064.tif
	00065.tif
	00066.tif
	00067.tif
	00068.tif
	00069.tif
	00070.tif
	00071.tif
	00072.tif
	00073.tif
	00074.tif
	00075.tif
	00076.tif
	00077.tif
	00078.tif
	00079.tif
	00080.tif
	00081.tif
	00082.tif
	00083.tif
	00084.tif
	00085.tif
	00086.tif
	00087.tif
	00088.tif
	00089.tif
	00090.tif
	00091.tif
	00092.tif
	00093.tif
	00094.tif
	00095.tif
	00096.tif
	00097.tif
	00098.tif
	00099.tif
	00100.tif
	00101.tif
	00102.tif
	00103.tif
	00104.tif
	00105.tif
	00106.tif
	00107.tif
	00108.tif
	00109.tif
	00110.tif
	00111.tif
	00112.tif
	00113.tif
	00114.tif
	00115.tif
	00116.tif
	00117.tif
	00118.tif
	00119.tif
	00120.tif
	00121.tif
	00122.tif
	00123.tif
	00124.tif
	00125.tif
	00126.tif
	00127.tif
	00128.tif
	00129.tif
	00130.tif
	00131.tif
	00132.tif
	00133.tif
	00134.tif
	00135.tif
	00136.tif
	00137.tif
	00138.tif
	00139.tif
	00140.tif
	00141.tif
	00142.tif
	00143.tif
	00144.tif
	00145.tif
	00146.tif
	00147.tif
	00148.tif
	00149.tif
	00150.tif
	00151.tif
	00152.tif
	00153.tif
	00154.tif
	00155.tif
	00156.tif
	00157.tif
	00158.tif
	00159.tif
	00160.tif
	00161.tif
	00162.tif
	00163.tif
	00164.tif
	00165.tif
	00166.tif
	00167.tif
	00168.tif
	00169.tif
	00170.tif
	00171.tif
	00172.tif
	00173.tif
	00174.tif
	00175.tif
	00176.tif
	00177.tif
	00178.tif
	00179.tif
	00180.tif
	00181.tif
	00182.tif
	00183.tif
	00184.tif
	00185.tif
	00186.tif
	00187.tif
	00188.tif
	00189.tif
	00190.tif
	00191.tif
	00192.tif
	00193.tif
	00194.tif
	00195.tif
	00196.tif
	00197.tif
	00198.tif
	00199.tif
	00200.tif
	00201.tif
	00202.tif
	00203.tif
	00204.tif
	00205.tif
	00206.tif
	00207.tif
	00208.tif
	00209.tif
	00210.tif
	00211.tif
	00212.tif
	00213.tif
	00214.tif
	00215.tif
	00216.tif
	00217.tif
	00218.tif
	00219.tif
	00220.tif
	00221.tif
	00222.tif
	00223.tif
	00224.tif
	00225.tif
	00226.tif
	00227.tif
	00228.tif
	00229.tif
	00230.tif
	00231.tif
	00232.tif
	00233.tif
	00234.tif
	00235.tif
	00236.tif
	00237.tif
	00238.tif
	00239.tif
	00240.tif



