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PREFACE 

THE employment of reinforced concrete in engineering 
and architectural structures has rapidly become a common 

, practice, and as the natural outcome of its more extended 
use deEcriptive articles in the technical press llave brought 
the methods of construction to the prominent notice of pro­
fessional readers. Numerous papers on reinforced concrete 
and kindred subjects have been read before technical insti­
tutions and societies, out of which interesting discussions 
have arisen, and th.ese papers and discussions have appeared 
both in the special literature of the various bodies and in 
the columns of the technical press. As a consequence of 
the publicity given to the use of this material it has become 
possible to treat the subject in a considerably more con­
densed manner than \YaS justified a few years ago, since 
details of construction and lengthy descriptions of experi­
ml!nts have no longer the special interest that they possessed 
in the immediltte past. Although there are doubtless many 
engineers and architects who will still need the fuller treat­
ment given in the larger work \vhich the author has pub­
lished conjointly with Mr. W. Dunn, still, it is evident that 
there is a great alld increasing demand for a concise and 
randy volume, and it i::; hoped that this demand may be 
satisfactorily met by the present treatise. 

During the winter of 1£)08-9 the author gave a series of 
lectures on reinforced concrete at thA Oit.y and Gnilds of 
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London Teehnical College, and during and after the delive~J 
of these lectures many suggestions were made to the author 
~'bat they should be embodied in book form. 

'fhe subject-matter of the lectures has been very considm·-
OJ 

ably enlarged upon in writing the present volume, as it was 
impossible to deal with the subject except in a very sketchy 
manner in a series of six lectures illustrated ,yith lantern' 
slides, and it is IlDped that, in conjunction with the 
" Rei nforced Concrete '1\Ianual," this hook may form a 
sufficiently complete treatment of the subject for an 
essential purposes. 

The portions of the subject dealt with in the" }[annal " 
have been omitted fro111 the present volume or only briefly 
tonched upon, but the reasoning on which the calculations 
for the design of structural members are based and the 
derivation of the fundamental equations have been fully 
explained. Lengthy descr iptions of systems of construction 
and of experiments anel tests have been omitted, but the 
results of tests and the conclusions to be drawn from them 
have heen given full consideration in dif:lcussing the data on 
which the calcuLttions are based, while a short description 
of the methods of reinforcement which are essential to go·od 
design has been given in the concluding chapter. 

CHAHLEB ]!'. :\IAHSH . 
• J Wlf, 1909. 
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REINFORCED , 
CHAPTER I 

PROPERTIES 

THE insertion of metal to strengthen brickwork and con­
crete is by no means a new thing, \Vilkinson's patl:mt for a 
suspended stmp reinforcement for floors having been taken 
out in 1854, but within recent years the subject of rein-

_ forcing concrete with metal sections has received a good 
deal of attention, and under various names reinfol'ced con­
crete has been brought forward rather prominently as a new 
material that may be used in suitable cases in plac~ of or in 
conjunction with masonry or ironwork or both. 

In the zest for the canse some of the advocates of rein­
forcea concrete, it is to be feared, may have cfaimt:ld some- . 
wha.t too much for it. Like all other useful things, it has 
its limitations, yet from some of the pUblications One reads 
~d statements one hears it might be thought that it 
was the cheapest, strongest, and best material t() use in 
almost any engineering or architectural work which the art • of man could design. 

a\.lthough there are undoubtedly limitations to its use, 
the material is nevertheless an extremely useful one, and 
splendid results have been and will be accomplished by its 
employment. 

R.C. II 
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HEIXEOllCED COXCllETE 

Ten years ago there were few, in this country at any rD~e, 
who realised what was being done with reinforced concrete, 
and amongst those few it is certain that the majority 
looked upon the structures erected in this material with. 
considerable distrust. 

'1'he structures undoubtedly existed, that fact could not 
be disputed, but that such lightness could be combinell 
"ith strength was considered very doubtful by most of 
those who saw them. ) 

This opinion is still held by many able engineers and 
architects, at any rate in regard to certain classes of struc­
tures, more especially· those which are employed for the 
conveyance or the retention of water. The result which is 
most generally feared is the corrosion of the embedded 
steel and consequent gradual failure of the structure. 

Ten or twelve years ago, and probably up to a more" 
recent date, many of the constructors in reinforced concrete 
knew little or nothing of the true beluwiour of the concrete 
and iron with which they were erecting architectural and 
engineering works, and when they did use any formulre 
at all they were satisfied with those of a most empirical 
kind. 

It must be presumed that the clients of these firms placed 
) 

great trust in the specialist's practical engineering sense; as 
the science, such as it was, which was then used in the design 
of reinforced concrete was mainly regarded as the trade secre~) 
of the several patentees of the systems of reinforced con­
crete then in use on the Continent and in America. Such' a 
state of things could not exist for long, and engineeers, 
particularly engineering professors, began to inquire into 
the nature of the stretlses set up in a dual material formed 



PROPEllTIES 3 

0'- two such very different substances as concrete and 

iron. • 
Even in the early years of the present century the most 

'scientific formulre used by many of the constructors in 
reinforced concrete were semi-empirical, and those who 
attempted to design their structures by the application of 
-true principles had to face the difficulty of competition with 
firms whose methods were less accurate. 

• One of the chief disadvantages pertaining to the use of 
reinforced concrete, even to-day, is the time and labour 
spent upon the calculations, if these are made in a scientific 
manner, and the consequent expense of design. Even with 
the use of the many tables and diagrams "'hich have been 
published, and which are based on proper and efficient 
formulm, there is still considerable labour in the design 
(specially when the structure is a complicated one), if the 
calculations are to be carried through in a scientific manner 
from start to finish. 

In what may be called the early days of reinforced con­
crete, few, if any, experiments had been carried out on this 
material, except such rough tests as were made by the 
sevt1ral constructors mainly for the purposes of advertise­
ment, and no accurate measurements had been made to • discover the behaviour of the materials under service con-
ditions, and as a consequence of the absence of scientific 
investigation there was little available data on which to base 
a proper system of calculation. 

'Vithin recent years innumerable experiments on small­
sized specimens, and also many tests on full-sized pieces, 
have been carried out with instruments for the exact measure­
ment of the strains produced under various conditions of 

B2 
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loading. We have thus obtained a scientific knowledge j)f 
reinforced concrete on which satisfactory theories may be 
based. 

When we come to inquire more closely into the subject.· 
we find that, owing to the conditions existiiJg in pr!ctice 
and to the fact that large factors of safety must be allowed, 
even in the most scientific design, sufficient accuracy ca19 
be obtained, although some departure may be made from 
the absolute scientific facts \vhich have been derived from" 
the results of carefully conducted experiments. 

When such departures are made from what we believe to 
be the true theory, it is very necessary that it should be 
known what such departures involve and what are the 
limitations to the use of any empirical or semi-empirical 
formullB arrived at by their adoption. In the same way, 
although most excellent and useful diagrams and tables 
have been published to simplify the design 'of such pieces 
as beams, slabs, columns, etc., it is very advisable that they 
should not be used without a knowledge as to the methods 
by which they were calculated. For these reasons it is most 
essential that all architects and engineers should, in the 
future, have a knowledge of the general principles of. the 
theory necessary for the proper design of simple reinforced 
concrete structures. From such knowledge they may readily 
proceed more deeply into the study of this interesting 
material and to its applications in more complicated struc:; 
tures if their professional practice so requires. 

With regard to the practical side of reinforced. concr~e, 
this is perhaps mther more the business of the builder or 
contractor than of the architect or engineAr, but every 
designer should thoroughly understand the difficulties 
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wjIich have to be met in the erection of the structure he is 
designing, and no good specification can be drafted without, 
an intimate knowledge of the materials to be used and the 
conditions to be dealt with in the construction of the work. 

TIre study of the practical side of reinforced concrete 
construction is very necessary, since the intelligent apprecia­
tion of the methods which may be adopted by the builder 
or contractOl' in the erection of any structure which one 
-may have to design will often reduce the cost of the work 
in a very considerable degree. 

The theoretical side can be learnt to a large extent in the 
lecture room, but, although the practical side may be dealt 
with and some information given, still there is no getting 
away from the fact that the seeing of works in progress of 
construction and experience gained on such works are the 
only ways of obtaining full appreciation of the methods 
adopted in the· execution of the details. , 

The properties of reinforced concrete which have brought 
it to the fore as a building material are mainly resistance 
to fire and heat, durability, resistance to shocks, capacity 
for moulding, facility of connecting together of parts, speed 
of election and economy of cost. The properties which are 
disadvantageous to its use are its hardness and impene-
• trability, transmission of sound, and the necessity of care 

during construction. 
• FIRE RESISTANCE. 

The fire-resisting qualities of reinforced concrete are now 
fu~y appreciated, but the tests which have been carried out 
and the actual fires which have occurred during the last 
few years have clearly demonstrated the necessity of giving 
sufficient cover of concrete to the reinforcements and the 
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advisability of the careful selection of aggregate when t~e 
.highest degree of fire resistance is reqnired. 

As to the covering of concrete over the metnJ it is 
evident that more thickness is required for narrow surfaces, 

• sHch as beams and columns, "'here the flames can wrap 
round the member, than for wide fiat surfaces where no 
such envelopment can take place. This is very noticeablE! 
in tests and the appearance of buildings after actual fires 
have occurred. 

It has been found that according to the degree of fire 
resistance required for beams and columns, the protective 
thickness of concrete should be from 1~ inches to 2 inches 
and all the arises should be chamfered or rounded for 2 to 3 
inches. The covering over the bars of fiat slabs may be 
reduced from t of an inch to 1 inch. 

1 

Some special tests were carried out by the British Fire 
Prevention Committee in October, 1905, on the resistance 
of several of the aggregates commonly employed, when 
subjected to intense heat and subsequent application of a 
jet of water under high pressure. It was found that furnace 
slag, coke breeze, broken brick, furnace clinker, and burnt 
ballast were best. 'fhen followed broken granite whil~ the 
Thames ballast slab gave the worst result, deflecting an~ 
cracking badly and suffering much disintegration on the 
application of the water jet on the hot surface. 

Coke breeze, furnace clinker, and similar substance~ 

make weak concretes, and are consequently unsuitable for 
structures bearing heavy loads; they are undoubtedly the 
best materials for concrete when used for fire protection only 
and not as a load-bearing part of the structure, if proper care 
is taken in their selection to eliminate under-burnt particles. 
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The Committee appointed by the Royal Institute of 
~ritish Architects to formulate recommendations for rein­
forced concrete works made the follo\ying observation13 
when dealing with fire re8istance :-

".1) Floors, w<tUs, and other constructions in steel and 
concrete formed of incombustible materials prevent the 
spread of fire in varying degrees according to the com­
position of the concrete, the thickness of the parts, and 
the amount of cover given to the metal. 

"(2) Experiment and actual experience of fires show that 
concrete in which limestone is used for the aggregate is 
disintegrated, crumbles and loses coherence when subjected 
to very fierce fires, and that concretes of gravel or sand­
stones also suffer, but in a rather less degree (the smaller 
the aggregate the less will be the injury). The metal 
reinforcement in such cases generally retains the mass in 
position, but the strength of the part is so much diminished 
that it must be renewed. 

" Concrete in which coke breeze, cinders or slag form the 
aggregate is only superficially injured, does not lose its 
strength, and in general may be repaired. Concrete of 
broken brick suffers more than cinder concrete and less • 
than gravel or stone concrete. 
, "(3) The material to be used in any given case should be 
governed by the amount of fire resistance required as well 
1S by the cheapness of, or the facility of procnring, the 
199regate. 
,." (4) Rigidly attached web members, loose stirrups, 

bent-up rods, or similar means of connecting the metal in 
~he lower or tension sides of beams or floor slabs (which 
,ides suffer most inj ury in case of fire) with the upper or 



8 REINFOROED OONORETE 

compression sides of beams or slabs not usually injured, 
d . • are very eSlrable. 

. "(5) For main beams a covering of 1]- inches to 2, inches 
of concrete over the metal reinforcement appears from 
experience in actual fires to afford ample protection t8 the 
structural parts. In floor slabs the cover required may be 
reduced to 1 inch. 

"All angles should be rounded or splayed to prevent 
spalling off under heat. 

"(6) More perfect protection to the structure is 
required under very high temperature, and in the most 
severe conditions it is desirable to cover the concrete 
structure with fire-resisting plastering which may be easily 
renewed. 

"Columns may be cOVfred with coke-breeze concrete, 
terra cotta, or other fire-resisting facing." 

CONDUCTION OF HEAT. 

Reinforced concrete is a poor conductor of heat, and con­
sequently even temperatures should be easily maintained 
in rooms having reinforced concrete walls. These Wi-US 

are, however, much thinner than brick or stone, and it has 
been stated that the temperature of such rooms varies I 
considerably with that outside. It is inadvisable to speak 
definitely without actual experience, but it would certainly 
appear that a 4t inch reinforced concrete wall will keep a 
room at a very much more even temperature than wi11-e. 
4~ inch brick wall. 

Of course the use of double walls will ensure that the 
rooms will always have an even temperature. 
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DURABILITY. 

No very definite opinion can be given as to the d1Jrn.bilit~ 
of reinforced concrete under various conditions for SClme time\ 

, to come, but for floors and similar strnctures, where the 
• load is not subject to great and sudden variations ahd there 

is no fear of dampness penetrating, even the least sanguine 
must acknowledge that its life will be considerable. 

As to the life of structures where water may penetrate 
\he mass, where the loading is variable or where subjected .. 
to vibrations, there may be more doubt, but if properly 
designed, constructed, and protected by waterproofing where 
necessary, there is every reason to suppose reinforced con­
crete in any of these situations will be as durable as if it was 
on~y lightly loaded and kept free from the effects of water. 

Whatever the ultimate life may be, there is no doubt as 
to the very small cost for maintenance of a reinforced 
concrete structure, since no painting, pointing, or patching 
is necessary as is the case with other materials. 

RESISTANCE TO SHOCKS. 

Reinforced concrete structures show great resistance to 
sho~ks. In countries subjected to earthquakfls this Inaterial 
i'ill doubtless be employed to a very considerable extent for 
buildings. Reinforced concrete is being largely used in 
the rebuilding of San Francisco and Kingston, and it will 

-!1o doubt be employed extensively when the rebuilding of 
Messina is taken in hand. '. 

EASE AND RAPIDITY OF ERECTION. 

The ease ,yith which pieces may be moulded III concrete 
renders it a very suitable material for building, an.d by a 
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proper selection of materials it is possible to reproduce aw 
ornamental design by moulding concrete in a plaster of 
paris cast, but concrete is perhaps more suitable to bold 
mouldings, and it is almost certain that the architecture of 
concrete will develop along the line of expansive surtlces 
relieved by bold and heavy strings, cornices and other 
mouldings. 

'rhe met[11 reinforcements of the composite structure 
require no bolting or riveting for fastening them together. 
A little bending, lapping with wire or joining by loose or 
screwed sleeves is all that is required, the friction[1l resist­
ance and adhesion between the concrete and steel does the 
rest. 

Reinforced concrete buildings are frequently erected in 
an extraordinary short space of time, and this speed of con­
struction is a great advantage, especially for factories and 
similar structures. 

'1'he time required for the concrete to properly set may 
be placed against this advantage, as although a structure 
may be quickly finished the loading of any part to any­
thing like its calculated load mLl8t be avoided until the 
concrete has been allowed to set for two 01' three montm . 

ECONOMY OF COST. • 
As regards the cost of construction it has been found 

that in cases where reinforced concrete lends itself to the' 
office it has to perform, a saving of 15 to 20 per cent. can 
be effected by its use. .-

Of course this saving cannot be expected always, and in 
some instances where this form of construction has been 
used it has been found to be more expensive than other 
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'illore suitable material; but owing to the thinness of con· 
crete required and the simplicity of the construction, there 
is no doubt that it is a cheap form of construction if it is 
rationally employed. 

the provision, erection and removal of the false worl;: 
and moulds form a large percentage of the cost of any 
reinforced concrete structure, as the false work and moulds 
require a considerable amount of carefully prepared timber. 
This item in the cost can be controlled to a great extent oy 
forethought and good management. 

HARDNESS. 

The great hardness and impenetrability of well-made 
concrete makes it necessary to provide for all fastenings, 
openings, etc., before moulding. The cutting of a chase 
in a reinforced concrete wall or floor, which has been 
moulded for a few months, is no light task, and nails 
cannot be driven into reinforced concrete unless coke 
breeze, cinder, or similar material has been used as the 
aggregate. 

• CONDUCTION OF SOUND • 

'rhe thinness of walls necessary when reinforced concrete 
is used for buildings renders them very noisy-:o,ound 
penetrates concrete in a marked degree, causing street 
noises, typewriting in an adjoining room, and similar 
nuisances, to be very noticeable. Douhle walls are of course 
~ remedy for this, but they add considerably to the co~t. 

Partition walls, unless they have to carry a load or are 
in a situation where noise does not matter, need not be 
made of reinforced concrete, while outside walls should 1)8 
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made double, if the building is for office or domestii 
purposes and comfort is required. 

C.\RE IN CONSTRUCTION. 

The necessity of care during the building of structure\ of 
reinforced concrete is continually brought forward as an 
argument against its use, but it is certain that as rein­
forced concrete COllles lllore and more into use it will take 
itH place amongst other building materials, its manipu­
lation will be as well understood and the necessity of care 
during construction as much recognised, as is the case with 
framed steel structures. There is no donht that care and 
good supervision are necessary when building in reinforced 
concrete, but, as time goes on, a greater and greater 
number of workmen and foremen are being trained, and 
it certainly appears that the men, for the most part, take 
an interest in their work, recognising th~t something more 
rests on their carefulness when carrying out the necessary 
operations for the erection of a reinforced concrete structure, 
than when putting in ordinary concrete foundations. 

When viewing buildings during construction it is fre­
quently noticed that the workmen are not so careless-as 
their superiors. One has seen buildings during construc­
tion where floors have had every appearance of being 
dangerously loaded with sand, broken stone, and other 
materials and plant, and where dimensions have the appear­
ance of being cut rather finer than the best conservative 
design would admit. Such procedures are not calculated tl) 
act as good examples to the workmen or to induce them to 
use care in the proper placing of the materials. Sueh 
evils as these will, of course, be reduced when engineers 

" • 
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~d architects become better acquainted with the material, 
and embody more stringent clauses in their specitications. 
Although it is frequently convenient for a contractor to 
deposit materi~ds and plant on floors of reinforced concrete, 
due~are should be taken not to overload them, as, although 
a structure may to all appearance safely bear such load-

-ing, it is extremely difficult to tell what stresses may be 
set up within the material tending to lower its ultimate 

, resistance. 
At the present time, when reinforced concrete is forcing 

its way to notice, it is doubtless tempting to reduce the 
sizes of the members of a structure in order to show off 
the capabilities of the material, but, when this is done, that 
useful coefficient, " the factor of safety," is being encroached 
upon. Although, if all is well with the material, such a 
structure may resist the loadillg to which it is subjected, 
with every appearance of safety, and its users may never 
know how near they are sailing to the wind; it is abso­
lutely immoral, while man remains human, to reduce that 
safeguard over bad material or workmanship and all other 
adversities and vicissitudes, which we call the factor of 
saf~ty. 

- 'VATERTIGHTNESS. 

There is still much difference of opinion as to the 
,capability of concrete to resist the penetration of water, 
and this is rather a dangerous subject to be in any way 
<i'''gmatic upon. 

There is no doubt that reinforced concrete standpipes 
have been constructed which have withstood considerable 
heads of water, and it is equally certain that very many 
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rcinforced concrcte reservoirs and tanks leak more ~r 

less. 
For small heads, say up to 20 feet or so, concrete, when 

made of good materials carefully selected, and where the 
mortar fills the voids as nearly as is possible, will be ,,~ter­
tight, if it remains uncracked. '\'hen concrete has been 
used for small diameter pipes with comparatively thich~ 

shells cOl1sideraLle pressures, say, up to 100 feet head, have 
heen resisted, hut as pipes get larger in diameter there is 
more conc~ete to each foot length of pipe, and the more 
COllcrete the greater risk of local defects. ·With the use of 
coatings it is possible, doubtless, to construct a large 
diamet81: pipe, say up to 5 or 6 feet, to withstand a head of 
60 or 70 feet, but. there is always risk of local defects. 

In any situation where the surface may be subjected to 
considerable changes of temperature or humidity, concrete 
is very liable to crack, and in such a case, however well it 
is able to resist the passage of water as a whole, the 
formation of cracks may render it absolutely useless in 
this respect. 

Where no special precautions are taken with regard to 
waterproofing, it is advisable, if it is possible, to place -the 
concrete of a structure in sueh a situation in dry and 

• cold, but not frosty, weather; as temperature cracks 
are formed when the concrete contracts, while the effects 
of expansion will only tend to consolidate the mass. 

A reinforcement near the surface exposed to changes 
in atmospheric conditions will prevent any dangero~s 

cracking of the concrete due to local failure, and will 
distrihute the contraction in such a manner that the cracks, 
although numerous, are individually imperceptible. Such 
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r¥inforcement should always be used in a structure which 
has to resist the passage of water. 

For unimportant cases a sufficient degree of imperme­
ability will be attained, if good, well-mixed materials are 
used-for the concrete and about 5 pel' cent. to the weight 
of the cement, of finely divided slaked lime is added when 
4llixing the ingredients, the structure being also reinforced 
by a light mesh reinforcement near the exposed surface. 

-For important works, however, there seems no doubt that 
a special layer of waterproofing, protected by an outer 
covering of concrete or other material, should be inserted 
near the surface exposed to water pressure. 

There are many excellent sheetings prepared with bitumen 
which may be used for this purpose, but if the best results 
are desired it is advisable to use at least two layers, the 
laps of the one layer breaking joint with those of the other. 
The ordinary sheetings prepared on burlap are somewhat 
expensive when used in this way, but systems have 
recently been introduced in which thin layers of felt are 
used, breaking joint with each other, and having a 
bituminous mastic sandwiched between them . 

• 
PnEsERvATION OF STEEL • 

• The question of the preservation of the steel in rein-
forced concrete has been frequently discussed, and it has 
.oeen shown again and again that, when the work is 
properly executed with good materials, there is absolutely 
n\1 fear that the steel wilt rust. In spite of most emphatic 
assurances and conclusive proofs, doubt still continues to 
exist on this point. 

Very severe tests have recently been carried out in 
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Germany on thirty-two beams, which were subjected to --, 
rapid rusting while being loaded. These tests showed 
that, provided the reinforcement was not stressed beyond 
its elastic limit, the cracks formed in the concrete were J 

insufficient to induce rusting. 

The concrete was mixed in the proportions of 1 : 2 : 4, 
and the reinforcement was from 1'03 to 1'31 per cent .• f 
the sectional area above its axis, which was placed It inches 
above the bottom of the beams. ,) 

A sheet-iron casing was placed around the centre third 
of the beams, and a mixture of carbonic acid gas, oxygen, 
and steam \tas passed through this casing. 

A mixture of carbonic acid gas and water was found to 
have no effect on unprotected steel bars, but with the 
addition of oxygen the rusting was very rapid. 

'1'11e beams were generally kept in this rusting mixture 
of carbonic acid gas, steam and oxygen for' three working 
days, the loading being kept on during this period. After 
this treatment the concrete was cut away so as to expose 
the bars. In twenty-seven out of the thirty-two beam~ 
no rusting was found, although tha loading must have 
stressed the steel to from 18,000 to 35,000 Ibs. per square 

inch. 
In the other beams, in which the steel was stressed t~ 

from 35,000 to 40,000 ll)s. per square inch, the bars were 
found to be more or less rusted. !) 

Some experiments on the rusting of steel in concrete 
have recently been carried out for Sir John Brunner at~he 
National Physical Laboratory. Five specimens were tested, 
each being in the form of a prism of concrete, 7t inches 
by n inches sectional area, containing one turned bar of 
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1 inch diameter, and one 1~ inches square bar from which 
• the shop scale was not removed. 
'rhe blocks were covered with water several times a week 

for a year, and for a further three months were left in the 
open .nder the influence of the weather. One of the blocks 
was then broken up, and no trace of any action on the steel 
~uld be detected, even under microscopic examination. 

Many instances have been recorded, showing that the 
.teel in reinforced concrete is very adequately protected 
against rusting. And it is obvious that any slight amount 
of moisture which may get into the concrete, even if it 
reached the steel, could not cause rusting without an ample 
supply of oxygen. It is well known that steel, if kept under 
water, will rust very slowly, while, if it is exposed to the 
action of the atmosphere it oxidizes with great rapidity. 

It is also well known that one of the best preservatives 
for steel work is a coating of cement grout. 

A slight coating of rust on the bars, when they are 
embedded, is not in any way detrimental, providing all 
loose scale is removed, as the cement appears to enter into 
chemical combination with the oxide of iron, and a bar 
em~dded in concrete in a rusted condition will be found 
to be quite free from rust if the concrete is broken away 
lfter some time has been allowed to elapse. 
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BEHAVIOUR UNDER LOADING 

CmiPRESSIVE RESISTANCE OF CONCRETg 

A. VEIW great number of tests have been made to deter­
mine the compressive resistance of concrete. It is not 
proposed to deal with these in any detail, but only to draw 
general conclusions from their results in so far as they 
effect the d~sign of reinforced concrete structures. 

The strength of concrete appears to vary approximately 
'with the proportion of cement to the sand in the mortar 
employed, provided that the quantity of stone is snch that 
every piece is completely surrounded with mortar. No 
additional strength is obtained by reducing the amount of 
stone beyond this quantity; in fact, the strength is fre­
quently decreased by so doing, the mortar when tested by 
itself being weaker than a dense concrete made with it." 

If the voids in the stone are measured, sufficient mortar) 
should be used to equal th.e capacity of the voids plus 
about 5 per cent. 

Concrete, mixed in the proportions of 1 : 2 : 4, or 6301bs.') 
of cement to IS! cubic feet of sand and 27 cubic feet of 
stone, the mixture usually employed for reinforced concr~~e 
structures, will have a strength of about 2,400 to 2,500 lbs. 
per square inch when one month old. 

Other concretes made with mortars having different 
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~ompositions, will ha,'e strengths varying approximately 
with the proportion of cement in the mortar. 

Consequently, the strengths of concretes mixed with 
mortars of the following comf,ositions may be assumed to 
hav~ the strengths given in the fourth column of Table 1. 
when one month old :-

TABLE I. 

/ 
Proportion of. 
cement in the\ Crushing 

rroportion of ffiOl'tar strength, 
cement in the relative to Ibs, per 

iJorl:r, mortar. 1: 2 mortar. square inch. 

1 : 1 0'5 1'50 3,600 
1 : I} 0'4 1'21 

I~. 

2,900 l;, 
" 1'') . ., 0'33 1'00 \ 2,400 

1 . ')1 ...... ~ 0'286 0'867 2,080 
1:3 0'25 0'75 1,800 

The resistances of concrete of coke breeze or furnace 
ashes is about one-third that for concrete of broken stone 
or shingle, and may be even less. 

'J'he strength of concrete increases with the age, the 
increase in the strength being rapid up to an age of about 
fot1r months, when it will be about 30 per cent. greater 
than at one month, the strength after this period increases 
at a slower rate up to three or four years, when it will be 
about 50 per cent. greater than at the age of one month. 

This is a very valuable quality for a structural material 
to possess, as the factor of safety increases with the age of 
t~e member, and it is this quality that the more rash of the 
firms constructing in this material mainly rely upon when 
they use a high working stress in designing structures. 

The strength of concrete is effected to a considerable 
c2 
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extent by the amount of water used in mIxmg. Tl,e 
strongest mixture is that which looks like moist earth 
when mixed, and in which a slight moisture appears on the 
surface after severe ramming, but a moderately wet mixture 
which will quake when rammed is very little weaker' and 
much safer to use. 

Like all other materials, concrete offers greater resistanc~ 
in compression when subjected to flexure than when under 
direct compression; this is probably due to the aid given J 

to each other by contiguous fibres caused by the shearing 
resistance of the material when the member is bent. For 
this reason it is the universal practice to allow higher safe 
resistance in compression for pieces u·nder flexure than for 
those under direct compression. Allowing a fn,ctor of 
safety on the ultimate resistance of about four for pieces 
under flexure and about five for pieces under direct com­
pression, will give for 1 : 2: 4 concrete, the safe compressive 
resistances of 600 and 500 Ibs. per square inch under flexure 
and direct compression respectively. 

Professor Talbot, of the University of Illinois, has 
found from experiments on concrete columns that the 
stress deformation curve under compression has a distinct 
bend at a deformation of about half the ultimate; this 

,) 

deformation occurs at about three-quarters the ultimate 
resistance, and from this he very rightly considers that 
three-quarters the ultimate rather than the ultimate ... 
strength should be tal,en as a basis from which to assess 
the safe working stresses. On the basis of three-quarters file 
ultimate resistance of 1 : 2: 4 concrete, the factors of safety 
for the values of 600 and 500 Ibs. per square inch would be 
about 3 and 3~ respectively. 
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ELASTIC BEHAVIOUR UNDER CO:IIPRESSION. 

To properly understand the derivation of the necessary 
formuhe for the design of reinforced concrete structures it 
is es~ential that the behaviour of the material under loading 
should be properly understood. 

• A great number of experiments have now been carried 
out on beams, columns, etc., and from these it is possible 

• to obtain a knowledge of the deformations in a stressed 
member. 

If a prism of any material is subjected to compressive or 
tensile stress it contracts or extends in the direction of the 
load, and at the same time expands or contracts laterally. 
With materials such as steel, if the loading does not stress 
the material above its elastic limit, the prism will resume 
its original dimensions upon the removal of the load. 
When, howev·er, the loading exceeds the elastic limit of the 
material, it will not resume its original dimensions, but 
becomes permanently deformed or takes a permanent set. 

Concrete has a very low elastic limit, in fact it may be 
said that for practical purposes its elastic limit is nil. It 
the,"efore takes a permanent set under very small loads. 
• When we are dealing with a material such as reinforced 
concrete, which is in reality two materials acting together 
in resisting the stresses, it is essential that the elastic 

• properties of the two materials should be known. 
A material is said to be truly elastic so long as its elastic 

lit!J.it is not exceeded. 
During the truly elastic phase the deformation is directly 

proportional to the applied stress. This means, for instance, 
that if under an intensity of stress of 10,000 Ius. per 
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square inch a bar of steel elongates or contracts 0'0003it 

of its length, then for a stress intellsity of 20,000 lbs. 
per square inch it will elongate or contract 0'00066 of 
its length. In other words, the strain is proportional to the 
stress. This is what is known as Hooke's. Law. Thet'e is 
still, in spite of the advance of technical training, a con­
siderable confusion between the terms "stress" and' 
" strain." The stress is the force acting upon a body and 
the strain is the deformation due to that force. 

By common use it is customary to employ the term 
" stress" as meaning the intensity of stress. For instance, 
we talk of a stress of so many pounds to the square inch. 
Similarly, with strain, the strain in a bar of steel 20 inches 
long under a load of 10,000 lbs. per square inch would be 
0'0066 inches, but we generally mean by strain the 
deformation per unit length, or in this case 0'00033. 
When stress and. strain are referred. to s'clbsequently they 
will have these meanings. 

The modulus of elasticity gives the relation between the 
stress and the strain for any material. It is the stress 
which would, if the material remained truly elastic, cause 
a strain of 1 or a deformation equal to the length of the 
specimen. In any given case, the modulus of elasticity 

• multiplied by the strain, and divided by one, or the strain 
produced by a stress equal to the modulus of elasticity, 
equals the stress which produces the strain under con- • 
sideration, or expressed mathematically, where E is the 
modulus of elasticity,jis the stress and]l. = the strain . .-

E: 1: :j: A orElA =j. [lJ 

'rhe way in which the modulus of elasticity is used for 
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t~e purposes of calculating the resistances of rein forceu 
concrete members may be explained briefly as follows :-

"Ve know that (within the truly elastic phase) the stress 
is directly proportional to the strain. ~ow if a certain 
streot is l1pplied to a fibre of l1 materil1l it induces l1 
strain, and this strain having been produced, no further 
~eformation occurs, though the stress still acts on the 
fibre, or, in other words, the fibre is in equilibrium. 

• When equilibrium occurs in a body the action and 
reaction must be equal and opposite, consequently the 
straining of the fibre causes internal stress which is equal 
and opposite to the applied stress; this internal stress is 
called the resistance of the fibre. Now, since the resistance 
of the fibre is equal to the applied stress we have from the 
equation [1] given above 

l 
A = ~ . [2J 

Now if two fibres of different materials are acting 
together to resist a stress, and under this stress they are 
equally deformed (either elongated or contracted), then it is 
evident (provided neither of them pass the truly elastic 
phaie) that, as the strain is the SA-me for both fibres, the 
ratio of the resistances of the fibres varies as their moduli 
6£ elasticity; or if f and c are the resistances of the two 
fibres and Ej and Be are their coefficients of elasticity, 

'hen A. = .[_ = !!_ or i = ]<j~. [i3J 
EJ Ee c Ee 

}t is most important that this is thoroughly understood, 
as the calculations for the design of reinforced concrete 
must be based on the elastic behaviour of the two materials. 

In some materials the relation of the stress to the strain 
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is different in tension than in compression, but with sfilel 
they are practically the same. 

In the case of concrete, however, we are met with 
difficulties with regard to this relation. 

In the first place it has no truly elastic phase or ~ch a 
limited one as to be of no practical importance, and as a 
consequence it can only be s:Lid to have an instantaneolfS 
modulus of elasticity, or, in other words, its modulus of 
elasticity varies with the stress. • 

In the second place the elastic behaviour of concrete 
varies according to its composition and its age. Also, its 
modulus of elasticity in tension is much less than that in 
compression. This latter peculiarity, however, is not of 
great consequence, as the tensile resistance of the concrete 
is neglected in the formulffi for the design of reinforced 
concrete pieces under bending, the elastic behaviour of the 
concrete under tensile stresses being only· of importance 
when the elongation of a member is required, which is 
seldom necessary in ordinary practice. 

Then, further, by reason of its poor elastic qualities, 
concrete takes permanent sets under very small loads, 
and consequently if a compressive load is applied ·and 
then removed the concrete does not regain its original • length. 

When the same load is again applied and removed, it 
will be found to be shorter than before, but to a lessel' 
degree, and so on for very many applications, the perma­
nent set for each application becoming smaller and smarter, 
until at last, on the load being applied, it regains the 
length it had prior to this application of the load. 

The diagram (Fig. 1) shows this for a gradually applied 
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and removed load. The small circles between the curves • 
indicate the deformations under repeated loadings. 

It will be noticed that the load deformation curve 
• becomes flatter under each application of the load and that 

there -.is a permanent set left after each loading, which 
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becomes less and less as the number of loadings increases. 
}t appears that the deformation of the member increases 
at each repetition of the load in a greater degree than the 
pen!:tanent set. As will be seen, this behaviour of concrete 
affects its modulus of elasticity, since, after each loading 

the strain becomes greater, and as stress = modulus of 
straltl 
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elasticity, the modulus of elasticity decreases with .the 
number of loadings. 

For the reasons given, it is evident that the modulus 
of elasticity for concrete is a very doubtful quantity;" 
fortunately, however, the variation of this factor ~as no 
marked effect on the calculations, for instance in the 
calculation of a member under direct compression, wi;h 
5 per cent. of reinforcement (a very large amount), a 
variation of 50 per cent. in the value of the modului> 
of elasticity of the concrete only alters the resistance 
of the piece by about 17 per cent.; for 1 per cent. 
of reinforcement the same variation of the modulus 
of elasticity will only alter the resistance about 3~ per 
cent. 

The many experiments which have been carried out on 
compression pieces enable us to arrive at a fairly accurate 
value for the modulus of elasticity of concrete mixed in the 
proportions of about 1 : 2 : 4, the mixture which is generally 
adopted for reinforced concrete at the present day. The 
calculations will not be greatly affected if the same value is 
adopted for the somewhat richer mixtures which are some­
times employed. In any case no great accuracy Cl!ll be 
obtained, as so many influences occur which may affect this 

• coefficient. 
Some authorities advocate the use of the initial modulus 

of elasticity or that given by the tangent to the stres.­
strain curve for concrete at its commencement. Professor 
Talbot, from his experiments carried out in 1906, f~und 
the initial modulus to be about 2,350,000, and from tests 
carried out at the Watertown Arsenal he obtained a value 
of about 2,500,000. From some later tests in 1907, he 
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obtained an average value of 3,040,000, n.nd explained the 
variation as being caused by the employment of a denser 
concrete . 
• Professor Talbot advocates the adoption of a parabolic 

stress-strain curve for concrete for the purposes of calcula­
tion, and with such an assumption it is necessary to use 
the- initial modulus of elasticity, but for the straight 
line stress-strain curve usually assumed the modulus of 
elasticity used in the calculations should have a value 
lower than the initial modulus. 

When a straight line stress-strain curve is assumed 
it appears better to take, for the modulus of elasticity, the 
value given by the tangent to the stress-strain curve of 
concrete at the working load which is to be allowed or at 
a stress of about 600 lbs. per square inch, when it will be 
considerably less than the values given by Professor Talbot, 
and more nearly 2,000,000. 

When inquiring into the behaviour of concrete for the 
purposes of obtaining the modulus of elasticity for use in 
the design of reinforced concrete it is advisable to study its 
behaviour when combined with the steel. 

If a·compression mem bel' of reinforced concrete is tested 
un~er gradually increasing loads and the results plotted on 
a diagram, we get a curve as shown (Fig. 2); this is the 
elastic curve of the whole piece. Now the steel is perfectly 
el~stic, and consequently we can find how much of the load 
it resists by multiplying its unit deformation at varying 
load~ by its modulus of elasticity and by its area. The 
remainder of the total load, at each loading, must be borne 
by the concrete. 

We can therefore find the true stress on the concrete alone 
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by dividing the load thuB found as being resisted bJ' th3 
concrete by the area of the CJDcrete in tbe specim~ n. 
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deformations as abscissffi, give a new curve which is the­
elastic or stress-strain curve of the' concrete only. 

Professor Talbot effects this graphically in the following 
manner: After having plotted the load-deformation or 
stress-strain curve for the whole piece, he finds the unit· 
resistance of the steel for one loading, as described above, 
bu~ instead of multiplying this by its area to obtain the 
total 10lld resisted he multiplies it by the ratio of steel to 
the concrete in the section, which gives the load resisted by 
the steel per unit area of the entire section; he then plots 

. this on the diagram and draws a straight line through the 
point so found, which gives the line of the stresses resisted by 
the ste(ll per square unit of entire section. The vertical 
distance between this line and the load-deformation curve 
gives the stresses resisted by the concrete alone. 

The steel line is straight, as the strain is always directly 
proportional to the stress. 

Supposing the unit deformation or the strain under any 
load = 0·001 and the modulus of elastieity of steel is 
30,000,000. The resistance of the steel is 0·001 X 30,000,000, 
or 30,000 Ibs. per square inch. 

No'" suppose the prism had an area of 100 square inches 
an~ there was 1·2 per cent. of steel in the section, then the 
total load resisted by the steel would be 30,000 X 100 
X 0·012, or 36,000 Ihs. If this is deducted from the total 
lo~d and the remainder divided by the area, we get the 
stress resisted by the concrete for the unit deformation 
or sa.ain under consideration. These values must be 
replotted on the diagram to give points on the stress-strain 
curve for the concrete alone. 

According to the method used by Professor Talbot, the 
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stress on the steel would be found to be 30,000 Ibs. per 
square inch as before, but this would only he multiplied by 
the ratio of the steel area to the concrete area, or 30,000 
X 0'012 = ;]60. 

This- would be plotted as an ordinate for the nnit 
deformation of 0'001, and a straight line drawn from the 
ori€in through the point 80 found. Now if the vertical 
distances between this line and the stress-strain curve for 
the reinforced concrete prism are taken off with dividers 
and set up from the horizontal axis at the unit deformations 
or strains at which the distances were measured, the points 
so found will give the stress-strain curve for the concrete 
alone. 

The diagram (Fig. 3) showe the mean stress-strain curve 
for the concrete alone, drawn through points found from 
various experiments by the first method, the stresses 
resisted by the concrete being calculated directly for the 
several unit deformations. 'l'his curve gives 1,830,000 as 
the value for the instantaneous modulus at a stress of 
6001bs. per square inch. 

Diagram (Fig. 4) shows the method adopted by Professor 
T.albot. the mean stress-strain curve being drawn from 
the results obtained from tests of reinforced concrete 
eoldmns made by Professor Talbot in 1906 and the stress­
strain curve for the concrete located from the steel line. 

~n this case the instantaneous modulus of elasticity for 
the concrete at a stress of 600 Ibs. per square inch is 
1,730,~OO. 

In members of reinforced concrete subjected to direct 
eompression and reinforced with longitudinal bars, where 
.E and Ee are the moduli of elasticity of the steel and 

• 
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concrete respectively, the resistance which can be obtained \ 
E 

from the reinforcements can only be _J times the 
Ec 

resistance of the concrete as has been shown already. 
It would appear, therefore, that the lower the value of 
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Ec the greater will be the added resistance of the rell1-

forcement. 
The 10ad-defOl'mation curve becomes flatter the more the 

member is loaded and unloaded, and consequenJy the value 
of Ec ~ll decrease, but the modulus of elasticity of concrete 
increases with age, and although these tendencies may 
bal.ance one another, it seems probable that on the whole 
the value of Ec increases. 

When enquiritlg into the value to be assumed for E,., the 
effect or tbecolH1itions obtaining during the process of harden­
ing and that of the permanent set taken by the concrete 
under repetition loading, must also be taken into account. 

The effect of the cOllditions of setting upon the reinforce­
::nents and the concrete surrounding them are demonstrated 
by some experiments carried out by Messrs. Emerson and 
Peabody at the Case School of Applied Mecbanics, which 
show that when a reinforced concrete specimen sets in air 
the concrete contracts, inducing compressive stresses in the 
reinforcements; while the reaction due to the elastic 
resistance of the steel bars places the surrounding concrete 
in tension. 

Thcie experiments showed that, in the case of 1: 2: 4 
broken stone concrete hardened in air, the compressive 
str:ss on the steel eighty-four days after moulding was 
more than 3,000 lbs. per squn.re inch, while in the case 
of.gl'avel concrete the average stress in two specimens was 
about 5,000 Ius. per square inch. 

FrOO1 some experiments of the same nature on mortal' 
specimens in the proportion of about 1: 2'7 reinforced 
with iron bars and hardened in air, M. Considere found 
that the mean compressive stress in the metal was about 

R.C. D 
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:2.850 los. per square inch; while the mean tensile stress 
in the concrete was about 155 lbs. per square inch, sixty­
three days after moulding. 

For pieces hardened under water the stresses are 
reversed, but are not so great. • 

The American experiments showed that for 1 : 2 : 4 broken 
stone concrete specimens, eighty-four days after moulding, 
the tensile stress on the metal was about 3,000 Ius. per 
square inch; while for the gravel concrete the stre.'s was 
about 1,500 lbs. per square inch. 

1\1. Considere's experiments on 1: 2'7 mortar, sixty-four 
days old, show a mean tensile stress of 1,710 lbs. per square 
inch on the steel and a mean compressive stress of about 
100 lbs. per square inch on the concrete. 

The percentage of metal was 0'4 per cent. for the 
American experiments and 5'5 per cent. in those of 
1\1. Considere, the sectional area of concrete for the 
American experiments being 6-1 sq nare inches and for 
1\1. Considere's experiments 2'4 square inches. 

1,Vith regard to the effect of the permanent sets taken by 
the concrete under loading: ""\Yhen a pressure is applied 
to a reinforced concrete member the concrete and steel are 
shortened the same amount, but the steel would resume .its 
original length on the removal of the load, whereas the 
tGllllency of the concrete is to take a permanent set. The 
tirO materials, however, are acting together, and the bonti 
of the concrete on the steel is absolute under working 
stresses, consequently the steel in trying to regain its ori~inal 
length drags back the concrete, placing it in tension, 
while the concrete, by holding back the steel, induces a 
compressive stress in the bars. 
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The effect of this is that, under a fresh application of 
the load, the tensiou on the concrete must be overcome 
before it offers any compressive resistance, while the steel 
is already under compression, and consequently must be 
compr~ssed to a greater extent than formerly under the 
same load. It therefore appears, taking all things into 
cousideration, that while the value of Ec probably increases 
with the age of the member, the effect of this is in a 
certain measure counterbalanced when the member is 
hardened in the air, and for loadings after the first, by 
the greater load which the concrete will bear before its 
resistance equals the working stress allowed, while the 
resistance of the steel is greater for the same deformation, 
as it is already under compression before the load is 
reapplied. 

When the member is hardened under water the effect 
of the conditions while hardening and that of the previous 
applications of the load will in some measure react on one 
another, but the stresses induced when the hardening 
takes place under water are not as great as those when the 
piece hardens in air, and it is very seldom in practice 
that fl member is kept sufficiently moist to approximate 
thlC'. condition of hardening under water. 

There seems, therefore, every reason to consider that we 
may safely adopt the value of 2,000,000 ~or Ec at an age 
o£- two or three months, when designing a compression 
member, and similar reasoning applies in the case of a 
mem~Bl' subjected to bending. This value of 2,000,000 for 

Ee gives a ratio of ~: = 15. 

The results obtained from the numerous experiments 
n2 

Ii 
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which have been carried ont by various authorities justify 
F 

the assumption of a value of 15 for the ratIO }f' although 

it is probable from experimental research that 17 ~ is more 
nearly the proper vnJue. The value of 15 is now very 
generally adopted both by designers of reinforced concrete 
structures and such authorities as Governments, Societies, 
and Committees who have issued rules, regulations or 
recommendations on the subject. Dome few of these have 
assumed values as low as 10, while others have gone as 
high as 20, but by far the greater number have accepted 
15 as the value of this most important coefficient. 

HOOPED COX CRETE. 

At the present time the method of resisting the com­
pressiye stresses on a member by hooping, is being largely 
employed, and rightly so, as the hooping strengthens a, 

member considerably. 
'fhe first failure of any material under pressure is not an 

absolute crushing, but a bursting out, due to the shearing 
induced by the combination of the longitudinal compression 
and lateral swelling of the piece. This is clearly sho~m by 
the photographs (Figs. 5, 6 and 7), showing the failureof,of 
cast iron and stone specimens. 

~I. Considere was the first to appreciate the advantage of 
supplying resistance to the swelling of a piece under corft­
pression, and the experiments he carried out are most 
interesting. ~ 

It is evident that if a compression member is surrounded 
with bands or spirals, these will be put into tension when 
the lateral swelling occurs and ,,"ill resist such swelling. 
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With regard to this, however, by far the greater propor­
tion of the shortening occurs under high pressures above 
those which would be adopted as working stresses. Also 
in the case of hooped concrete, it is economical to employ 
steel with a high elastic limit for the longitudinal rein­
forcements, as we can obtain the full working resistance 
hom the steel in the longitudinal bars, when the member 
is hooped. 

Both 1YI. Considere and Professor Talbot are agreed on 
the large lateral deflection to which a hooped concrete 
member may be subjected without failure, and point out 
that this, together ,yith the scaling off of the concrete out­
side the hoopings long before failure is approached, are 
great safeguards, as warning signs, occurring considerably 
before there is any danger of failure. 

After the outer shell of concrete has peeled off tile 
column has still a very considerable resistance. In one 
of the columns tested by M. COllsidere (the same as men­
tioned before) the load when the outer skin of concrete 
peeled off was 3,410 Ibs. per square inch, whereas the 
ultimate loading was 12,690 Ibs. per square inch, about 3~ 
times greater. 

Professor Talbot's results on full-sized columml, tho~h 
very remarkable, were not so high as those obtained by 
M. Consiclere, in his experimonts on small specimens. 

The concrete used by Professor Talbot ,ms mixed 1n 
tho proportions of 1 : 2 : 4, or that us ually employed in 
strl1ctures of reinforced concrete; the columns were 1~ feet 
long and generally 12 inches in diameter. Some were 
OOUl'ld with hoops of steel 1 inch wide and of various 
thidmesses, while others were spirally wound. 

• 
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One column was twice loaded to 2,000 los. per square 
inch, having then a unit shortening of 0'0041. After this 
loading the spirals were removed and the plain concrete 
gave an ultimate resistance of 1,080 Ibs. per square inch. 
Professor Talbot gives it as his opinion that the plain con­
erete before it had been tested would have had a resistance 
of 1,200 Ibs., and consequenth', after twice loading the 
'Spirally wound column up to 2,000 Ibs. per square inch, 
the concrete, when the spirals had been removed, still 
retained 90 per cent. of its original strength. 

A similar experiment was carried out by M. Considere 
-on concrete mixed in the proportions of 840 Ibs. of cement 
to a cubic yard of gravel, or about 1 : 3. 

This cylinder when hooped bore a load of 6,970 los, per 
square inch, with a unit shortening 0'006, and after the 
removal of the spirals the plain concrete gave a compressive 
resistance of 1,420 Ibs. per square inch. 

Another cylinder mixed in the proportions of 630 los. of 
eement to 1 cubic yard of gratel, or about 1 : 4, ,vithstood a 
pressure of 10,270 los. per square inch, with a unit shorten­
ing of 0'024 ; while after the spirals were removed the con­
crete ~ailed at a pressure of 925 lbs. per square inch. 

Jt appears from the various experiments that the hooping 
-of a compression member gives greater security against 
sudden failures and unevenness in the concrete and will 
a"low a higher working stress to be safely allowed for the 
concrete than is the case when longitudinal bars only are 
uset! tied together by bindings spaced some distance apart, 
as is usually the case. 

It is also evident, that as in the case of members rein­
forced with longitudinal bars in the ordinary way, we may 

• 
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safely allow a working unit resistance for the longitudinal 
bars fifteen times greater than the working unit resistance 
allowed for the concrete, and if such allowance exceeds the 
safe resistance of mild steel the employment of high carbon 
steel will enuble full use to be made of the longitudinal 
bars. 

CONCLDSIONS. 

The conclusions which may be drawn from the behaviour 
of concrete and reinforced concrete under compression may 
be briefly stated as follows :-

(1) That concrete mixed in the proportions of 630 Ibs. of 
cement to d~ cubic feet of sand, and 27 cubic feet of stone. 
or as expressed by volume 1: 2 : 4, concrete may be safely 
assumed to offer a resistance of 500 lbs. per square inch 
wpen subjected to direct compression and reinforced by 
longitudinal bars and bindings some distance apart, and 
600 Ibs. per square inch when subjected to flexure. 

For weaker or stronger concrete the strength may be 
considered to vary directly as the proportion of cement in 
the mortar, provided that the amount of stone in the 
concrete is not excessive. • 

'1'he strength of concrete is not increased by reducing tlle 
proportion of stone below a certain amount depending 
somewhat upon its composition, or, in other words, the 
strongest concrete is that produced when the mortal' 
exceeds the voids in the stone, after ramming, by about, 
5 per cent. • 

(2) That concrete ,,,hen hooped will withstand consider­
ably greater pressure than when reinforced with longitu­
dinal bars with bindings some distance apart. The proper 
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safe resistance to allow for hooped concrete is still some­
what in dispute, but an increase of 50 per cent. on the 
resistance allowed for concrete reinforced in the ordinary 
manner is allowed by the most conservative authorities, 
and it is extremely probable that with efficient hooping 2k 
times the compressive resistance allowed for pieces reinforced 
in the ordinary way could be safely permitted. 

(3) That whereas steel is truly elastic under high stresses, 
concrete has practically no trnly elastic phase, and the 
nature of its composition renders it difficult to assess allY 
very definite value for its instantaneous modulus of elastieity 
under any defined stress. 

As a consequence, although steel may be assumed to have 
a modulus of elasticity of 30,000,000 Ibs. per square inch, 
the value of the modulus of elasticity of concrete at a stress 
of from 500 to 600 lbs. per square inch can only be 
approximately assumed to be about 2,000,000 Ibs. per square 
inch. Fortunately the effect of a considerable variation in 
this coefficient has no very marked effect on the results of 
the calculations. 

The internal stresses set up in the steel and concrete due 
to thC-conditions of hardening in air and the permanent set 
ta~en by concrete under small loads tend to counterbalance 
the effect of the increase in its coefficient of elasticity due 
to the combined effects of repeated loadings and ageing. 
·(4) That it appears advisable to allow compression 

members to harden in air when reinforced with longitudinal 
bars· and bindings at some distance apart; but that 
hooped compression members will offer greater resistance 
when kept very damp, or, better still, allowed to harden 
under water • 

• • 
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BEHHIOUR UNDER FLEXL'RE. 

The behaviour of reinforced concrete when subjected to 
flexure is more complicated than when under simple com­
pression, for such pieces there ,,,ill be tensile strains on the 
eoncrete and steel, while the shearing stresses have greater 
influence. The adhesion between the concrete and the 
metal becomes a factor of considerable importance, while 
the elastic behaviour of the concrete in compression is 
again a factor affecting the whole fabric of the design. 

STRESS AREA. 

The behaviour of the concrete and reinforcement under 
compressive stress has already been discussed, but in the case 
of the design of members under flexure it becomes essential 
to study the nature of the stress-strain relation under 
gradually increasing stresses, or, in other words, to make 
an extended investigation into the form of the stress-strain 
curve, since, as the strain varies uniformly from the neutral 
axis to the outer fibre, the reHistance must vary from fibre 
to fibre with the strain, and with it the total compressive 
resistance of the portion of the beam between the rreutral 
axis and the outer fibre. .. 

~he relation of strain to stress in concrete is shown by 
diagrams (Figs. 3 and 4), which were referred to when 
dealing with its modulus of elasticity, and these diagraI1iS 
show the effect ,yhich the non-elastic qualities of concrete 
has on the true stress area on the compressive sidl! of a 
reinforced concrete beam. 

'1'0 demonstrate this the load-deformation or stress­
strain curve for the concrete may be plotted in diagram 
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(Fig. 8,) with the difference that in this case the deforma­
tions have been plotted as ordinates and the stresses as 
abscissa3. Tile curve in this figure is a fair average curve 
for a concrete in about the proportions of 1 : 2 : 4. 

The diagram so produced represents the resistances in 
tile fibres of the concrete just prior to failure, as tho 
deformation gradua1ly increases from nil at the neutral 
axis to a maximum at the outer fibre. rrhe curve is pn,rn,­

bolic in form and approaches so nearly to a true parabola 
that it can be calculatecl as a parabola without appreciable 
error. 

Diagram Fig. 8 has been plotted from Professor 'ralbot's 
experiments, from which he has clearly shO\m that the 
stress-strain curve of concrete in compression is for all 
practical purposes a pantbola. 

From the results of fifteen tests of plain concrete columns. 
made by Professor Talbot, the average maximum observed 
stress was 1,9:.l9 lbs. per square inch, whereas the average­
maximum stress obtained from a truly parabolic curve was 
1,940 Ibs. per square inch. 

The parabolic nature of the stress-strain curve has also 
been <lemonstrated by Professor Hatt, of Perdue University, 
U.~.A., who studied a large number of experiments carried 
out at the Watertown Arsenal, and found that the average 
of the ratio of the area of the stress-strain diagram of the 
c<'ncrete to the area of the surrounding rectangle was 0'057, 
whereas the same ratio for it truly parabolic curve ,,'as 
O'(jO{1, and that the ratio of the moment of the stress-stmin 
diagram of the concrete to the moment of the area of the 
surrounding rectangle was 0'453, while the same ratio for a. 
truly parabolic curve is 0'417. 
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The curve shown in Fig. 8 is that obtained when the 
outer fihre is offering its ultimate resistance, and cannot 

be taken as the stress-strain curve under any other con­
ditions; but Professor Talbot has deduced formula) for 
obtainillg the stress area of the concrete under various 
1,baEes of loading. 

'fhe stress area when the outer fibre suffers any less 
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deformation than the ultimate is easily ohtained graphically 
by cuttillg off the diagram at the required deformation, 
and the stress-strain curve being parabolic, we can easily 
calculate the stress in the outer fibre at various deformations 
helow the ultimate. 

'l'he diagram (Fig. 8) oJso shows the ratio of the resistance 
{]oveloped in any fibre to the ultimate resistance at any 

" 
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mtio of deformation to the ultimate deformation and vice 
t·ersa. 

OefOrmation CDm;JresslVe stress 
~ __ AC'. __ ~ _ _____ ...., -:r _;;- -r _~-.-- c' -- -~ 

, , ' , , ... 
: 1~_ .... ...., .... 

;; : 
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\ of steel 
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~.AB.'1 ~----------f·--·-----..j 

Deformation Tensile stress 
of steel 

FIG. g.-Stress and deformation at ultimate deformation. 

Consequently, if in the diagram the origin of the curve is 
considered as the neutral axis of a beam and the outer 

• 

• 

• 
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FIG. lO.-StrC'ss and deformation at three-quarters 
ultimate deformation . 

'\ 
\ 

compressive fibre be taken at any parallel to the stress axis 
or the horizontal base, the ratio of deformation in this fibre 
to the ultimate deformation is given on the right side of the 
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diagram, and the ratio of resistance of the fibre to th~ 

ultimate resistance is shown at the top of the diagram. 
In other words, if we assume the outer fibre halfwa'y 

Deformation Compressive stress 

~A.C~_ ------ __ -,.._7;_;t"_~--c --~ 
, ~ ~~ 
I I ~ ~o($'v 

;::i : ~- -... ,,\'';;'~ 
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I QJ "0.~ , ..r: .<:-.," 
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-;;;~~----. JiJn--
L-------r::3 --; 

~AS~ ~------ f -----~ 
OeformafJo,; Tens';le siress 

of steel 

FIG. 11.--Stress and deformation at one-half 
ultimate deformation. 

between the hori-
zontal base and the 
top of the diagram, 
or as having a defor­
mation of one-half 
the ultimate, the 
resistance of this 
fibre is three-fourths 
the ultimate resist-
ance of the concrete, 
and similarly fol' 
any other fibre. 

From a property of the parabola, if the modulus of elas­
ticity were the same under all deformations, the ultimate 
stress \yould be twice Oeformafjon Compressive stress 

~, ~ , ' 

that which is actually --------- ___ A_r_'_~-c-~.,::., 
I I .~ ~ 

obtained when the : i ?i 
stress-strain curve is a T i ~~l 

b · '.t: N para ola. ThislSshown --~~!!'.E~!!.,~_i~--;_r-- '::'! 
on the diagram by the , 
straight line tangential 
to the parabolic curve 
at the origin. 

I 

{
Centre : j_ of steel I 

>i\s~ ------- ---e---.:-:;---.; 
Deformoflon Tensile stress 

OJ, 

. F' of steel 
Diagrams ( 19S. 9, FIG. 12.-Stress and deformation at one-

10, 11, and 12) show quarter ultimate deformationw 

the stress areas in beams when the outer fibre in com­
pression is subjected to the ultimate, three-fourths ultimate, 
one-half ultimate and one-fourth ultimate deformations. 
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Professor Talbot calculates the properties of the stress­
strain diagrams from the initial modulus of elasticity and 
the deformation of the outer fibre in compression. 

He obtains the values given in Table II., for a unit 
width, where Ae is the deformation of the outer fibre, 
Eo the initial modulus of elasticity, 1£ the distance of the 
neutral axis from the outer fibre in compression, and c the 
resistance of the outer compressive fibre. 

The last column gives the values for a straight line 
stress-strain curve, for the purpose of comparison. 

TABLE II. 
, 

At ulti· At i ulti· 
Property. matedefor· matedefor· 

At ?! ulti· At ! ulti·1 Straight 
mate defor. mate defor· line stress· 

mation. mation. mation. , mation. Istraincurve. 

c tEe Ae ~ Ee Ae £ Ee '\ ~ E A e c 
Stress area -§cu i!cu icu Hcu !cu 
Distance of ftu Hu Hu Uu -§u 
the centre of \ 
gravity of 
the stress 
area from the 
neutral '\Xis, 

It.will be seen from the above that at one-fourth the ulti­
mate deformation the parabolic stress-strain curve approxi­
mates very closely to a straight line, in which case the stress 
are! would be a triangle and equal ~ c u, while the distance of 
the centre of the compressive resistances from the neutral 
axis w~ld be! u. This is also very evident from the diagrams 
(Figs. 8 and 12), where it is seen that the parabolic curve is 
very close to the tangent at the origin when the deformation 
is 0'25 of the ultimate. The resistance at one-fourth 

R.C. E 

\ 
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the ultimate deformation is about 0'45 the ultimate resist­
ance, whereas the maximum safe allowable resistance used 
in conservative design is about one-fourth the ultimate. 

It will be seen, therefore, that although Professor Talbot 
is perfectly correct in his theory based on a parabolic stress­
stmin curve, if the calculations are based on the ultimate 
resistance, still in practice, when calculating from the safe 
working resistances, the stress area in compression is very 
nearly triangular. 

In America it is very usual to calculate using the resist­
ance at the elastic limit of the steel and a resistance very 
near the ultimate of the concrete and to increase the bending 
moment by way of a factor of safety. Under such conditions 
it is perfectly legitimate and more accurate to consider the 
stress area as parabolic, but in this country it is usual to 
calculate using the working resistance, in which case a 
triangular stress area is to all intents and purposes correct. 

If the resistance of the steel employed in the design is 
taken as its elastic limit, the resistance of the concrete 
should be taken as three-fourths the ultimate, or that 
obtained for a deformation of one-half the ultimate, as 
Professor Talbot has found from the results of many'experi­
ments that the stress deformation curve for concrete t<}kes 
a decided bend at one-half the ultimate deformation, clearly 
indicating this as the phase on which the resistance should 
be based. 

BOND. 

The resistance of a reinforced concrete piece wheli sub-
o jected to flexure depends entirely on the bond between the 
steel and concrete. If the steel once commences to slide 
through the concrete the effect is exactly the same as if the 
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bottom flange of a steel girder were suddenly severed 
entirely from the web. 

Fortunately the bond between concrete and steel is ample 
to resist the tendency to sliding, even when the bars are 
plain round or square commercial shapes. 

Many experiments have been carried out to ascertain the 
bond resistance, and the results obtained vary considerably 
This is not surprising, since many conditions exist which 
have a COIl trolling influence-particularly the roughness of 
the bars, the density of the concrete, the amount of water 
used in mixing, the depth of embedment, and the age of 
the specimen. 

Such experiments as these are necessarily conducted by 
the direct pulling or pushing out of the rods, but this hardly 
represents the true state of affairs in a beam ,,,here the 
concrete and steel are subjected to other than direct 
resistance to longitudinal parting. 

It apIJears from tests that the bond resistance yaries with 
the diameter or size of the bars, and that when the embedded 
length is sufficient no failure of bond occurs until the bars are 
stressed beyond their elastic limit, when they contract in area. 

Table" III. gives the bond resistance for plain mild steel 
barsiound by some of those who have carried out tests:-

TABLE III. 

• M. Con· Coignet and Prof. Prof. 
Authority. M. de Joly. sidere. Tideseo. Marburg. TaIb"t. 

-..-
Average. Average. 

1 !H),) 1!J06 

Lbs. per 286 to 686 256to 500 285 to 335 253 281 421 
square lllch 
<)f surface. 

I i 

E2 
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TABLE lH.-continued. 

Authority. 
Prof. I Prof. Ratt. 

Prof. I Prof. Van 
Spofford. Warren. Ornum. 

I 
I I I Average. Average. , 

I~ bs. per' 219to274 636to 756 198 150 
s'jlJare inch 
of surface. 

These results were obtained under very varying con­
ditions in the density of concrete, length of embedment, 
diameter of bars, etc., and show the variation of results. 
which have been obtained. 

Slightly rusted bars naturally offer greater resistance to 
sliding than smooth bars. 

It has always been evident that the bond resistance is in 
a great measure due to the grip of the concrete on the 
steel and not altogether to the true adhesion, as the outer 
layers of the concrete will harden more rapidly than the 
inner layers, and since concrete setting under ordinary 
conditions will contract, this causes a tightening of the 
concrete around the steel. 

Recent experiments have demonstrated that this is the 
case, and that after the bars had commenced to slide i:.i the 
concrete there is still a considerable frictional resistance 
amounting to large percentages of the original bond. 

Professor Hatt, using plain round rods and 1 : 2 : 4 con­
crete, found the average initial bond resistance for ~l7I inch 
rods to be 636 Ibs., and for % inch rods 756 pounas per 
sq nare inch of surface, while the frictional resistance after 
the rods had begun to move was from 60 to 70 per cent. 
of the initial bond. 
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Professor Talbot, from numerous experiments, found the 
frictional resistance, after the bars had moved about 1: inch, 
amounted to from 54 to 72 per cent. of the initial bonq in 
the case of mild steel plain round bars, and 32 to 49 per cent. 
of the initial bond in the case of cold rolled shafting. 

Professor Van Ornum tested eighteen specimens, using 
plain square bars, and found that the average frictional 
resistance after the bars had commenced to slide was 
67 per cent. of the initial bond. 

'1'he conditions under which failure by sliding of the 
reinforcements is most likely to occur would evidently 
be where the structure is subjected to severe and 
frequent shocks, and in such cases it would appear advis­
able to use some form of bar shaped to give a mechanical 
bond, although from the results of some tests made by 
Professor Van Ornum on thirty specimens subjected to 
severe treatment of this nature the bond resistance was 
only reduced 20 per cent. The specimens tested by 
Professor Van Ornum were subjected to vibrations by 
means of a machine devised so as to give a series of blows 
on the concrete in which the bars were embedded, while the 
specimlln was supported by the bars. The blows were 
delivered at the rate of 150 per minute, and each blow , 
imparted about 740 inch-lbs. of work to the specimen. After 
being subjected to an average of 50,000 blows each, the rods 
W{Jl"e pulled out in the ordinary manner. 

As might be expected, flat bars give a much lower resist­
ance 10 sliding than either round or square, and square 
bars as a rule give a lower resistance than round. 

Bars, specially formed so as to offer increased resist­
ance against sliding, have been introduced in America. 
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and this country, and at first sight would appear an 
immense improvement on ordinary round or square bars. 
Experiment and practice have, however, demonstrated con­
clusively, that the bond between plain bars and concrete 
offers more resistance against sliding than will be required 
under ordinary circumstances, if the bars are extended well 
beyond the supports of a beam and are bent out at right 
angles for a length of about 2 {nches, or, better still, bent 
to a hook having a radius of 1 to l~ inches. The bars are 
sometimes split and opened at the ends, but it is better to 
bend them over. 

The longitudinal shearing stresses are greatest at the 
end of a beam and decrease to nil at the centre of the span, 
consequently if plain round or square bars are firmly 
secured at the ends they cannot slide through the concrete 
unless the cracks on the tensile side extend beyond them. 

In tests of beams reinforced with mild steel round or 
square bars, the first failure is never due to the slipping of 
the rods. Professor Talbot, in his 1!f05 tests, calculated the 
bond stress to be as high as 1931bs. per square inch in one 
case, and yet there was no evidence of slip. 

It appears that the safe bond resistance for plaiJ1 round 
or square bars may be taken as 100 Ibs. per square in~h of 
surface. H it is found that a greater resistance is required, 
then provided the reinforcements in vertical planes are 
rigidly attached to the longitudinal bars so as to transmit.othe 
diagonal tensile stress direct to these; no slipping can occur. 

H the reinforcements in the vertical planes Me not 
rigidly attached to the longitudinals, and the bond stress is 
found to exceed 100 Ibs. per square inch of surface, then 
special bars having a mechanical bond may be employed. 
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SHEARING AND DIAGONAL TENSION. 

The shearing resistance of concrete until a short time 
ago was always supposed to be small, but recent investiga­
tions, especially those of Professor Talbot, have shown 
that its value is considerably higher than was supposed. 

It is very difficult to test for direct shear, as there is always a 
probability of the results being influenced by bending, but 
there is no doubt that the shearing resistance of concrete 
is at least 50 per cent. of its compressive resistance. 

Professor Talbot's tests on plain flat pieces supported on 
a plate having a circular opening 6 inches in diameter, the die 
producing shear being 5* inches diameter, gave an average 
shearing resistance of 67 per cent. of the compressive 
resistance of cylinders made of the same concrete, the 
maximum and minimum values being 49 and 83 per cent. 

The failure of these plates showed signs of tensile stresses 
having been induced. 

Plain blocks recessed gave better results, the average 
shearing resistance being 72 per cent. of the compressive 
resistance with maximum and minimum values of 86 a~d 
52 per cent. ' 

Other recessed blocks reinforced around the shearing 
ar~a, to further resist the bursting pressure, gave an average 
shearing resistance of 122 per cent. of the compressive 
rilsistance with minimum and maximum values of 189 and 
88 per cent. 

Bjlstrained beam tests, in which the beams were firmly 
held at the ends, leaving a length of 4~- inches on which the 
pressure was applied over a length of 4 inches, gave an aver­
age shearing resistance of 82 per cent. of the compressive 
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resistance with maximum and minimum values of 100 and 
58 per cent. 

The shearing resistance, when compared with the com­
pressive resistance of cubes instead of cylinders, gave lower 
results. . 

These tests show that the direct shearing resistance 
of concrete is considerable and may in some cases be 
greater than its compressive resistance, but when a rein­
forced concrete beam is subjected to flexure, although the 
resistance of the concrete to tension is neglected in the 
calculations, it is nevertheless subjected to considerable 
tensile stresses. 

The tensile stresses above the rods are combined with 
those due to direct shearing, and this combination forms 
the diagonal tension which must be resisted either by the 
concrete itself or by special reinforcements. 

It is difficult to compute the exact amount of the diagonal 
te~sile stress, since at any section it is dependent on the 
horizontal tensile stress developed in the concrete at. that 
section. We can, however, calculate it with reasonable 
accuracy by considering only the direct shearing stresses 
and allowing a resistance for the concrete consid~rably 

below its safe resistance to direct shearing. 
The direct shearing resistance of concrete is probably 'in 

the neighbourhood of 75 per cent. of its compressive resist­
ance. Concrete in the proportion of 1 : 2 : 4, or 630 lbfi. 
of cement, to 13t cubic feet of sand and 27 cubic feet of 
stone, would therefore have an ultimate shearing resisbnce 
of about 1,800 Ibs. per square inch. For the purposes of 
calculation, however, we must assume a value considerably 
less than this for the reason already stated. 
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Professor Talbot found, from experiments carried out 
during 1905 on beams reinforced with longitudinal rods 
only, that, in those which failed by diagonal tension the 
apparent ultimate shearing resistance,' as calculated, was 
on an average 123 lbs. per square inch. 

For the safe resistance to be used in the calculations we 

may assume a valnc of 60 lbs. per square inch, snch calculations 
being based on the direct shear. 

TENSILE STRAIN ON THE CONCRETE. 

Although the tensile resistance of the concrete is generally 
neglected in the calculations for reinforced concrete beams, 
tensile stress must be developed, and as the cracking of the 
concrete to any noticeable extent will allow moisture to 
reach the reinforcing bars, it is well to be assured that in 
properly designed beams no such fissures will occur. 

M. Considere, in his well-known experiments on specimens 
carefully prepared and stored in water, found that the con­
crete on the tensile side of one of the test pieces did not 

1'98 
crack when the elongation was 1000 of the length. In , 
another. case, after subjecting a specimen to flexure, and 

pro~cing an elongation of 11,;Jo in the extreme fibre under 

tension, two small cracks, lx and i inch long, were observed. 
4fter being subjected to these elongations, the concrete 

on the tensile side of the reinforcing bars was sawn away, 
and thjs portion bore handling without breaking, and more­
over was again subjected to flexure and offered considerable 
resistance before failure. 

l\L Considere concluded from the results of these tests 
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that reinforced concrete would bear very much greater 
elongation without cracking than had been previously 
thought, and under these elongations would still retain its 
maximum resistance. 

As in the case of metals, concrete will elongate to i1 

considerably greater extent before failure when subjected to 
flexure than when tested in direct tension. This is probably 
due to the assistance offered by contiguous less stressed 
fibres. 

_ The increased deformation of plain concrete under flexure, 
however, only amounts to about 2~ times its deformation 
under direct tension, whereas M. Considere's experiments 
show that when reinforced concrete is subjected to flexure 
the deformation before failure will be about twenty times 
that of plain concrete under direct tension. 

Some experiments carried out by M. Mesnager in 1903 
on reinforced concrete specimens under direct tension 

1·3!) 
sh.owed an elongation of 1,O~O before failure, which bears 

out M. Considere's conclusions. 
M. Christophe, Professor Talbot, and Professor Turneaure 

carried out beam experiments at a later date to those of 
M. Considere's, from which they deduced conclusions 

• antagonistic to his. 
M. Christophe concluded that although, in a reinforced 

beam, the concrete in tension undoubtedly elongated before 
cracking to a greater extent than plain concrete would do 
under direct tension, still the elongation was consilerably 
lower than that found by M. Considere. He also calculated 
the resistance offered by the concrete when the first crack 
showed, and found this to be about 45 lbs. per square inch, 
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while it should have been about 170 Ibs. per square inch 
according to M. Considere. 

Professor Turneaure carried out some experiments on 
reinforced concrete beams during 1902-3. These beams 
were of 1 : 2 : 4 concrete, and were tested at an age of one 
month. Careful observations were made for the appearance 
of the first crack, the beams being moistened to show up 
fine hair cracks. 

Professor Turneaure states that the elongations when the 

0'1 0'2 
first fine hair cracks appeared were about 1,000 to 1,000' 

which agrees well with the elongations obtained from plain 
concrete, while cracks visible to the eye occurred with elonga-
. 0'35 

tlOns of about 1 000' and concluded that M. Considere's , 
conclusions were incorrect. 

M. Considere, however, was careful to point out that 
small invisible cracks will frequently occur during the 
hardening of beams in air and before any load is applied, 
and he mentions the fact of the two cracks, l:z and f.,- inch 
long, observed in his test. The fine cracks detected iJy 
Profe~sor Turneaure were merely surface cracks, generally 
onLY about t inch long, and did not extend across the whole 
width of the beam. According to the Professor's own 
statement, such cracks could have very little effect on the 
tMsile resistance or the elongation before any crack 
sufficient to endanger the reinforcement is produced. 

PAlfessor Talbot, in his reinforced beam experiments 
carried out early in 1904, observed that no· cracking 

0'1 
occurred until after the concrete had elongated 1,060 of its 
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length. After this elongation, and during what hfl describes 
as the readjustment stage, minute cracks probably existed, 
but were not easily detected. The elongation of the 

steel during this phase reached about 1~~;0' that of the 

outer tensile fibre of the concrete being considerably more, 
. 0'2 

probably about 1 000' , 
Between this deformation ana a deformation of the steel 

of about 1,~OO' that of the outer tensile fibre of the concrete 

1'5 
being probably over 1,000' fine vertical cracks appeared. 

P rofe8sor Talbot does not state at whatactual deformation 
these cracks first became visible, but it is probable that 
they were not of importance until the elongation of the 

1 
outer fibre exceeded 1,000' 

In order to verify his former conclusions, M. Consid/n'e 
carried out further experiments in 1904 on two reinforced 
specimens, one of which was kept after moulding covered 
with bags and planks, which were frequently wetted, and 
the other was placed in water. .. 

These were tested by flexure, the deformations b~ng 
carefully measured. 

The loading was stopped when the elongation of the 
• 0'63 

extreme tensile fibres amounted to 1,000 for the beam 

1'27 • stored under damp bags and planks and 1,000 for that 

stored in water. 
On examination through a microscope after these 

• 
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elongations, no fissures could be detected, although a thin 
coating of cement had been applied to the tensile surfaces 
of the beams. 

The lower portion of the beam containing the rods 
was carefully removed and slices of the beams, about 
1 i inches thick, immediately above the rods were then 
sawn off the remaining portion. 

From calculation it was found that these slices had been 

b· t d tIt' f f 0'22 0'50. th f· su Jec e 0 e onga IOns 0 rom 1,0UO to 1,000 III e case 0 

0'56 1'07 
the beam stored under damp bags, and from 1,000 to 1,000 

in the case of the beam stored in water. 
These slices were then tested under flexure, together with 

the remaining portion of the beam which had been above 
them. 

It was found that the slices just above the rods offered 
very nearly as great resistance as the upper portions of the 
beams. 

It therefore appears that M. Considere's former con­
clusions were amply verified. 

M. {)onsidere accounts for the hair cracks frequently 
noticed in reinforced concrete beams in the following 
manner. When concrete is exposed to dry air after its 
moulding, it is subjected to considerable contraction during 
tlte first few days, while its powers of resistance are small. 

This contraction would be resisted by the reinforcements, 
but J!le concrete has not attained sufficient strength to 
induce tension in the, reinforcement, nor has it sufficient 
ductility to adapt itself to the induced stress from the 
reinforcements. 
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Cracks are consequently produced, invisible at first, but 
which lengthen and open when a load is applied. 

If, on the other hand, the concrete is kept moist for a 
sufficient period it does not contract, and consequently 
there is no tendency for the production of cracks until 
it has attained sufficient strength and ductility. The 
concrete will tend to contract directly it is allowed to dry, 
but by that time it has attained sufficient strength to 
withstand considerable elongation, and it will not crack in 
spite of the reaction of the reinforcements. 

It appears evident, therefore, that all pieces which will 
be subjected to flexure should, if possible, be kept damp 
during the first few days after moulding. 

It also appears safe to allow that the concrete will suffer 

on elongation of 1,~OO of its length before any crack can 

be sufficiently ,enlarged to endanger the reinforcement. 
The elongation allowed by M. Considere in his calcula-

.. 1'5 btth" h "I h'l bons IS 1 000' U IS IS per aps unnecessan y 19 1. , 
It can be shown that the concrete in a reinforced beam, 

using mild steel with a safe resistance of 16,000 Ibs. per 

square inch, cannot be subjected to an elongation of 1,;00 

unless it is grossly overloaded or has too much cover of 
concrete below the reinforcements. • 

The reason for this is that, unless high carbon steel is used 
for the reinforcements, the elongation which would pr<1duce 
the safe working stress in the steel cannot cause a deforma-

tion of 1,~OO at the outer surface of the concrete unless the 
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depth of cover of concrete below the bars is considerably 
greater than is reasonaLly necessary or the stress on the 
concrete in compression is altogether excessive. 

This is one reason against the use of high carbon steels. 
It is evident, for instance, that if a high carbon steel is 
employed, with a safe resistance of 30,000 lbs. per square 
inch and a modulus of elasticity of 30,000,000 Ibs. per 
square inch, the elongation to produce a stress of 30,000 Ibs. 

. h 'Il b 30,000 1 d 1 
per square me WI e 30,000,000 or 1,000; an as t 18 

elongation of the outer tensile fibre of the concrete must 
considerably exceed that of the steel, it is clear that the use 
of such steel would be suicidal, and even 'with a safe limit 
of 20,000 lbs. per square inch dangerous elongations may 
be induced in the concrete and especially in pieces of small 
depth. 

The existence of initial cracks appears to have no appre­
ciable effect on the resistance of a beam. Professor Talbot 
made some special experiments on beams with artificial 
cracks and open spaces in the concrete on the tensile side. 
On comparison of the deformations of these beams with 
those uf normal beams, there was no noticeaLle difference, 
and even the open spaces did not appear to be a source . , 

of weakness. 

. J T BEAMS • 

Special reference must now be made to the behaviour of 
T betJ.ms and the conclusions which may be deduced 
therefrom. 

If a T beam is properly designed and the rib has a 
sufficient width, the failure will be of the same nature as 
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that of a rectangular beam. There is, however, a marked 
tendency for the concrete to shear near the ends on the 
horizontal plane through the rib along the under side of the 
slab, especially if the rib is of insufficient width, and it is 
consequently advisable to introduce shearing reinforcements 
extending from the slab into the rib for some distance at 
the ends of a T beam and on each side of any supports. 

A failure by diagonal shearing is more likely to occur in 
a T beam than in a rectangular beam, as a T beam is calcu­
lated as having an increased area resisting the compressive 
stresses due to the extra width allowed for the slab, whereas 
the diagonal tensile stresses are only resisted by the width 
of concrete on the rib. In T beams, therefore, it is nearly 
always necessary to place special reinforcements to resist 
diagonal tension. 

CONCLUSIONS. 

To recapitulate the main conclusions to be drawn from 
the behaviour of reinforced concrete under flexure :-

(1) The first signs of failure in a properly designed piece 
is on the tension side of the neutral axis, and is 'due to 
direct or diagonal tension. tJ 

(2) The initial cracks in the concrete have no effect on 
the resistance of the piece. 

(3) The cracks first formed on the tension side gradually 
extend into the compression side under relatively heavy· 
loading, which indicates a rise in the position of the ntmtral 
axis as the load increases. . 

(4) As the failure proceeds there is a slight slipping of 
the longitudinal reinforcements through the concrete, due 
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to the contraction of the area of the metal in tonslOll, 
unless it is of such a character as to give a mechanical bond. 

(5) The longitudinal reinforcement in tension bends 
when the cracks producing failure open sufficiently. 

(G) '1'he surface of concrete under compressive stresS€s is 
the last portion of the beam to show signs of failure; this 
flakes off in horizontal layers. 

(7) In some cases the first sign of failure is that by 
diagonal tension (frequently referred to as shearing) near 
the supports. This is indicated by inclined cracks near the 
supports sloping outwards and upwards and starting at the 
commencement of the failure from the top of the bottom 
longitudinal bars-A failure beginning in this manner often 
terminates by a splitting along the top of the longitudinal 
bottom bars towards the support, caused by the load on 
the outer portion of the beam, beyond the inclined crack, 
being transmitted to the lower part of the beam (containing 
the longitudinal bars) near the support. 

(8) The strength of reinforced concrete under flexure 
increases with age, but in a lesser degree than its resistance 
to direct compression, clearly indicating that the resistance 
to complession is not the ruling factor in the failure. 

(9) ,.The concrete in compression may be allowed a 
maximum safe resistance of GOO Ibs. per square inch if 
mixed in the usual proportions of 1 : 2 : 4, or about G30 Ius. 
of cument, to 13~ cubic feet of sand and 27 cubic feet of 
stone; while weaker or stronger concretes will have a pro­
portionately reduced or increased resistance varying in 
direct proportion to the proportion of cement in the mortar 
l:sed to make the concrete (ride Table 1.). 

(10) The safe resistance of mild steel in tension may be 
F 
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taken as half its elastic limit, or for ordinary commercial 
steel 16,000 Ibs. per square imh. 

(11) Although the stress-strain curve for concrete is UIl­

doubtedlyparabolic, this fact need only be taken into account, 
when determining the stress area of the concrete in com­
pression, if a resistance is allowed approaching the ultimate, 
and the factor of safety is applied by assuming a greater 
bending moment than that which has to be provided for. 
For calculations based on safe resistances it is quite 
sufficiently accurate to assume a straight line stress-strain 
curve, making the stress area in compression triangular. 

This of course n~cessitates the assumption, that a con­
stant modulus of elasticity exists under stresses up to the 
maximum safe limit allowed, which, although not strictly 
true, is an assumption perfectly permissible from a practical 
standpoint. 

-f12) The failure is seldom if ever primarily due to the 
sliding of the reinforcements, and that although the 
resistance to sliding must be less in a beam, where the 
concrete is also resisting direct tensile stress, than in test 
pieces from which the bars are drawn out (the values found 
for this resistance are very variable), still the faifure of a 
beam is seldom if ever primarily due to the sliding 0,£ the 
bars through the concrete. After the reinforcements have 
<commenced to move there is still considerable frictional 
resistance between the concrete and steel. <) 

Vibrations will not have an appreciable effect on 
the bond if the loads are such that the stresses' in the 
materials are kept within safe limits. Although bars 
having a mechanical bond do undoubtedly offer greater 
resistance to sliding than plain round or square bars, still 
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there appears no adequate reason for their employment on 
this account, unless in very special circumstances. Flat 
bars slide through concrete more easily than round or 
square bars. If plain round or square bars are extended 
well beyond the supports of a beam and are bent over or 
otherwise treated to resisb sliding, a safe bond resistance of 
100 lbs. per square inch of surface may be allowed, and 
this may be exceeded if the reinforcements in the vertical 
planes are rigidly attached to the longitudinals, although, 
if a rigid attachment does not exist, bars ,yith a mechanical 
bond should be used if the bond stress is found to exceed 
the limit of 100 lbs. per square inch. 

(13) The shearing resistance of concrete is very con­
·siderable, probably from 50 to 75 per cent. of its com­
pressive strength, but what, until recently, was known 
as the shearing of concrete beams is in reality a failure 
by diagonal tension and is influenced in a considerable 
-degree by the longitudinal tensile stress in the concrete, 
which is difficult to determine. It is therefore advisable to 
malee the calculations for the direct shearing stress only, 
allowing a resistance of 60 lbs. per square inch for the 
concrete.' In the case of T beams it is nearly always necessary 
to pr(l.vide reinforcements to resist diagonal tension. 

(14) rfhe tensile resistance of the concrete should be 
neglected when designing a member subjected to flexure. 
Dan~erous cracks on the tensile surface will not occur 
if mild steel reinforcement is used, but it is very 
necessaJ.'y to ascertain the tensile deformation of the 
concrete if high carbon steel is employed, and this 

·deformation must not exceed 1 0
1 

• 
, 00 
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(15) In the case of T beams it is advisable to insert 
reinforcements in the vertical planes near the supports, 
extending from the slab well into the ribs. 

ARCHES. 

The behaviour of arches shows that the statlility of the 
abutments has a considerable effect on their resistance. 

The failure of arches with a curved extrados is generally 
due to the opening out of the span caused by the abut­
ments yielding, and that of an arch with a fiat extrados by 
the top of the abutment breaking away and allowing the" 
arch to drop at the centre. 

As in the case of beams, the first failure in an arch 
occurs where the tensile stresses are greatest and, if the 
arch is properly designed, is never due to a lack of resist­
ance to compression. 

Since the stresses in an arch are to a considerable extent 
compressive, it is advisable to tie the reinforcements at the 
intrados and extrados ,yell together. 

In an arch with a flat extrados there is also a tendency 
for the reinforcement at the intrados to straighten out, 
consequently it should be well tied to the concrete 'Or to the 
reinforcement near the extrados through the central p,?rtion 
of the span. The bars extending through the arch near 
the extrados should be continued well down into the 
abutments to prevent the upper part of the abutments 
breaking away. 

In arched bridges "'ith open spandrels formad with 
columns or arches there is a tendency to local shearing 
failures where the columns or piars of the spandrels rest 
on the arch, and consequently adequate reinforcements t~ 
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resist shearing should be inserted in the arch at these 
places. 

For large span arches it is advisable to place reinforce­
ments along the whole length of the arch, both near the 
extrados and intrados. In slllall span arches with a curved 
extrados, under a uniformly distributed load, reinforce­
ments should be placed near the intrados throughout 
the whole length, and also at the extrados extending 
from the abutments for a length of about one-fourth the 
span. 

Arches with a flat extmclos, should be provided with rein­
forcements placed near the extrados for a short distance 
from the abutments and then inclined downwards, passing 
through the central portion of the span near to the intrados. 
They should also have reinforcements both near the 
extrados and intrados, continuing through the entire span. 
The reason of this method of reinforcement in the case of 
arches with a flat extrados is that in reality they may be 
considered as acting in a similar manner to cantilevers, 
with a central span supported at their ends. This is also 
the reason for the necessity of bending dow::.1 the reinforce· 
ments near the extrados, so as to extend well into the 
abut~ents. 

EFFECTS OF AT:lIOSPHEUIC CONDITIONS. 

There is one more question to be considered which applies 
gener&;Uy to reinforced concrete structures, and that is 
the effect of changes in temperature or hygrometrical 
conditions. 

Concrete expands with an increase of temperature or 



70 REI~FORCED CONCRETE 

dampness and contracts with a decrease of temperature or 
dryness. 

The changes produced by these conditions are considerable , 
and are the cause of the unsightly cracks which so frequently 
appear in concrete structures. 

If a concrete structure is held rigidly at its ends or if it 
is sufficiently long that it cannot expand or contract as one 
piece, it is obvious that severe stresses must be set up by 
atmospheric changes. 

The riRe in temperature or increase of dampness will not 
as a rule have a noticeable effect; as the concrete can with­
stand very considerable compressive sti"eSSeS, but under a 
fall of temperature or excessive dryness tensile stresses are 
set up, and the concrete, being unable to resist these, will 
crack. 

This tendency to cracking may be resisted by placing 
reinforcements near the exposed surfac~, and the amount qf 

such reinforcements can be easily calculated. 
It must be borne in mind, however, that the changes of 

temperature will act directly on the reinforcement as well 
as on the concrete, and consequently sufficient steel must 
be used to resist the stresses directly induced' by the 
variation of temperature and also those induced b1 the 
concrete, and for this reason it is advisable to use a high 
carbon steel for this purpose. A mechanical bond is also a 

, distinct advantage. 
I 1'he concrete unaided cannot resist the tensile stresses 
induced by a contraction, when held firmly at the ends, 
whereas the steel is perfectly ablo to do so, and has 
sufficient resistance, if of the requisite sectional area, to 
give all the assistance necessary to the concrete. 



CHAPTER III 

~CESSARY ASSUMPTIONS FOR ~~RPOSES OF 
CALCULATION 

IT is necessary to assume certain hypotheses on which to 
base any calculations for obtaining the dimensions of rein­
forced concrete structures, and unfortunately it is by no 
means certain that these are absolutely true. The 
development of the most elaborate theories must depend 
upon these hypotheses, and as a consequence the scientific 
accuracy of the theories is to a great extent nullified at 
the outset. 

It is better, however, to employ formuhe which have a 
scientific basis, although they may be derived by the use 
of hypotheses, some of which are not absolutely correct, 
than to use empirical calculations which frequently have 
no basis at all. There are, of course, practical formulm 
founded on scientific theories, which it is safe to employ 
within certain limits, but unless the subject is thoroughly 
un~erstood and the reasoning on which such formulre are 
based and their limitations are entirely appreciated, it is 
(>J)tter to avoid their use, since, while calculations of this 
nature are perfectly safe in the hands of those who are 
awar.1l of the extent to which they may be adopted, they may 
become a source of great danger in the hands of the 
uninitiated. 

It must be borne in mind, also, that all theories, even the 
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most elaborate, are only approximate, being based on the 
best information that can be obtained. . We are certainly 
justified in assuming hypotheses which may not be abso­
lutely correct on which to base our calculations if we 
thoroughly recognise that the results obtained are not 
absolutely exact, and at the same time .can satisfy our­
selves that they are sufficiently correct for all practical 
purposes. 

We will, therefore, take the hypotheses which it is 
necessary to adopt for the purposes of deriving formulm 
for the design of reinforced concrete structures and study 
the effect of their inexactitude upon the calculations :-

That the applied forces are pelpendicular to the neutral 
sUifaces (If pieces subjected to bending. 

This is a ge-neral assumption which is accepted for all 
beams and girders, and although it is clearly incorrect, in 
consequence of the deflection of the piece, it is certainly 
sufficiently near the truth for practical purposes for cases 
of simple bending. 

It cannot, of course, be applied to arches which are sub­
jected to compression and flexure combined. 

That each fibre of the concrete acts by itself, noj being 
affected by the contiguolls fibres. 
~ . 

This supposes that each fibre will be elongated or con-
tracted by the stress to which it is subjected, as if it were 
alone. 

It is almost certain that the fibres of a column or beam 
do not act in this manner and that there is what. may 
be termed a "striction" between adjacent fibres which 
-modifies the deformations controlling the action of the 
several fibres, so that they undergo less deformation 



AS~UMPTIONS FOR PURPOSES OJ<' CALCULATION 73 

under the induced stresses than they would under the 
same direct stresses in a testing machine. 

This effect is the probable cause of the divergence of the 
theoretically calculated and actual strength of rectangular 
homogeneous beams, the breaking load on a cast iron 
beam being from two to three times the calculated load. 
Such a " striction " must exist, as it is entirely due to this 
that a beam is enabled to withstand the longitudinal shear­
ing stresses which tend to cause the fibres to slide over one 
another. In the same way a column which is loaded locally 
certainly acts as a whole in resisting the stresses as in the 
case of a pin-jointed compression member. 

The admission of the hypothesis is entirely on the side 
of safety, and may therefore be allowed, as its admission 
considerably increases the factor of safety and thus probably 
more than counterbalances the efIects of the inexactitudes 
in other assumptions which may be on the side of danger. 

That there is always a solid contact betlcecn the reinforce­

ment and the slLl'rolUlding concrete. 

It is generally assumed that the concrete and the metal 
act together, or, in other words, that the concrete follows 
the deformations of the reinforcements. 

T~is assumption is very necessary for the simplification 
d the calculations, since without it we should have no 
definite law connecting the relative deformations of the 
twd materials, and the stresses would not be related to 
one an.other in the ratio of the moduli of elasticity. It is 
very iloubtful if this hypothesis is a true one: at any 
rate when approaching failure, there is eyery reason to 
suppose that the concrete hangs back and does not follow 
the deformation of the reinforcement. 
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As failure is approached the reinforcements slide in the 
concrete, and consequently the two materials cannot act 
together. 

Under working stresses, however, there is probably little 
or no hanging back of the concrete, and at any rate" the 
difference in the deformations is very slight. Consequently, 
for all practical purposes, this hypothesis may be accepted. 
This does not apply to calculation~ based on the ultimate 
resistances of the materials such as are sometimes used, 
but, even in this case, the factors of safety employed are 
sufficient to cover the errors involved by its adoption. 

It must be admitted that there is an extreme possibility 
that the reinforcement and the concrete in contact with it 
are at no time equally stretched or compressed, and that 
the theory of elasticity cannot be applied with the same 
absolute truth to a heterogeneous material as it call 
to the structural metals. The concrete in itself is a 
heterogeneous material, and is subject to small voids and 
cracks even when carefully made; ib has also a very 
different molecular construction to that of the metal in the 
reinforcements, and the sudden change from the compara­
tively large grained concrete to the close grainea metal 
must have some effect on the deformations. • 

'fhe great shearing stresses where the concrete comes in 
contact with the metal must also have a tendency to 
cause a displacement of the reinforcement in the concrMe. 
'1'here appears, then, every likelihood that there is a. diHel'­
ence of deformation in the reinforcement and tIre sur­
rounding concrete, and to consider no such difference as 
existing is an incorrect assumption; but, fortunately, such 
inequality of deformation can have only a very small effect 
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on the accuracy of the calculations, especially those based 
upon the working resistances of the materials. 

With respect to the influence of the shearing stresses 
where the concrete comes in contact with the metal, it may 
be well to point out that, the greater the ratio of the peri­
meter of the reinforcements to their sectional area the 
smaller will be these stresses, and consequently it is advis­
able to use a series of bars of small dimensions placed near 
together, rather than bars of large area placed far apart. 
Of course, when small bars are used placed near together, 
they must have sufficient concrete between them to convey 
the stresses. 

It is very evident that when large sections, such as angles, 
tees, joists, or large sizes of bars are employed spaced far 
apart, the inequality of deformation will be greatly 
intensified. 

Where the shearing stresses are small there is not so 
much reason for avoiding the use of large sections placed 
far apart, and consequently this method of reinforcement is 
quite rational for arches and compression members, 
although the calculations are made on the assuml)tion of 
equar'deformations of the reinforcement and the surrounding 
cO'1crele. 

For pieces subjected to flexure, however, it is well to 
bear in mind as an object to be aimed at, that reinforced 
cbncrete should be made as homogeneous as possible, and 
cons~quently the employment of small sizes of bars is 
an dUvantage from a theoretical point of view, whatever it 
may be from a practical standpoint; and that although 
large bars placed far apart are more economical than small 
ones placed near together, the truth of the calculations may 
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be dangerously departed from if economy of material is 
given too great a weight when deciding on the sizes of bars 
to be adopted. For slabs, a good practical rule to adopt 
would be to make the maximum distance allowed from 
centre to centre of the bars no greater than six inches, or 
for slabs thicker than six: inches no greater than the 
thickness of the slab. 

That l)iane sections nmain tnLe planes dlL1'ing loading. 

This hypothesis, generally spoken of as the conservation 
of plane sections, is perhaps the most important ot those on 
which the calculations for pieces under flexure are based, 
since it furnishes ,,,hat is practically the starting point from 
which the calculations are derived. It follows from thf 
hypothesis of the conservation of plane sections that .thE 
deformation of any fibre is directly proportional to· itt 
distance from the neutral axis, and consequently that thE 
stresses in any two fibres are proportional to their distance, 
from the neutral axis, multiplied by the respective modul 
of elasticity of the materials of which they are formed. 

This hypothesis rests mainly on the two previousl.) 
considered, and its truth stands or falls with them. WE 
have seen wherein these former hypotheses are incorrect 
and it is very evident that the effect on plane section~ 0 

any inequalities in the relative movement of the fibres OJ 

the concrete itself or of the concrete and the metal musl 
be very considerable. • 

In the case of pieces acting under direct compr~ssior 
it is seldom that the load is applied uniformly· ovm 
the section, and this must have a considerable effect or 
the deformations. The load on such pieces must bl 
al ways more or less local in application, and the effec 

• . 



A~SUMPTIONS FOR PURPOSES OF CALCULATION 77 

of this on the conservation of plane sections must be con­
siderable, at any rate in the neighbourhood of the areas of 
concentration. 

In the case of pieces subjected to flexure the adoption of 
this hypothesis becomes almost imperative, as without it 
the calculations would be made extremely difficult, if not 
impossible. It has been always allowed in the case of 
metallic structures, although it is probably not an exact 
truth even in this case, as the existence of shearing strains 
must tend to cause the originally plane sections to take a 
curved form, since the paths of the combined direct and 
shearing stresses follow curved lines. 

When reinforced concrete is under consideration, it is 
certain that the effect of the different elastic properties of 
the concrete and the metal, upon the behaviour of plane 
sections, must be considerable. 

Professor Warren, of Sydney University, carried out some 
experiments for the purpose of determining the truth of 
this hypothesis. He tested ten beams, taking careful 
measurements of the deformations at two points on each 
side in the depth of the beam as \vell as at the extreme 
fibres: 

7'he diagram (Fig. 13) has been plotted from the resnl ts 
of these experiments, and shows that the original plane 
sections do nol: remain plane after bending and that the 
~eviations are greater as the bending moment increases. 

It is certain, therefore, that the results of experiments 
cam~ot be shown as a proof of the truth of this assumption, 
but it appears, nevertheless, that if small sections of metal 
are used for the reinforcements and the calculations are 
made for the working resistances of the materials, it is 
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sufficiently near the truth for all practical purposes and 
may be used as a basis for the calculations, although we 
must admit, that its use must to a limited extent affect 
their scientific exactitude. 

That there 1cill be no initial strcsses in the structures 
vefore IOildill[!. 

Initial stresses may be set up by the expansion or 
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FIG. 1:3. 
• 

~ontrrrction of the concrete during selting, changes .of 
temperature or the permallent deformations due to the load 
of the structure itself or previous sni)erimposed loading. 

It seems almost certain that initial stresses are set up by 
all of these, and it therefore becomes necessary to inquire 
irito their nature and the effect they will have on~) the 
accuracy of the calculations based on the assumption that 
110 such stresses exist. 

Concrete hardened in air contracts, while if it is allowed 

., .. 
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to harden in waier it will expand, consequently for pieces 
in which the concrete hardens under water tensile stresses 
are developed in the reinforcements and compressive 
stresses in the concrete; while when the hardening takes 
place in the air compressive stresses are set up in the 
reinforcement and tensile stresses in the concrete. 

From M. Considere's experiments (page 34) it appears that 
the initial tensile stresses in the concrete due to its setting 
in air will very nearly reach the ultimate resistance in 
tension of similar pieces of plain concrete at the same age. 

As the resistance of the concrete is neglected, there does 
not seem much cause for anxiety on this account on the 
tensile side, since the initial compression in the reinforce­
ment increases its resistance to tension. 

In the same ,Yay, the initial tension in the concrete on 
the compression tiide is an advantage, and if there is a 
reinforcement on this side the compressive stresses induced 
in it, although they aeld to the s1 resses due to loading, will 
not cause the metal to he stressed to anything approaching 
its safe resistance, as the compressive stresses due to loading 
~annot reach more than that in the concrete multiplied by 
the ra~io of the moduli of elasticity of the two materials or 
about fifteen. 

The initial stresses due to setting in air "'ill, therefore, 
if anything, add to the resistance of the structure; the only 
n~sult to be in any way feared is a slight cracking of the 
concrete on the tensile side, as the initial tensile stress will 
incr~se the deformation due to the loading. 

A piece which is kept wet during the period of hardening 
will be affected in the opposite way, but the induced stresses 
are not so high as those which are induced by setting in 
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air, find as they will not be very great they may safely be 
ignored. 

With regard to temperature stresses; a fall in tempera­
ture will induce tensile stress in the concrete if held at the 
ends; it is very seldom, however, that the tensile side of a 
piece is subjected to much variation in temperature, it is 
usually the upper side which is exposed, as in the case 
of roofs or platforms of bridges, and it is only over the 
supports that there will be tensile stresses on the upper 
surfaces due to loading. 

It is advisable to place special light reinforcements to 
resist the tensile stresses induced by a fall of temperature 
when the surfaces are exposed. 

The compressive stresses due to a rise in temperature 
can safely be left to the concrete, as, when these occur, even 
if the structure is fully loaded, the concrete is perfectly 
aLIA to rAsist them. 

There is no doubt tbat there will be permanent deforma­
tions in reinforced concrete structures even under the 
application of small loads. 

The effect of these has been referred to already, when it 
was shown that, after loading, the concrete on tte com­
pression side of a beam will tend to take a permanent set, 

• > 

but the metal in tf\l1sion is perfectly elastic and would 
recover its original length if it was not held back by the 
concrete; as a consequence, the drag of the concrete 'on 
the reinforcement induces compressive stress, while the 
pull of the reinforcement on the concrete which has;,taken 
a permanent set induces tensile stresses. 

It is therefore evident that the effect of the initial loading, 
if not applied too soon after moulding, is in reality to induce 
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tensile stress in the concrete and compressive stress m 
the reinforcements, and since the concrete resists com­
pressive stresses and the reinforcement tensile stresses, 
the structure is consequently stronger after initial loading, 
for the reason that the initial stresses in efLch material 
must be reduced to nil before any real resistance is 
required of them. 

On the whole, it would seem that although initial stresses 
will certainly exist from several causes, it is not necessary 
to take them into consideration when designing a structure 
or to specially take them into account when assigning 
values to the safe working resistances. 

That the resistance of the concrete in call/pression ill pieces 

s1lbjected to .flex1tre varies uniformly from nil at the neutral 

axis to a maximum at the attter fibre. 

This hypothesis has been fully discussed when dpaling 
with the behaviour of reinforced concrete when subjected 
to flexure, and it has been shown that although the stress­
strain curve for concrete is parabolic when extended to the 
ultimate resistance, it is sufficiently accurate to assume a 
straight line stress-strain relation when the calculations 
are basetl on the safe working resistance of the concrete. 
Th~ permission of this hypothesis includes the assump­

tion of a constant modulus of elasticity for the concrete. 
That the ratio of the moduli of elasticity of the steel an(l 

cono!rete is fifteen. 

This hypothesis has also been fully dealt with when 
discusf5{ng the behaviour of reinforced concrete under direct 
compreSSIOn. 

To recapitulate. It has been shown that the following 
assumptions may be allowed when deducing the necessary 

IcC. G 
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formulffi for the calculation of reinforced concrete struetures 
if these are based on the safe working stresses. 

1. 'rhat the applied forces are perpendicular to the 
neutral axis of pieces subjected to bending. 

2. That each fibre of the concrete acts by itself, not being 
affected by the contiguous fibres. 

3. That there is always a solid contact between the rein­
forcement and the surrounding concrete. 

4. 'rhat plane sections remain true planes during loading. 
5. That there are no initial stresses on the structure to 

be designed. 
6. 'l'hat the resistance of the concrete in compression, in 

pieces subjected to flexure, varies uniformly from nil at 
the neut.ral axis to a maximum at the outer fibre, and that 
the modulus of elasticity of concrete is constant up to the 
limit of the safe working resistance. 

7. That the ratio of the modulus of elasticity of steel to 
that of concrete is fifteen. 

SAFE 'rENSILE RESISTANCE OF STEEL. 

The safe tensile resistance of steel may be assumed as 
one-half its elastic limit. For commercial bars' of mild 
steel the elastic limit is generally from 32,000 to ~A,OOO 
pounds per square inch; the safe tensile resistance for 
this class of steel will therefore be from 16,000 to 17,000 
pounds per square inch. 



CHAPTER IV 

METHODS OF CALCULATION 

LIST OF SYMBOLS USED IN THE CALCULATIONS. 

,y = concentrated load. 
1/} = distributed load per lineal unit. 
l' = pressure or load. 
l' = pressure per square unit. 
II: = shearing force. 
k = shearing stress per square unit. 
e = maximum compressive stress per square unit on the concrete 

subjected to direct stress or simple bending. 
Cl = minimum compressi'l'e stress per square unit on the concrete 

in pieces subjected to direct stress and bending combined. 
C2 = maximum compressive stress per square unit on the concrete 

in pieces subjected to direct stress and bending combined. 
t = maximum tensile stress per square unit on concrete. 
f = stress per square unit on the metal. 
fc = stress per square unit on the compressive reinforcement . 
.I; = stress per square unit on the tensile reinforcement. 
M = (lending moment = moment of resistance. 
'£ = Tangential stress, i.e. thrust normal to the radius in arches 

• hoop tension or hoop compression. 
H = Horizontal thrust in pieces subjected to direct stresb and 

bending combined. 
Il = head of water. 
R = Reaction at the springings of an arch. 

Ils • " 
R.! ~ " 
bh = sectional area of the whole effective piece. 
w = sectional area of the metal. 
we = sectional area of the compressive reinforcement. 
w = sectIOnal area of the tensile reinforcement. 

G2 
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a. sectional area of traverse shearing reinforcement. 
d = total depth of a piece subjected to bemling. 
D = depth of the floor slab in T beams. 
b = breadth of a rectallgular piece Bllbjectcd to bending or of the 

rib of a T beam. 
B = breadth of the floor slab in a T bellm. 
R & r = radius. 
8 = diameter. 
Ii = perimeter of reinforcement. 
L = spall. 
l = any length. 
v 

a 

= rise of arch or dome. 
= distance of the neutral axis in any section from the surface 

subjected to the greatest compressive stress. 
= distance of axis of the compressive reinforcement from the 

surface of the piece under greatest compressive stress. 
f:J = distance of axis of the tensile reinforcement from the surface 

of the piece under greatest tensile or least compressive 
stress. 

h = the maximum distance from the centre of gravity of any 
tensile reinforcement to that surface of any piece subjected 
to the greatest compressive stress. 

(u.a) = distance from the centre of gravity of the compressive 
reinforcement to the neutral axis. 

(h-u) = distance from the centre of gravity of the tensile reinforce­
ment to the neutral axis. 

(u-a)max = distance from the extreme edge of the compressive 
reinforcement, when it is of large ~ectional are&, to the 
neutral axis. 

(h-It) = dist'ance from the extreme edge of the tcnsile reiniorce­
"'"x mcnt, when it is of large sectional area, to thc neutral 

aXIs. 
v = distance of the centre of gravity of symmetrical reinfofce­

ments from the neutral sur/clce of a piece subjected to 
direct stress amI bending combined. J 

Pc = di,tance of the centre of gravity of the reinforcemenJ, acting 
under the greatest compressive stress, to the neutral surjuce 
of a piece subjected to direct stress and bending combined_ 

VI == distance of the centre of gravity of the reinforcement acting 
under tension of the lesser compressive stress, to th& 
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neutral sill/ace of a piece subjected to direct stress and 
bending combined. 

vcmcu: = distance of the extreme edge of the reinforcement, acting 
under the greatest compressive stress, from the neutral 
surface of a piece subjected to direct stress and bending 
combined, when the reinforcement is of large sectional 
area. 

V, max = distance of the extreme edge of the reinforcement, acting 
under tension of the lesser compressive stress, from the 
neutral surface of a piece subj ectOlI to direct stress and 
bending combined, when the reinforcement is of large 
sectional area. 

Ec = coefficient of elasticity of concrete in compression. 
:Ef = coefficient of elasticity of the metal. 

Er 
?1l =Ec 
I = moment of inertia. 
"'c = moment of inertia of compressive reinforcement about its 

own aXIS. 
it = moment of inertia of tensile reinforcement about its own 

axis. 
() = angular circular measure. 
A = angle in degrees. 
<p = angle of inclined reinforcements to tho horizontal. 

T 
T 

€ = elongation. 
to = degrees of temperature. 

x 1 d· y ,J = co-or mates. ~ 

~ = sign of summation. \ 
7r = 3·1416. 

BENDING MOMENTS, ETC. 

TH"': weight of reinforced concrete may be taken as 
150lbs. per cubic foot. 

The span of a beam or slab should in all cases be Laken 

as extending from centre to centre of the supports . 

• . 
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There is no need to go very fully into the question of 
bending moments on beams and slabs, as these are fully 
dealt with in several well-known text books and pocket 
books, but it may be desirable to explain briefly the methods 
for dealing with pieces partially fixed at the supports, as is 
the case with most reinforced concrete floors. 

FIG. 14. 

(. 

FIG. 15. 

In Figs. 14 and 15, the parabola and triangle represent 
the bending moments on a freely supported beam, unger a 
uniformly distributed and a central load respectively, gtving 
bending moments at the centre of the span of 

/l! L2 W L 
~ and -4-' 
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where 10 is the distributed load per unit length and W is 
the concentrated load. 

When the beams are absolutely fixed at the ends the 
closing line of the bending moment diagram is C D, which 
gives reverse bending moments at the supports of 

IC L2 W L 
~and--~-

respectively. The bending moments at the centres of the 
spans must therefore be, in the first case, 

10 L2 IC L2 It" L2 
8- - B =24' 

and in the second case, 
WL WL WL 
-4- - -~- = -8-' 

When the ends of the beam are partially fixed the closing 
line will be horizontal if the fixing is the same at both 
ends or inclined if it is different at each end, but it must 
lie somewhere between the lines C D and A B. 

The effect of the fixing must therefore be left to the 
judgment of the designer, as it is imp<;>ssible to give values 
of the reverse bending moments at the .supports, which will 
be absoJutely accurate in all cases. \ 

The assumption is generally made, however, of a value 
for the bending moment at the centre of a reinforced concrete 
beam or slab, which is supposed to take into account the 
fixjng of the ends. 

A very usual assumption for a uniformly distributed load 

is W Iff, giving for the reverse bending moments at the 

supports, if the fixing is assumed as being the same at 
11' L2 II' L~ 1/' L2 

both ends, of - s--- + -W -W. 
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This is mueh too small an amount to aHow, and if the 
reinforcement over the supports is calculated on this 
assnmption it is extremely probable that the concrete will 
crack. 

A better assumption to make is that the closing line or 
the diagram of bending moments lies halfway between 
CD and A B or at E F. This assumption gives a bending 

11' L2 
moment at the centre of the span of --- and bending 

12 ' 
moments at the supports of 

10 L2 W L2 
--1;- + 12 = 

and similarly for a central load the bending moment at the 
3'1YL WL 

centre becomes 16' and those at the supports - 16' 

For practical purposes it is frequently advisable to 
assume the above values for the centre of the span, which 
will provide for partial fixing at the ends, and also to allow 
at the supports for absolute fixing, giving bending moments 

lcL WL 
of - 12 in the first case and - -8-- in the second. 

'With such allowances, we provide for either abSOlute or 
partial fixing, and although it is probable that the fixin,¥ is 
never absolutely perfect, and consequently the member will 
have an excess of reinforcement over the supports, we have 
the comfort of knowillg that the error is on the side of 
safety. 

These matters, however, as before pointed out, mU)flt be 
left to the judgment of the designer in all cases arising 111 

practice. 
When the piece extends over several spans and is 
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supported on columns or walls the fixing is more likely to 
be perfect over the intermediate supports, and it is theo­
retically advisable to use the bending moments given for 
continuous beams for the intermediate supports and spans, 
while the outer spans may be calculated as for isolated 
spans on the assumptions previously explained. If the 

l7/ o /,_,\71 
" 

o '...'~';[[ 

piece is supported on beams these will have a tendency to 
deflec't, and it is probably best to calculate all the spans 

,as if they were independent on the assumptions previously 
mentioned. 

'rabIes IV. and V. give coefficients for mUltiplying WL9 

to obta;b the bending moments at the supports and on the 
spans respectively for pieces passing over several supports, 
and Table VI. gives the coefficients for multiplying wL to 
obtain the reactions at the supports. 



90 REINFORCED CO~CRETE 

TABLE V. 

If 

0", 

00777 0034/ 00434 a C434 

VII 00777 /0 0334 /~044 /(~04Q5 / a 04"1-

,/ /'\ / 

VIII ,00777 <00339 >(00438 ,,0 04/2'>(0 04f2 " 

IX 0-0777 00363 00438 0·0410 0042 /~"~"( IX 

~ ",,/ 

In any case, for practical reasons, it is advisable to 
calculale all the spans for the worst conditions existing for 
anyone span, since it is very uneconomical to construct 

TABLE Y1. 

• 
~'" 

~~ 

'" • 0" III 
0", 

V'?- IV ~'Q 
~\j 

V 

"m 

• 

VIIl 
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each span of different dimensions and reinforcement as 
would be the case for a piece extending over several 
supports if different values were tal{en for the bending 
moments on each span. It may be possible to keep the 
concrete to the same dimensions and vary the reinforce­
ments, but it is doubtful whether the additional labour 
spent on the calculations is justifiable. 

SLABS. \ 

With it slab either built in or freely supported at the 
four edges, supposing (B) the smaller span and (L) the 
longer, according to the well-known formulffi of Grashof 
and Rankine, the bending moments given for beams must be 

multiplied by L{ ~ lP; where (B) is the span of the beam, 

and when (L) is the span of the beam the coefficient becomes 
BI 

These coefficients cannot be absolutely correct, 

since they are derived from the assumption that each pair 
of strips, parallel to the longer and shorter sides respectively, 
act by themselves as if free from the adjacent strips. The 
problem' of the distribution of the bending moments on 
slabs appears tt> be indeterminate; but the :French Govern­
ment Commission on Reinforced Concrete, in their report, 
give the values of the coefficients for the shorter and longer 

1 1 
span aS'l + 2 B4 and 1 + 2 0 respectively. These certainly 

'L~ H4 

appear to be more nearly the correct values than the co­
efficients given by Grashof and Rankine. 

Table VII. gives the values of the respective coefficients 
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for various ratios of L to B, and in Figs. 16 and 17 curves 

have been plotted giving the values from ~ = 1 to ~ = 2. 

L 
j; 

1 
1·.j 
2 
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TABLE Yrr. 
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For the purpose of calculating the bending moments on 
slabs, it is advisable to use the coefficients given by the 
:French Government Commission. 

For ratios of L to B greater than 2, it is only necessary 
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FIG. 17. 

to consider the lesser span, as no reinforcement will be • 
necessary in the longitudinal direction. 

The greatest bending moment will be that for the shorter 
span, but when reinforced concrete is under consideration, 
the stability parallel to the longer side must be provided 
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for with reinforcing bars, and the necessary sections for 
these bars must be obtained for both spans. 

We have, then, for a uniformly distributed load on a 
built-in slab of one span-using the values of Me and 
MA for the bending moments at the centre of the span and 
at the end supports-

For the shorter spall, 

11'B2 1 
tIc = + l:l X B~ 

1 + 2 L4 

1l"D2 1 
*l\IA = - ~ X -----

24 1 + 2 13t 

and for the longer span-
1rL2 

l\L~ = + ~ 
c l~ 

For a square slab. 
1\lc = + O'028I1"V 

*MA = - O'014wL2 

L' 

... ' 

[lJ 

[2J 

[3J 

[4J 

[5J 
[GJ 

For freely snpported slabs the bending 
centre will be-

moment ~t the 

·For the shorter spall, 

7/.,B2 1 
l\Ic = 8 X 134 

1 + 2L4 

.. 
• [7J 

* See remarks on page 88 as to advisability of inc~easing the value 
for the bending moment over the end support. 
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and for the lOllger Sjlan-
1I'L2 

MC=T X 
1 

1 + () L~~ 
~ .1)1 

95 

[8J 

When the slab passes over several supports, the values 
given in 'rabIes IV. and V. may be used, remembering 
that for the sliorteT span the tabular coefticients must be 

1 
multiplied by U·B2 and B4' and for the longer span 

1 + 2 L' \' 

\ 
When using these Yalues, howm"er, it mus~ be remem­

bered that the slah is not absolutely fixed at the supports 
by reason of the deflexion of the beams, but this deflexion is 

so slight that for practical purposes we may neglect it. 
The shearing forces may without much error be deduced 

by allowing the same coefficients of reduction as used for 
the bending moments. 

For a uniformly distributed load the sllearing forces will 
have the following values close to the support at the middle 
of the hwger side-

l\: = !/I'B 
E ~ 

1 
X £4 

1+2U • 
and at the middle of the shorter support-

1 1 
KL = 2u:L X ~-~~ L4 

1 + 2131 • .. 
For a square 8la1-

1 
K =-lcL 

6 

\ . 
'\ 

\ 

[uJ 

[10J 

[ll_] 
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WIND PRESSURES. 

The wind pressure will vary some,,'hat according to the 
nature of the structure. It would be greater on a plain 
wall exposed on the front and rear faces than on a building 
with four sides, on account of the vacuum which is pro­
duced behind a thin structure by tllO force of the wind. 

As a rille, a reinforced concrete structure is not of a thin 
nature, and we may consequently t111,e from 30 to 40 Ibs. 
per square foot as a maximum pressnre in any but 
very exposed situations, or where the configuration of the 
land tends to concentrate the wind on the structure under 
considemtion. 

In such situations the limit should be increasod to 50 or 
55 Ibs. per square foot. 

When a building is of the usual I(ind it is generally 
unnecessary to inquire into its stability against wind 
pressure, as this \yill be amply provided for by the nature 
of the structure. 

The walls on a line with the direction of the wind will 
in this case act as cantilevers, and the floors and roof as 
deep girders, connecting the exposed face to them in a 
perfectly rigid manner. 

~ 

In the case of buildings with many windows or rect-
angular openings, it will be necessary to provide special 
reinforcements at the junctions of the vertical and horizontal 
framings, to strengthen these parts against any turning 
effect produced by the wind pressure on the expos'Jd face. 
This is usually effected by placing inclined rods at the 
angles. 

For isolated erections such as chimneys, telegraph and 
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transmission line poles, towers, domes, spires and similar 
structures, the bending moment must be provided for. 

The pressure of the wind is reduced when it acts on 
inclined surfaces; for a hemispherical surface the area of 
the vertical axial plane may be mUltiplied by 0'41; for a 
structure circular in plan the area on the vertical axial 
plane may be reduced by multiplying by 0'50; for an 
octagonal plan the multiplier will be 0'56, and for an 
hexagonal plan it may be taken as 0'66. 

As a general rule, the centre of action of the wind pressnre 
will be at the centre of gravity of the area of the plane on 
the vertical axis above the section under consideration. 

In the case of telegraph and transmission line poles there 
will be two centres of pressure, one for the pole itself (the 
bending moment due to the force acting on this will be 
small), and the other that due to the force on the wires, 
which are generally assumed as being coated with ice. 

CALCULA TrONS. 

Dirrct Compression. 

When >direct pressure is applied to a column, any 
transvjlrse section is displaced parallel to itself, and if 
band d are the lengths of the sides and w is the area 
of the reinforcement, the area of the concrete "'iII be 
b d -w. 

The concrete and reinforcement are assnmed to be 
deformt8 an equal amount, and the deformation causes 
nnit stresses of c in the concrete and f in the reinforcement. 
The pressure (p) is therefore resisted by a combined stress 

c (lJ (Z - w) + f w or P = c (b d - w) + f w [1] 
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Now, if Ec is the modulus of el,tsticity of the concrete 
and Ef that of the reinforcement and both tl1e concrete alld 
metal are deformed all equal amount, we have the relation 

(as before explained) c : Ec : : f: Ef or f = (' ~:. [2] 

For convenience of calculation the ratio ~!_ is generally 
c 

expressed as 1n. Therefore.f = 111 C and equation [1], giving 
the resistance of the piece, becomes 

p = c {b it + (1/1 - 1) (oJ: 

,Ye have allowed avalne for 111,01' ~.:, of 15. 

Therefore we get P = c {b d + 14 (oJ} [41 
This equation lllay be used to find the load a piece will 

support by giving values to c and w. 

Now the pressure per square unit = p =b~' 
We have allowed 500 11>s. per square inch for the value 

of c. Assuming any ratio t of w to b d, (oJ becomes t Ii d, 

and substituting these values in equation [4], we get 
p = 500 (1 + 14 t) . [fi] 

From this equation values of p may be found for mriolls 
ratios of reinforcement, and tabulated. 

" These values have only to be multiplied by the sectiomd 
area of the piece to give the loads which can be borne wilh 
any ratio of reinforcement. (Vide" :\Innual of Reinforced 
Concrete, etc.," p. 102.) 

:From such a table, a diagram can be plotted giving at 
a glance the sizes of columns and their reinforcements 
to support any loading. (Vide" Manual of Reinforced 
Concrete, etc.," p. 104.) 
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COLDINS WITH ECCENTRIC LOADS. 

If the loading on a column is eccentric (i.e. is not applied 
at the centre), the etrect is not altered if we imagine two 
additional forces equal to the loading in intensity and 
acting at the centre of the column in opposite directions 
parallel to the direction of the loading. 

This is the same as substituting for the original loading 
a load of equal intensity acting at the centre of the column, 
and a couple acting with a lever arm equal to the distance 
of the load from the centre of the column. This gives us a 
direct thrust and a bending moment and we proceed by the 
l:se of the formula::, pp. 185 to 199. 

Hooped Coll(mn.~. 

The resistance of hooped columns is at present usually 
calculated in a more or less empirical manner. The French 
Government Commission on Reinforced Concrete, after fully 
considering the question, decided on a formula for obtaining 
the value of the safe compressive resistance to be used in 
the equation P = c (0'7854d2 + 14 w) • [4a] 
which is similar to equation [4]; d being the diametel' of • 
the hooped core and w the sectional area of the longitudinal 

bars. • 
This formula may be stated for pitches of spirals between 

i d and ~ d, where d is the diameter of the hooped core of 
concrete. 

• c = 0'28 C (1 + 32 "'h) • [6J 
where C is the ultimate compressive resistance of the 
concrete at 90 days and fh is the ratio of the volume of 
the hooping reinforcement to the volume of the concrete 

core within the hooping. 
1I2 



100 nEI~FORCED CO~CRETE 

The resistance of various mixtures as given by the French 
Government are set out in TaLle VIII. 

Pounds of cement to 131, 
cubic feet of sand and. 
27 cubic feet of stone. 

853 
718 
632 

TABLE VIII. 

Ultimate resistance of concrete at 
90 days. 

2,844 Ibs. per square inch. 

2,560 " " 
2,275 

" " 
The last of these is approximately a 1 : 2 : 4 concrete. 
The Commission restricted the c given by equation [6l 

to a value not greater than 0'6 the ultimate resistance of 
the concrete. 

M. Considi-n'e recommends that the percentage of area 
of the longitudinal reinforcement should not be less than 
0'5 per cent. that of the concrete in the core, and their 
number not less than six. 

The Austrian Government rules allow only the safe 
resistance of the concrete for direct compression, but the 
area of the piece used for the purpose of calculation may 
be increased to the amount given by the equation-.,) 

A = Ac + 15 A I + 30 A", [7] 
,,·here A is the equivalent area, Ac is the area of the 
concrete within the hooping, Al is the sectional area of the 
longitudinal reinforcement, and Ah is the sectional area of 

" an imaginary longitudinal reinforcement, the w~ight, or 
volume, of which is equal to that of the hooping reinforce­
ment, both weights, or volumes, being reckoned per unit 
length of the piece. 
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These methods of calculation give safe results and may 
be used with confidence, particularly the French rule, which 
limits the compressiye resistance. 

It would appear, however, that the most rational method 
to adopt is to find the area of the hooping which will 
safely resist the unit pressure, and then to add longitudinal 
reinforcements, to tie the hooping together, and to increase 
the resistance to the amount required. 

To effect this it becomes necessary to know the ratio of 
the direct pressure to the lateral pressure. 

This can be found from the results of actual experiments 
where failure has occurred by the breaking of the hooping 
reinforcement if the ultimate strength of the reinforcement 
i::; known. 

In such a case we know the unit direct pressure p, and 
the unit hoop tension exerted, and can calculate the unit 
lateral pressure from the equation for hoop tension, or 

T = q '}.d , where T is the unit hoop tension and q is the unit 

lateral pressure. From this equation we get q = 2d
T

. 

It app~ars from the results of experiments that a safe 

ratio .f l!_ = 10. 
q 

Adopting a working resistance of 1,100 Ibs. per square 
inch in the longitudinal direction for hooped pieces of 
1: 2 : 4 concrete, or a mixture having 630 Ius. of cement to 
13t cublb feet of sand and 27 cubic feet of stone, we get 
p lWO . - = _'_ = 10, or q = 110 Ibs. per square mch. 
q q 

And as T = (j'}.d, T = 55 d per inch width. 
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If the hooping is of mild steel the safe resistance in 
tension may be assumed as 16,000 11s. per square inch, 
consequently the area of spiral per inch ,yidth will be 

55 tl d . h 
16,000 = 290 square me es. 

If the pitch of the hooping is ~ d, then the area of the 

. 1 '11 b d X Il Il2 .. d' f h spIra WI e 290 [5 = 1 450 ' gIVll1g a rameter or t e , 
hooping, if round-

• /---d=-2--

0= 'V 1,,150 X 0'7854 = 0'0:29 d .. [8J 

Similarly, for a pitch of t d, the area of the spiral will 

1e 1,~:0' and its diameter, if round, will be 

0= V1,740 ~;! 0'7854 = 0·0275 d; [9J 

• 112 
for a pitch of t d the area of the spiral 'nIl 1e 2,mm' and 

its diameter, if round, will be 

o = V 2~-;2'-0-'7-8-5-4 = 0'025 d ; . [lbJ 

and for a pitch of :g cl the area of the spiral will be 2,~:U' 
and its diameter, if round, will be " 

. / d2 

o = V 2,i>20 X 0'7854 = 0'0234 d. . [11] 

In hooped members the spirals or hoopings are spaced 
close together and consequently the longitudinal .rods are 
not necessary as distribution rods; they are useful, l:owever, 
for the practical purpose of tying the hooping together, an<l 
they will also add considerably to the resistance of the 
member. 



METHODS OF CALCULATION 

If the spiral cannot be in a continuous length, the 
several lengths must overlap for two spirals, and their 
entis be bent into the centre of the core. 

It is usual to employ from six to eight longitudinal 
rods. With hoopings of the sizes previously found, the 
unit compressive resistance of the concrete is 1,100 Ibs. 
per square inch, and consequently the unit resistance 
afi'orded by the longitudinal reinforcements will be 1,100 X 
15 = 1G,GOO Ibs. per square inch, and if w is their com­
Lined area, the total resistance of the llleIll Ler becomes 

(To 172 
} P = 1,100 ----- - w + 15 w 

l 4 

or P = 1,100 {0·7854 ([2 + 14 w} [12] 
where d is the diameter of the hooped core in inches. 

LONGITUDINAL DIRECT STRESSES IN PIECES SUBJECTED 

TO :FLEXURE. 

Single ReiJljorccmcnts. 

If the reinforcements are of small sectional area, as is 
usually the case, we may consider the stresses in the metal as 
of uniform intensity 

• ~--p--~ 
over the whole area, -'--___ -:' 

~"" T 

and !hat they act at I 

the centre of gravity I 

or axis of the section. ~ , 
'f h e compressive 

resistaJ}ce in this case 
is that'due to the con-

..Y_,_. _. _._, 
\ __ - - - _./ 

crete on the com pres- FIG. 18. 

sive side of the neutral axis, and the tensile resistance is 
\:\Upposed to be supplied by the reinforcement only. The 
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compressive resistance is therefore represented by the 
triangle A 0 II" x b (Fig. 18), and since A A" represents 
the maximum compressive resistance of the concrete, the 
above expression becomes :t cub if c is the maximum 
resistance of the concrete in compression and u the distance 
from the outer compressive fibre of the concrete to the 
neutral axis. 

The tensile resistance is represented by w f, where w is 
the combined area of the reinforcements and I the resistance 
of the metal. 

Since the compressive and tensile resistances must be 
equal, we have ten b = wi . [13J 

From the hypotheses of the conservation of plane sections 

But 

and 

also 

A A' : 0 0' :: 0 A : 0 O. 
c 

A A' X Ec = c, or A A' = If 
c 

o 0' X E f = I, or 0 C' = ~­
f 

o A = 11 an d 0 0 = (It - u) 

. c. f... .c(h-n)_lu 
•. E< . E .. u . (It - 1t), or E _ l:.' 

c f c nf 

. f - ~f lit -- _!I) b t Ef - - 15 • .. -v c ,u E - m -
nc U c 

(It - u) 
.'. f= m c . u . [14J 

Now substituting this value of f in equation [13J, we get 
~ 11 2& - 1n w (It - u) = 0; 

from which 

u= [15J 

Since the stress-strain curve of the concrete in compression 

• • 
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is a straight line, the centre of action of the compressive 
stresses is at a plane one-third of the height of 0 A or u from 
A, and the lever arm of the couple of resisting forces will be 

( h -~) 3 . 

And since the resisting moment must equal the bending 
moment, 

M=Cllb(h_!l:) 
2 3 

similarly, 

M =fw (It - ~) 
These are the fundamental equations 

forcemen t. * 
Donble Reinforcements. 

II ,I. [16J 
:' 

\ 
I': 

[17J ~, 

fOIr a single rein-

The reinforcements are supposed of small sectional area 
as in the case of single reinforcements. In this instance 
the com p re s s 1 ve, ~ 

tf.---p---"" 
resistance is that of ~ '"", 

-...- • •• I 
the concrete on the I 

compression side of 
the nealiral axis added 
to that of the COUl-

• pt· e s s i ve reinforce-
ment, and the tensile 

I 

~ 
I 

I 

• _. -. I --b :[T1C,;=-::'''' 
I I 'I; 
"'- - -.;_ --" 

resistance is supplied FIG. 19. 

by the reinforcement on the tensile side of the neutral axis. 
Thl compressive resistance is therefore represented by 

the area of the triangle A 0 A" X b (Fig. 19) + We X fe' 

* For methods of employing these equations and tables and 
diagrams based upon them, vide" Manual of Reinforced Concrete, etc." 

• • 
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Since A A" represents the maximum compressive resistance 
of the concrete and the area A 0 A" equals one-half tlle 
surrounding rectangle, this expression becomes 

~ e n b + wc.f~. 
The tensile resistance is represented by Wt it. 

And as the compressive and tensile resistances must be 
equal, we have 

. [18J 

From the hypothesis of the conservation of plane sections 
we have 

A A': C C': D D' :: 0 A: 0 C: 0 D. 

e 
But A A' X Ec = c or A A' = E; and, similarly, 

e 

C C' .1; d D D' .fc = ~.' an = v' 
~. ~ 

Also 0 A = II, 0 C = (Ii - u) and 0 D = (u - a). 
f' I" 

"nT cr t tl . f· c.. t • .I c •• "(1 ) . ( ) He he, lele ore, E' " B. " E" 1t. ~ - 1l • It - a ; 
c ! j 

I 
," (Ii - 1/) !; It .. E j (It 11) 

consequent y Ee = 0E:; or it C Ee ':""'---1£____; 

[19J 
• 

C (11 - a) _.ie n _ (n - 0) 
and B - -E- or ofc - C 1n " 

c j n 
[20J 

d 
ft (n - a) ot~ (h - n) .f _ .f (n - a) 

an o---E-- = E or Jc - Jt-(,--). 
j j £-1l 

[21J 

• Also, since the resisting moment must equal the bEAlding 

moment, 

1\{ = ~ cn b X t 11 + (n - a) wc.fc + (It - II) wtlt 

or 111 = :1 e n 2b + en - a) we!c + (h - Il) Wt it" [22~ 
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Substituting it and.fc from equations [19] and [20J 111 

equations [18J and [:.I.2J, we have 
~ II 2b + m ;wc (It - It) - Wf (h - n)} = ° 

_ 11!__ ( + ) [. / l' + '2/i (a w" + II WI) - 1J [23J or n - b We Wt V ~. 
m(wc + wt! . 

and.M = ~ [~n :lb + 1n {we (n - ai + W t (h - n)2} ] [24J 

As before, In will be 15. 
These are the fundamental equations for double reinforce­

ments.* For designing ,;tructures it is convenient to give (a) 
the value of ~ II, thus placing the compressive reinforcement 
at the centre of the compressive resistance of the concrete. 
lYe can then use the equation 

M = Wtj~ (It - ~), . [251 

and if In is given its value of 15, the equation for n becollies 

u = ~ (2 We + 3 Wt) [ VI + ~ -[ ('2 We l~w3 wfl} - 1 J [26J 

Generally speaking, a double reinforcement is not 
economical when used in beams or slabs unless high per­
celltages of reinforcement are neces:,ary, which is seldom 
the cttse. It frequently lJappells, however, that the 
av~lable depth is restricted, in which case it becomes 
necessary to use a compressive reinforcement to obtain 
the requisite resistance. 

Some people, when using a double reinforcement, the 
bars being placed symmetrically on each side of the neutral 

• axis,·calculate the necessary reinforcement of a beam as if 
it were a steel girder, neglecting the resistance of the 

* For methods of employillg these equations, amI tables and 
diagrams based upon them, cide " Munual of Heinforced Concrete, etc." 

• • 



108 REINFORCED CONORETE 

concrete. This method is wrong, as the concrete must in 
reality support some of the stresses, however the reinforce­
ment may have been calculated, and the assumption that 
the reinforcement wiII take the entire stress cannot be true. 

If the compressive reinforcement is calculated to offer a 
high resistance, the concrete at the outer fibre must be 

stressed more than one-fifteenth of this amount if ~~ = 15, 
c 

or if the reinforcement is stressed to, say, 16,000 lbs. 
pel' square inch, the concrete at its axis is stressed to 
1,067 Ib3. per square inch, and if the reinforcement is at 
the centre of the compressive resistance of the concrete, 
the outer fibre must be stressed to 1,600 lbs. per square 
inch, or 2'67 times the permissible safe resistance. As a 
matter of fact, when a compressive reinforcement is ulled, 
the concrete in compression must be calculated as offering 
only the maximum allowed resistance at the outer fibre, 
and consequently the compressive reinforcement cannot 
offer a resistance of more than 6,000 lbs. per square inch 
if it. is placed at the centre of the compressive resistance 
of the concrete. 

When the bending may be on either side, as in dlvision 
walls of reservoirs and like structures, a double reinforce­
ment is, of course, essential. 

Reinforcements are also necessary, extending into 
beams or slabs, where reverse bending moments will 
occur over the supports. For this purpose some qf the 
tensile bars are frequently bent up at their ends, and "thus 
afford resistance to the diagonal tensile stresses near the 
supports. In most cases where the tensile bars are bent up 
furlher reinforcements will be required, in addition, to resist 
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the reverse bending moments, as the top bend of the 
tensile bars should be at the support if they are to resist, 
the diagonal tensile stresses. 

T BEA)IS WITH SINGLE REINFORCE)1ENTS. I' 
In the case of a T-shaped beam, the floor slab which 

forms the top of the T will resist the compressive stresses. 
It is necessary, therefore, to i,nquire into the width of 

the slab, which may be considered as acting with the 
T beam. It is obvious that if the slab has already been 
calculated as offering the maximum allowed compressive 
resistance when acting by itself we cannot consider it as 
again offering the maximum resistance when forming part 
of the T beam, unless the stresses are acting in a direction 
normal to those on the slab, and even in this case it is. 
dou·btful if we can allow for the resistance of the whole 
width of the slab. It is also evident that when the distance 
between the beams is great in proportion to the span the 
effect of the flexure of the beam will only extend for a 
part of the distance from the beam to the centre of the 
distance between the beams. 

It ir:sodifficult to determine the exact widLh of slab on the 
sid" of the beam which may be a!lO\yeu to act with it, 
and we must therefore assume some safe limits. 

The committee appointed by the Royal Institute of British 
Architects to report on reinforced concrete, after careful 
considemtion, recommended that the width of the slab to 
be c~sidered as acting with the T beam might be assumed 
as one-third the span or three-fourths the distance between 
the centres of the beams, whichever is the smaller dimen­
SIOn. '1'his applies to secondary beams where there are 
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series of beams at right rrngles to o'~e rrnother, or to all the 
beams when they are only placed in one direction, since, 
in such cases, the maximum compressive stress in the 
upper portion of the slab, when cOllsidered by itself, will 
act in a direction normal to the beams, and consequently 
will not effect the compressi,'e resistance of the slab i"n the 
direction of the heams. If the width of the panel is 
greater than half its length, there will be compressive 
stresses at the upper surface on a direction parallel with 
the beams, but, provided the ratio is not much greater than 
one·half, the effect of the loading on the slab in the 
direction of the beams will be small. 

\Vh8n the floor is divided into an equal number of bays, 
by secondary beams supported on main beams, the maxi­
mum compressive stress in the main beams will be over 
a secondary beam, and consequently these widths ~'ill 
also apply to the main beams in such a case. 

When the bays of a floor are square, or nearly so, the 
floor slab, considered by itself, 'rill have been designed 
with the maximum compressive stresses in a direction 
parallel to the beams, and in this case the width of slab 
acting with the heam should ue reduced to one-ll..:lf the 
distance between the centres of the beams, and the sq,me 
applies to the main ueams when the floor is diyided into 
an Ulleven l1lunher of bays by secondary IJoams supported 
on main ueams. 

,Yhen the neutral axis of a T beam coincides with or is 
ahove the underside of the slah, the beam may be calcu':ated 
as :1 rectangular boam of a width equal to the width of the 
slab acting with the T heam, and the equations given for 
rectangular beams will apply. 
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If, however, the neutral f1xis falls below the underside of 
the slab, we cannot employ these equations. 

In such a case it is usual to neglect the resistance offered 
by the small portion of the rib ahove the neutral ax,is, as it 
simplifies the equations and the neglected resistance IS 

small and tends to safety \ 

-------B---
• I 
:~ -c- ).. 

"}-

I r~ 
I 

I . 
~' . .... - .. \. _ ___ '-J 

FIG. 20. 

If we call the maximum compressive resistance c, al1l1 
the :t6sistance at the underside of the slab C1, the depth of 
the slab D and the width B, 

u-D 
{'1 = c--~. 

1/ 
· [27J 

and as the compressive and tensile resistance" must bf' 
equal, 

c + ('1 
~~- X BD = wf 2 .. · [2SJ 

and '}s in the case of rectangular oeallls, from the hypothesis 
of the conservation of plane sections, we obtain the equation 

h-u i= C}Jl --. 
11 

· [29J 
Inserting the values 

• of c and f from [27J and [:'!8] in 
[:W], ~e geG 

B D2 
2 +771wh 

71 = -- ----. 
BD+mw 

· [30J 
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The distance of the centre of gravity of the trapezium 
C Cl from the upper surface is 

D c + 2 C1 
tt-Y=-3_ + 

C C1 
[31J 

For dividing the hatched portion in Fig. 20 into two 
triangles, and tal{ing moments about the upper surface, 

we get 

or 

C D ('1 2 D c + ('1 

2 . 3- + ~ + 3 = -~- (n - y) 

c + 2 C1 D c + ('1 ( 
--2-- . 3 = ~ \It - y) 

D C + 2('1 
.'. (n - y) =-3 . . c + "1 

Inserting the value of C1 from [~7], we get 

3 It D - 2 D2 
U - Y = 3 (2u - D) , 

multiplying the numerator and denominator of the right 
side of this equation by 2, we get 

3 D (211 - D) - D2 _ D D2 
tt - Y = 6 (~ It - D) - 2 - 6 (2 tt -'15)' 

or 
D D2 

Y = It - "2 + 6 (2 It - D) [32J 

Also, l\l = (!! + It - u) f (JJ [33J 

and suhstituting the v;dne of.f (tl from [28J and turther 
suobtituting the value ('1 from [27J, we get 

cD D 
11 = -')- (y + It - 11) (2 n - D) 

....,1(, 

) , 
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and inserting the value of y from [32], we get 

c B D 
M = (r:u- [D (2 D - 3 n) + 3 It (2 1L - D)] • [34] 

These are the fundamental equations for singly reinforced 
T beams.* 

T BEAlIIS WITH DOUBLE REINFORCElIENT OF SJIAtL 

SECTIONAL AREA. 

If the neutral axis is above or coincides with underside 
of the slab, all the 
equations for douhly - - - - - -B- ____ _ 
reinforced rect- .-........ ,,~ q , 
angular beams will 
apply if the width B 
is substituted for b. 

As tn the case of 
singly reinforced T 
beams, ' 

-1-._. ___ .4... 
Nt 

I 

I 
~<.- ....... . 

FIG. 21. 

~l - D 
Cl = C X -'l-l - • [35] 

and from the hypothesis of the conservation of plane 
sections i1,1 a similar manner to doubly reinforced rect­
angular beams (Fig. 21), 

t It - 1L it = m C --. • [36] n 
n-a 

.I.e = rn C --
1L 

[37J 

and since the compressive and tensile resistances illlist be 
" 

equal, • 

. [:38J 

* For methods of employing theBe equations and diagrams based 
llpon them, vide" Manual of Reinforced Concrete, etc." 

R.C. I 
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Inserting C1 from [B5J ,It from [36J, and Ie from [87] III 

equation [38J, "'e get 
Ii D2 

t£ = -~- + In (Wt 11 + We a) • [3!)J 

13 D + In (Wt + wJ 
As in the case of single reinforcemellts, 

D D2 
Y = u - 2 + 6 (2C-1-£ --~D"") . [40J 

C + ('1 
11 = --~ -~ B D y + weic (11 - a) + wt/t (It - 1/) 

Substituting the values of CI. fc and It from equations [35J, 
[37J ,and [36J, we get 

M=I:[y B D ~_1t,_;~+m{(I)Jn-a)2+wt(h-U)2}J 
Inserting the value of .II from equation [40J, we get 

11 = ~£ [B D (n2 - 1£ D + ~2) + m {we (1./, .....:. ap 

+ w2 (It - it/}] . [41J 

These are the fundamental equations for doubly reinforced 
T beams. 

INVERTED T BEA~IS. 

This form or beam applies to the ends of T beams when 
fixed or partially fixed. " 

Since the neutral axis in thiA case "'ill always fall outside 
the slab, the calculations are made as for rectangular beams 
of the ,,,idth of the rib. 

THE ARRANGE:lIENT OF THE TENSILE REINFORCJ(NENTS 

IN BEA)[S. " 

In all beams it is advisable, if possible, to place the longi­
tudinal tensile reinforcements in two layers, and to bend up 
the bars in the top layer towards the supports, as such bent 
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up bars assist considerably in resisting the di,tgonal tensile 
stresses; the bars should be so bent up that they reach 
the centre of the compt'essive stresses at the support and are 
here bent over so as to extend over or into the supports. 
The remainder of the rods should be continued along near 
the tensile surface well over or into the supports. 

In continuous be:1ll1s :1ny bent up bars should be flxtended 
near the upper surface, and bent down into the adjoining 
beam. Additional bars are generall'y necessary to resist 
the tensile stresses induced near the upper surface by the 
reverse bending moment" over the supports. 

If the bars are not of sufficient length to allow of their 
being carried through the adjoining beam, they should be 
extended near the upper surface for some distance in the 
beam, iJ:le reinforcements of the adjoining beam being also 
-continued for some distance near the upper surface. Thus 
the bars of neighbouring beams pass one another over the 
support. In this case it is probable that no additional 
reinforcement will be required over the supports. 

Another method of continuing the reinforcement from 
beam to beam is to allow the bars to overlap one another 
where incl!ned, and to bind them with annealed wire at this 
place. .The intensity of tensile stress is very small through 
this portion of their length, and consequently it is a good 
Jllace to form the overlap. 

To avoid congestion of bars over the supports, it is fre­
quently a~visable not to extend the bars, bent up from the 
bottom, over the supports, but to hook these, at the edge of 
the support, over additional bars placed near the upper 
.surface. 

The lower bend of any bent up bars should not be farther 
12 
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from the supports than one-sixth the span in a freely sup­
ported beam, or one-third of the span when the beam is 
fixed or partially fixed at the ends or continuous_ 

It is advisable to extend the top reinforcements abont 
one-eighth the span into the beam from the end supports 
and one-fourth the span on either side from the inter­
mediate supports, and any additional reinforcements over 
supports should extend for like distances. 

Some construclors use special forms of bar or a special 
arrangement of bars, in which case the above methods of 
arrMlgement will not apply, but in all cases it is necessary to 
provide bars to resist the tensile stresses over the supports. 

PIECES WITH REINFORCEMENTS OF LARGE SECTIONAL 

AREA (FIG. 22). ,) 

In ihis case the reinforcement has in itself a resistance 
against bending, and neither the depth nor the sectional 

area can be neglected when compared to 
that of the whole piece. 

The values!c and it will therefore be 
considered as the mean and~fc1naX and 
itmax as the maximum resistances of the 
sections: (u-a) and (h-u) bei'hg the 
distances from the neutral axis to the 

FIG. 22. centres of gravity of the metal sections; 
and (n-a)",ax and (h -u )max the dibtances from the neutral 
axis to the outer fibres of the reinforcements, an'i further 
ic and it will be the moments of inertia of the reinforce­
ments about their own centres of gravity. 

The compressive reinforcement takes up an appreciable 
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area compared with that of the whole piece, which must 
be deducted from the area of the concrete in compression. 
The resistance of the concrete displaced by this reinforce­
ment may be snpposed to act at its centre of gravity. 

In this case the stress on the area of concrete replaced 
by the upper reinforcement will be-

(II-a) 
c--' 

11 

Equating the compressive and tensile stresses we get-

~ (u - a) -f 
2 cub - CWe + WeJ e = Wtfe· • 

7L 
. [42] 

, For the calculations of the moment of resistance of the 
piece, the moment of each reinforcement acting by itself 
must be included, and for the compressive reinforcement 
the ~oment of the concrete which it replaces must be 
deducted. 

We have therefore-

M - 1 2b (u - a)2cwc de + -r ( ) + .fcie - -cu - - - JeWe 7£ - a --- + 
3 U 1L (u - a) 

We ha \'e also-

• 

j;'.lJt(h - 11) + _fL. 
(h-u) 

-r (11 - a) 
Je = cm , 

1L 

-r (h - n) 
It = em • u 

\ 

\ . • [43] 
\, 

[45] 

Substituting 
we get-! 

these values in equations [42] and [43], 

1 (u - a) (u - a) (h - u) 
-2cub - CWe + Wecm - Wtcm = v, 

U u u 
[46] 

or-
iu2b - (1£ - a)(1),(l - m) - mWt(h - u) = 0, . [47] 
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and-

M 
1 2b (n- a)2ewc eic + (n - a)':l = - en - - - cm w 3 It n It C 

r))li + rm(h - 11.)2 + cmit +- Wt --, 
n It n 

• [48] 

11 = tZn n3b + {(n - a)2w. + iC} (m - i) 

+ lIl(h - 1l) 2Wt + iJ [49J 

The maximum 
by-

stresses in the reinforcements are given 

f =em(n-a)",,,x 
ClIWX 1t' 

and 
(h - 71) -t == cnt l1urx. • 

Jtmax 1t 

If there is only a reinforcement on the tensile side 

f = em (h -11) 
'It ' 

!zn2b - m(h - u)w = 0, 

M = ~ [~ n3b + rn { (It - U)2(J) + i} ] . 

(, (It - n)",ax 
",ax = em 1t 

[50J 

[51J 

[52J 

[53J 

[54J 

[55J 

The equations for T beams reinforced with larg'"e sections 
follow from the above, being compiled in exactly th~ same 
manner. 

The employment of reinforcements of large sectional 
area is not to be recommended, as the best practice in 
reinforced concrete construction for pieces subjected to 

w 
simple bending is to keep the metal as far as possitJIe from 
the neutral axis of the piece, where it acts at its best 
advantage. The design of reinforced concrete is similar 
to that of metal girders in this respect. 
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The rolled joist is uneconomical as regards the use of 
the metal, its economy being a purely practical con­
sideration. The same remark applies to a plate-web 
girder, true economy of material being only obtained when 
the web is of the open type, being only sufficient to tahe 
up the shearing stresses. With reinforced concrete the 
practical economy of the rolled joist and plate web does 
not apply, as the cost of construction is very nearly the 
same whether we use large sections or small. 

In the case of slabs, the tests and experiments which 
have been carried out prove that the best type is that 
when small sections of reinforcement are employed fairly 
close together; and the fact that but few constructors 
employ large reinforcing sections in beams is a sufficient 
proof that small sections are the most economical for these. 

Fo' arches which act mainly in compression, large 
sections may be employed with economy, and many con­
structors, Melan and Wunsch among the number, employ 
this type with success. For arches large sections have also 
the advantage of readily adapting themselves to hinged 
connexions. 

When -large reinforcing sections are employed. it is the 
usual yractice to use them for the purpose of supporting or 
partia1ly supporting the falsework, and in consequence 
they gain an extensive practical advantage; but it cannot 
be considered good practice to support the falsework by the 
aid of the reinforcement, as, when this is done, there must 
be a ce~'tain amount of initial strain and there is more risk 
of vibration. These remarks do not, of course, refer to the 
use of rolled joists as beams, this form of construction not 
being reinforced concrete in the true sense of the term. 
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BOND AND SHEARING STRESSES. 

The vertical shear on a piece under flexure is resisted by 
the longitudinal shearing resistance of the fibres. 

The longitudinal or horizontal shearing resistances add 
the increments to the direct resistance of the fiIJres. If 
there were no shearing resistances between the fibres they 
would simply slide on one another and exert no resistance 
to bending. 

On each small square particle of a beam there are hori­
zontal and vertical forces acting; the vertical forces being 
the direct shear and the horizontal forces the resistance of 
the fibres. 'These must be equal to one another if equili-

,,-

brium is to be maintained. 
'1'he shearing resistances 

that it is necessary to assure 
in a beam are in reality lhose 
acting horizontally, which 
counteract the tendency for 
the fibres to slide over one 

C G another, and thus prevent the 
FIG. 23. l!'IG. 24. failure of the beam. 

Now it is clear that, the added increments of the longi­
tudinal stresses in a homogeneous beam being represented 
by the triangles 0 E F and 0 G H (Fig. 23), the longitu~inal 
shearing stress on any horizontal plane must be equal to 
the sum of the increments of the longitudinal stresses 
above that plane. The effect of this is shown graphically in 
Fig. 24, where E' 0' G' represents the vertical plane ~ection, 
upon which are acting shearing stresses at each point in 
its height, these shearing stresses being represented by the 
ordinates from E' 0' G' to the curve E' 0" G'. It will be 
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seen that these increase from the top surface until the neu tral 
axis is reached. Below the neutral axis the direction of the 
action of the stresses becomes the opposite to that above, 
and consequently the increments of the shearing resistances 
becomeminns quantities and the curve bends towards E' 0' G'. 

In a reinforced concrete beam, where the resistance of 
the concrete on the tensile eide of the neutral aXiS is 
neglected, the diagram of the shearing 
stresses will take the form shown in 
Fig. 25, the shearing stress being a 
maximum at the neutral axis, and con­
tinues of the same amount until the 
tensile reinforcement is reached. 

Considering a slllall vertical slice of 
a reinforced concrete beam, of a length 
x, ac~ed upon by a total vertical shear- FIG. 25. 

ing force K (Fig. 26), and if "max is the maximum horizontal 
unit-shearing stress, kt the unit bond stress between the 
concrete and the reinforcements, b is the width of the 
beam, 0 is the total perimeter of the reinforcing oars, 
C l and C2 the total compressive stresses on the concrete on 
each sid~ of the slice, Fl and F2 the total tensile stresses in 
the reinforcement on each side of the slice, C2 and F2 being 

• 
the greater of the similar stresses, and (h - ~), as before, 

being the lever arm of the couple of resisting forces. 
Now the total bond stress between the steel and concrete 

in the tength of the slice x of the beam must be F2 - Fl 
and the unit bond stress 

[1] 



j')') REI~:FORCED COXCRETE-

It will be seen from Fig. 26 that if equilibrium is to be 
maintained the moment K x must equal the moment 

(F2 - F 1) (It - ~) 
ICc 

or = ( II) h-§ 
Substituting [2J in [1J, we get 

K 

*1;t = 0 (It _ ~) 
This gives the equation for the bond resistance. 

Equation [3J may be written 
K 

"to = (h _~) 

[2) 

[3) 

[ 4J 

J( K Now let 0, or the total 
,)) 

unit shearing or bond stress 
around the reinforcements, 
must be distributed over a 

~ -F, =aI;/ horizontal section of unit 
"2 -C, : ';f' length just above the plane 

of the reinforcements, and 
we have • 

FIG. 26. o ht = b lema.c • 

which, substituted in equation [4J, gives us 
K 

[5J 

This unit-shearing stress applies to all fibres bel~w the 
neutral axis. 

,~ See remarks, p. 124, as to the reduction of the value of K when 

inclined bars are used. For diagram giving values of (It - ~), vide 

"Manual of Reinforced Concrete, etc.," 1st edition, p. Hi. 
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The above equations apply equally to doubly reinforced 
rectangular beams when the compressive reinforcement is 
placed at the centre of action of the compressive resistance 

of the concrete, or at a distance of i from the compressive 

surface of the beam. When the compressive reinforcement 
is in any other position the value 

11 2b ( 1l) 1nll'c(n - a) (It - a) +~ It -"3 
11 2b '\ 

1n 11'c (n - a) + :! 
must be substituted for (h - TI)' 

In the case of T beams the shearing resistance must be 
calculated as for a rectangular beam of the width of the rib. 

• REINF<mCE~mN':I' AGhlNl:.':I' DU.GONAL TENSION. 

It is very usual to neglect the shearing resistance of the 
concrete when calculating the reinforcement against diagonal 
tension if it is found that the concrete is unablA to resist it. 

Inclined Reinforcements. 

When an inclined reinforcement is employed to resist 
diagonlU tension, if its area is w., its direct resistance to 
ten~on is j, and the angle it makes with the horizontal 
is cp (Fig. 27). 

The total direct resistance it offers is wsi, and the resistance 
to vertical shearing will consequently he w. f sin cp or 
K = wsf sin cpo 

• From this equation we get 
K 

Ws = f sin cp ~GJ 

It follows from equation [6] that, when some of the 

" 
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longitudinal rods are bent up, or inclined reinforcements 
are used, if Ws be their area, the value of K in equations 
[JJ and [5J will become 

K1 = K - f (us sin ¢ . ['iJ 
If the vertical plane dropped from the upper extremity 

{)f an inclined shearing reinforcement falls outside the 
100\"er extremity of the next inclined 
reinforcement, the value of Ie in 
eq uation [6J must be the total shear­
ing force on the length of the beam 
between the vertical plane and the 
lower extremity of the next rein­
forcement. 'l'his value of K will be 

FIG. 2i. the difference between the bending 
moments on the length of beam under consideration, !\~ in 
the case of vertical reinforcements. 

Vertical Reinfo1'cements. 

In this case each horizontal plane of the beam between the 
lower reinforcement and a plane close to the top is traversed 
by the vertical reinforcement. We must therefore find 
the total shearing force on the portion of the., beam 
between neighbouring vertical reinforcements, and this, 
divided by the area of the vertical reinforcement ant the 
lever arm of the longitudinal resisting forces, will give the 
maximum shearing stress on the reinforcements. If 111 
and 1\12 are the respective hending moments, M2 being the 
greater, then (referring to Fig. 26), .' 

11 
l\I2 - 111 = (F2 - F 1) X h -~' and ks Ws must equal F2 - Fl 

.'. 1\12 - :Ml = ks Ws X (It -~) 
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or k. = (1\1;2 - l\II) 

w. (h -i) [8]. 

This may be written 

* 1\12 - Ml w. = 

k. (h - ]) [!J) 
I " 

The same remarks as before apply to the substitution for 

(It - i) in the case of doubly reinforced beams (ride p. 12:3). I. 

In equation [9J, giving the area of the vertical shearing 
reinforcement, the value of ks (the shearing resistance of 
the steel) may be taken as 12,800 Ibs. per square inch. 

When some of the longitudinal bottom reinforcements 
are bent up, the expression (112 - 1\:ft) must be replaced by 
(l\f2 '_ M1) - f (Os x sin cp. 

To prove that )\12 - l\fI = K:-
We may consider a length of a beam to the left of the 

centre, between a section (A) at a distance x from the left 
support and a section (B) at a distance y from the left. 
support, and using the following symbols-

RL =i reaction at the left support. 
W = any load to the left of section (A). 
m = any load between the sections (A) and (B). 
These loads being of any intensity 
z = the distances of the loads C\Y) from section (A), and! 

. Zl the distances of the loads (WI) from section (B). 
We-have for the shearing force at section (A), 

Kl = RL - ~W, 

,;, For method of employing this equation and table and diagram for 
nse in obtaining the proper spacing, vide "Manual of Reinforced 
Concrete, etc." 

• 
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and for the Lending mOlllent at section (A), 

JU I = nil x - ~ CW z). 

The mean value of the decrease of the shearing force on 
the length (.11 -x) Let,veen the sections (A) and (B) will be, 

~ (WI ZI) 
(.11 - xf' 

We have, therefore, for the mean value of the total 
shearing force on the length (y - x) 

Km = R - ~ W _ ~ (WI ZI). 
Y - xl 

The total shearing force on the length (y - x) will 
therefore be 

K = BL (y - x) - ~ W (.11 - x) - ~ (WI ZI). 

Now, the bentling moment at section (B) will be 
:M2 = BLy - ~(W z) - ~ W (y - x) - ~ (WI Zl), ) 

and the increase of the bending moment over the length 
(1} - x) will be 
:112 - JUI = BE (y - x) - ~ ,y (y - x) - ~ (WI ZI) = K. 

RESISTANCE TO SrRFACE CRACKING DUE TO TEMPERaTURE 

STRESSES, ETC. 

In a structure exposed to atmospheric influences toe con­
crete near the surface, which is acted on by the temperat,ure 
and moisture, tends to suffer deformation, but it is assisted 
in a great measure by the fibres behind it, which are protected 
from the direct action of atmospheric influences, and are 
therefore subject to less deformation. 

The reinforcing metal is also protected, and will conse­
quently be acted upon by a considerably less variation of 
temperature than that acting on the concrete. 

It is for these reasons that temperature stress03 III 
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reinforced concrete structures can be assumed as being due 
to a considerably lesser range of temperature than those to 
which the exposed surface is subjected. 

Concr~te in damp situations will not tend to crack at 
low temperatures to the same extent rts "']Jen in dry situa­
tions, since the effects oI the dampness will counteract 
those of low temperature. 

It is most important that parts of a structure which will 
be subjected to a considerable range of temperature should 
be constructed when the temperature is fairly low, or be 
thoroughly protected against the action of the sun's rays 
during hardening, as when these precautions are taken the 
effect of low temperatures will eyidently be reduced. 

For the reasons previously stated, and if reasonable pre­
cautions are taken during the hardening of the concrflte, it • is probably sufIicient, in this country, to provide for a fall of 
temperature of, say, 30° Fahr. in the concrete and 20° Fahr. 
in the reinforcing steel. 

The greatest range of temperature is about 70° Fahr. or 
from about goo to 20°. Higher and lower temperatures occa­
sionally occur, but they are exceptional and of short duration. 

It is Cmnecessary to consider such a range, however, as, in 
the ~rst place, the assistance otIered to the concrete at the 
surface by the fibres behind has a considerable influence, 
and further, the concrete will be so protected by the 
moulds, etc., while hardening, that it will never reach a 
temperature approaching 90° if the moulds are kept damp . 

• The evaporation will tend to lower the temperature acting 
on the concrete. 

Assuming, therefore, as a m[txilllUm, a fall of tempera­
ture of 30° in the concrete and 20° in the steel, the 



128 REINFORCED CO~CRErE 

deformation of concrete under temperature changes has 
been found by tests to be about 0·0000055 per degree 
Fahr. 

The contraction for 30° Fahr., if the concrete were free, 
would therefore be 0·00000.55 X 30 = 0·000165. 

If the modulus of elasticity is taken at a high value of 
3,000,000 Ibs. per square inch, tfle tensile stress in the 
concrete, if prevented from contracting and not reinforced, 
would be 0·000165 X 3,000,000 = 4!)5 Ius. per square 
inch. 

The reinforcing steel will be subjected to a fall of tempera­
ture of 20° Fahr. and has a deformation of 0·0000067 per 
degree Fahr. and a modulus of elasticity of 30,000,000 Ius. 
per square inch; therefore, as it may be considered as being 
held firmly at the ends, the induced tensile stress would be 
0·0000067 X 20 X 30,000,000 = 4,020 lbs. per square lnch. 

If, therefore, the elastic limit of the steel is 32,000 lbs. per 
square inch, the resistance remaining to aid the concrete, 
if the steel is not stressed above its elastic limit, will be 
32,000 - 4,020 = 27,980 lbs. per square inch, and the ratio 
of area of steel required to the sectional area of concrett' 

495 ' 
outside the bars will be 27 980 = 0·0177, or 1·77 per cent. 

, ~ 

The concrete will also offer S9me resistance to the 
induced tensile stresses, but this is neglected. 

If high carbon steel were used with an elastic limit of 

60,000, then the required ratio would be 
495 _ 495 

60,000 _:_ 4,020 - 55Vi::)O = 0·0088, or 0·88 per cent. 

Supposing, therefore, a parapet wall with a covering of 
i inch outside the axis of the bars placed as reinforcement 
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against temperature stresses, the following areas of steel 
will be necessary. 

For mild steel an elastic limit of 32,000 per lbs. pel" 
square inch, 0'75 X 12 X 0'0177 = 0'160 square inch per 
foot width, or ~ inch round rods 8 inches apart. 

And for high carbon steel with an elastic limit of 60,000 
Ibs. per square inch 0'75 X 12 X 0'0088 = 0'077 square inch 
per foot width, or l inch square bars 10 inches apart. 

For resisting temperature stresses it is desirable to use 
high carbon steel, and the employment of bars giving a 
mechanical bOlld is also advisable. 

The position and nature of a structure must be carefully 
considered with reference to temperature stresses, as the 
requisite reinforcement depends entirely on the conditions 
of each case, and no hard and fast rule can be laid down, 
although in most cases considerably less area of steel will 
be required than that found under the conditions assumed 
in the example which has been taken. 

PIPES, CIRCULAR RESERVOIRS AND SDIILAR STRUCTURES. 

'When under Internal Pressure. 

The diruct tension on a unit length of the shell of a pipe 
or elevated circular reservoir or silo is given by the usual 

I 
formulro-

T = WIl, [1) 
where /) is the internal diameter, and p the unit pressure. 
If p is in pounds per square inch-

n p = 0-43 H w, 

H", being the head of water in feet. 
For a reservoir or water pipe, therefore-

T = 0'215 H1V/), [2] 
R,C. K 
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T being in pounds on a circumferential strip one inch 
wide, Hw the head in feet, and <> the internal diameter in 
inches. 

As the resistance of the concrete is neglected in tension 
we must have-

T =jw,. [3] 

f being the allowed unit stress in the reinforcement, and 
w the sectional area of metal in the hooping reinforcement 
for the length of the structure taken. 

If we take a circumferential strip with a width of 
(l) inches, all units being in inches and pounds, we get 
therefore from [1] and [3]-

and from [2] and [3]-
0'215 Hm /3 l 

w= f 

[4J 

[5] 

from which we nnd the total sectional area of the j)ooping 
reinforcement for the length under consideration, which 
must be divided up into a suitable number of, hoops or 
spirals. 

For calculating the sectional area of the longitudinal 
bars, the portion of the shell between two adjacent hooping 
bars must be considerod, this portion being treated as a 
slab built in at the ends, and of a span equal to the 
distance (L) between the hooping bars. For 1_1ractical 
purposes the slab may be considered as flat between the 
,two adjacent longitudinals. 

As the shell and the longitudinals are continuous, we 
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may consider the slab as securely fixed 
therefore the bending moments will be­

l 

at the ends, and 

:MA = - 12UiL2, 

and 
I 

Me = 241['L2. 

r . 
i " 

\ \ 
[oJ 

[7J 

At the hooping bars the concrete is in compression at the 
exterior of the shell, and the interior is in tension, while 
the reverse is the case at the centre of the span between 
the two hooping bars. 

The longitudinal bars bear against the inside of the 
hoapings; it is there­
fore necessary to know 
the distances t, and tIl 

(Fig. ~), or the axes of 
the longitudinals from 

the surfaces of the sup­
posed slab. This will 
give the position of the 

;r~- ._J. -._~-h 

T i 
FIG. 28. 

r 
hooping reinforcement in the thickness of the shell. We 
also requir.e the sectional area of the longitudinals. 

The thickness (t) of the shell is always decided upon 
from pfactical considerations, and in a great meaSlU'e 
fo1101vs that \vhich has been found good in practic,d 
examples. The thickness of shell for pipes seldom exceeds 
3 to 3! inches, and pipes up to 9 inches diameter are 
usually f!'om l.g to 2 inches thick. For reservoirs the 
thickness may be from 41 to 6 inches, and sometimes 

more. 
H we suppose the width under consideration (b) to be 

K2 
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4 inches since the shell is curved,'" we already know the 
span L and the load w (being the pressure on the strip 
4 inches wide). We can consequently assess value for 
MA and Me in equations [6J and [7J. Further, we have-

til = (t - t,). [8J 

Now at the supports ~lA = 112wL2, and since b = 4 

M, WL2 
b" - T' (9] 

Similarly at the centre of the span 

~c = W:2. [10] 

If w is the area of the longitudinals-
lI) W 

"', = btl and ",,, = bt" 

Consequently"" ot, = "''' bt", or "', t, = "''' tl/JD 

and from equation [8J-

"" t, = "'" (t-t,). [l1J 
We must now find values of t" 1[1, and "'" from the 

diagram, Fig. 29, using the values of ¥ from equations 

[9J and [1 OJ , so as to satisfy equation [l1J. 
It is well to try the economic percentage for t, and "" as 

a first trial. ) 

Having found "" and t,-
(!) = "" bt,. [12J 

If we wish to place the bars more than 4 inches apart 
we can multiply w by the proposed distance "apart in 

* Where the structure is of large diameter the value of b may be 
increased to 12 inches, the load wand the values for equations [9J and 
[10J being altered accordingly. 
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inches divided by 4. Having decided on the size of the 
longitudinal;;, the value of t, or til will give the position of 
the hooping reinforcement in thickness of the shell. 

FIG. 29. 

For thfn pieces such as pipe shells, the hooping bars 
may be placed at the centre of the thickness and the areas 
of the longitudinals calculated under the worst conditions 
obtaining, which may be either at the support or at the 
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centre of the span. In this case we have 1: from equations 

(9] and [10], and also the values of t, and til" 

From Fig. 29 we obtain the values of "', and "'II' from 
which the valnes of (J) can be found under each condition. 
The greatest value so founa must be used. 

In the case of a pipe which has to bear transport, and 
handling while being deposited in the trench, it is well to 
somewhat increase the sizes of bars found by calculation, 
for the same reason that we always increase the theoretical 
thickness of a cast-iron pipe. This provision is, however, 

of less relative importance in the case of a reinforced 
concrete pipe, on account of the thickness of shell and 
nature of the reinforcement. 

2\Iany of the practical constructors only calculateBfor the 
hooping reinforcement and select a size for the longi­
tudinals from practical experience without any calculation. 
If this course is ac10pted the h\)opings should be placed at 
the centre of the thickness of the shell. 

The hooping bars may be spirally wound or in the form 

of hoops, there being no theoretical advanta,ge in the 
employment of either form, but there is a practical 

advantage in a spiral reinforcement, since there ilre fewer 
joints, and such a form is usually employed for small 
sections. ,\'here the reinforcing skeleton is built np of 

rolled I, L, T or cross sections, and the concrete is poured 
into the moulds, the spiral form of hooping .. reinforce­
ment allows the air to escape more easily and it is less 
likely to become imprisoned in the re-enterant angles; the 
concrete consequently surrounds the reinforcement more 

perfectly. 
I, 
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The longitudinals should be always secured to the 
circular reinforcement, as this helps to keep the latter in 
position. Where large pipes are used, and a double 
reinforcement is adopted, each set of longitudinals must of 
course be placed inside the hooping reinforcement to which 
it is attached. 

The above method of treatment applies to pipes, circular 
reservoirs or tanks, silos, and similar structures, the only 
difTerence being that the pressure in pipes is uniform, 
,,,hile that in reservoirs, silos, etc., varies v."ith the height. 
In the latter cases it is usual to consider the pressure as 
uniform over heights of 12 to 18 inches (on the Continent 
they usually take heights of 40 or 50 centimetres) and 
vary the sections as the depth decreases . 

• WIIE~ UNDER EXTERNAL PRESSURE. 

In this case, as the piece is in compression, we l;nay 
allow for the resistance of the concrete. 

As before, we have the general formula-

P = ~p 0 [13J 

o being- the external diameter in this instance, P being 
the direct compressive stress on the shell. The method of • treatment is the same as for the determination of the 
pieces under direct compression. 

Taking for the value of 

[14J 

where w is the sectional area of hooring reinforcement in 
a length (l) of the piece, and (t) is the thickness of the 
shell. We assume the limiting unit stress (c) on the 
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concrete from which the area of the hooping reinforce­
ment (00) is deduced as shown in p. 98, either by 
assuming a thickness of shell or a value for (0/). The 
unit stress on the concrete for ordinary proportions may 
be taken as 500 Ibs. per square inch, ~ut if a richer 
mixture is used a higher stress may be allowed; if, on the 
other hand, quick-setting cement is employed, this unit 
stress must be reduced. 

The sectional area found for the hooping reinforcement 
must be divided up into 
a certain number of' 
hal'S, which will fix their 
sectional area and spacing. 

.... The calculation of the 

,~'-"-L -"-.~ 
longitudinal bars is made 
in exactly the s"'ame 
manner as for structures 

under internal pressure, the longitudinals in this case being 
on the O1ciside of the circular bars (Fig. 30). The tensile 
and compressive stresses are the reverse to those of a piece 
under internal pressure. The general remarks which have 
been made on the manner of treatment, etc., apply equally 
to pieces unuer external, as to those under internal, • 

FIG. 30. 

pressure. 

S:;IALL SPAN ARCHES. 

A1"ches tcith Uniformly Distributed Load, and. 
Considered as Parabolic. 

For small span arches, such as those used for floors, 
the arch may be considered as parabolic and the load as 

• 
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uniformly distributed. The curve of pressures is therefore 
parabolic. 

If (w) is load per square unit, (L) the span, and (v) the 
rise, which will be practically the same as the versine of 
the neutral surface curve, (H) being the horizontal thrust 
we have-

II'L L \ 
Hy= T+4 . 

\ 

1 2 !,I 
II=l~ . 

tlv I 

If we call the reaction at the springings (R"l-

Then Rs = v' (II~L)2 + H~ 
R - 1I'L~. ;--161"2 

s - l:lc Y 1 + L2 • , 

[1] 

[2] 

Both the horizontal thrust and the reaction at the 
springings will act at the nelltral surface of the arch. The 
value of Rs being found, the equations for direct com­
pression, pp. 97 and 98, must be used. 

Herren Wayss and Fratag proceed as follows. The 
maximum compression being at the springing- \ 

WL2. / 161'~ 
(d - (oj) c + wf = -Y 1 + --

If • tlv L" , 

making w = ~I [Jel, and considering the width of the piece 
as unity, w = ",d. 

• Then d = c + "'U - c) 

taking the ratio of ~ as 10, d = 1·35 wL X + ",~. ) [3] 
v c - c 

and w = ",d. [4] 
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J1Icthodfor Arches Loaded m'er IIalf the Span and 

Considered Parabolic. 

Another method employed for the calculations for arches 
is to consider the neutral line of the arch as parabolic, 
which is approximately true when the rise is small as 
compared with the span. 

The dead load is supposed to be uniformly distributed. 
The live load is assumed to cover only half the span, as 
tbis loading causes the greatest bending moment. The 
curve of pressures for the dead load fo11o,,'s the curve of 
the arch, and that for the live load considered alone is 
supposed to pass through the neutral surface curve of the 
arch at the crown and springings. This is the same as 
assuming hinges at these places. In this case the thrust-
at the crown becomes-

L2 
H = lou (w + 2p), 

u 

[IJ 

and the maximum at the springings-

R= ~2 (w + 2p)VI-+-41:---C·2~J-'-(3-1V-+-4j-))~2t 
ltiv L2 l (w + 2p)2 J' [2J 

w being the live and p the dead load. 
The dead load produces no bending moment, -as it is 

uniformly distributed and the curve of the arch assumed 
• to be parabolic. 

The maximum bending moment due to the live load 
only is produced at a section a quarter the length of the 
span from the springings, tending to cause a downward 
deflexion on the loaded side, and an upward defle!ion on 
the unloaded side. 

The ordinate of the parabolic pressure curve at the 
section :t L from the springing is i v. And the vertical 
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component of the thrust at the springing on the unloaded 
side due to the live load only is (taking it as the reaction 

. 1I"L 
of a gIrder) T' The horizontal thrust due to the live 

1l'L2 

load only = lou' r \ 

Taking moments, we get-
lcL2 3 u·TJ L 

Mmax = lj)/! X :.1 V - H X :[ 

wT} 
lIm({.~ = ti4' [3] 

The thrust at t L is I~~: (Ie + 2p) sec. cp, where cp is the 

angle of the neutral surface curve to the horizontal. The 
further treatment will be by the use of equations, from 
p. '186 forward. 

These equations will apply to any arch hinged at the 
crown and springings if the weight of the arch and road­
way can be considered as uniformly distributed, which 18-

seldom the case in practice. 

LARGE SPAN ARCHES AND OTHER PIEcE'):; SUBJECTED 

TO DIRECT STRESS AND BENDING CO:lrDINED. 

General Rellla rl;s . 

In treating the question of pieces subjected to both 
direct and bending stresses the first essential is to know 
the "position of the curve of pressures * through the piece 

':' The reasoning used in finding the position of the pressure curve, 
etc., follows closely that employed by Prof. William Caiu in his 
" Elastic Arches" and" Steel Concrete Arches" published by W. Van 
Nostrand Company. 
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and the magnitude of the resulting pressures at different 
sections. 'Vhen we have found the curve of pressures and 
its position on an (ITch r'illg, we may consider the force 
lines forming the pressure curve as acting at the vertical 
load Jines. 'Ye have therefore at each of these sections 
a force R acting in the direction of the pressure curve at 
this point (Fig. 31). The effect of this force is not 
al tereel if we imagine two forces equal to R as acting at 
tIle neutral surface of the arch in opposite directions 
parallel to its line of action. This is the same as substi-

FIG,31. 

tuting for R a thrust at the neutral 
surface, and a couple with a lever 
arm equal to the perpendicular 
distance from the neutral surface to 
the pressnre curve. " 

The thrust at the neutral surface 
may be resolved into components 
tall,l7clltial and normal to the neutral 

81ujace; the normal component only 
produces shearing, and is always 
small and is consequently neg­

ligible. The tangential component is the direct thrust, 
which we may call T. • 

'fhe forces Rand R of the couple prorlucing the bending 
moment may also be resolved into z'crtical and horizontal 

components. 

rrhe vertical components act in opposite directions and 
• 

therefore balance one another, and we have left a couple 
of horizontal forces with a lever arm of the vertical 
distance between the neutral surface and the pressure 
curve. 
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The horizontal force of the couple is the horizontal 

thrust, and is the same for all sections. 
We have therefore the general equation for the bending 

moment M = H X the vertical distance from the neutral 
surface to the pressure curve, and varies at each section 
considered. 

Now it will be seen that if at any section we were to 
resolve the forces R and R of the couple into components N 
normal and TI tangential to the neutral surface of the arch 
instead of the components acting in vertical and horizontal 
directions, the normal components would balance each 
other, and we should be left with a couple of forces Tr, and 
TI , of the same magnitude as T but acting in the opposite 
direction to T, with a lever arm equal to the distance 
between the neutral surface and the pressure curve 
me~sured on the radial line of the arch, and this couple 
would produce a moment equal to T X the radial distance 
from the neutral surface to the pressure curve. Now,' 
however, the forces R, R of the couple are resolved, the 
bending moment must remain the same, the components 
altering in magnitude, but the lever arm of the couple 
also vurying inversely as the forces. Therefore T X the 
radirJl distance from the neutral surface to the pressure 
curve = H X the l'ertical distance from the neutral surface 
to the pressure curve = M. 

We therefore get the relation ~ = radial distance from 

the n~utral surface to the pressure curve. In the case of 
columns or other pieces that are not curved there will be 
only one plane of reference in place of the radial and 
vertical planes of arches, also T will be the direct vertical 
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thrust and there will be no expression similar to H. The 

relation ~~ will be equal to the iwrizontal distance from 

the neutral surface to the pressure curve. 

Effect oj the Bending .lYloments on an Arch Ring. 

Consider a very small slice of an arch (Fig. 32) of a 

FIG. 32. 

length D.s along the neutral surface, and 
having a central angle a. The direct 
thrust T cannot cause any change of 
curvature, but under the action of the 
bending moment lVI we may suppose the 
('entral angle changed to ar, the curvature 
being increased if R acts below the neutral 
surface (as then the greatest compression 
is at the intrados) and decreased when .> 
R acts above the neutral surface-the angle 

al = a + D.a. 
Therefore tia = (al - a), . [lJ 

and D.a is the change of inclination (If the tangents to 
the curve due to the change of 
curvature, as is clearly seen by 
the exaggerated case (FIg. 33). 

If we consider the ben~ing 

moment as plus when it is left 
handed, then tia is plus when 
lVI is plus or R acts above the 
neutral surface, and tia is minus 

') 

when l\1 is minus, or R acts 
below the neutral surface. 

FIG. 33. If we call (v) the distance of 
any fibre of area (a) from the neutral surface, (v) being plus 
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for fibres above and minus for fibres below the neutral sur· 
face, as the length of the arc is very small, it may be 
eonsidered always as the arc of a circle and the axis of a 
fibre in the same plane as concentric with it. 

Therefore the length of a fibre before flexure is 
(~s + va), and after flexure it becomes (~s + tOal). 

The change of length is v (al - a), or from equation [lJ-

The change of length = 1" ~ao [2J 

If the unit stress of the concrete is (c), and of the 
metal is (f), since the unit stress on any fibre = 

elongation of fibre . 0 0 

.. 11 tl f fib X coeffiCIent of elastIClty, the stress Orlgma eng lore 
on a fibre of concrete is-

ca = v ~a a E 
~s+va c, [3J 

and on a fibre of the metal-
tO~a 

fa = ~ + a Ef • s va [4J 

The coefficient of elasticit!J of the concrete is here assllmed 

to harc a constant tOalllc. 

1'he (168 + m) in the denominators may be replaced by 
1::.s, without appreciable error. 

,) . 
r1'he sum of all the stresses (due to flexure only) acting 

on the entire section is therefore-

E, ~a E ~a 
S ca + Sfa = --" S (m) + _f_ S (va). [5] 

w.S .68 
I 

,.) 

r1'11e moment of the stress on any fibre about the neutral 
'Surface must be (a c 1:) or (af to) according as the fibre is of 
concrete or metal. Therefore the total bending moment 
= total resisting moment = S v c a + S v fa. 
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Then from equation [5J-
11a 0 11a 

M = Ee 118 ~ (c- a) + E f 118~ (v 2 11), • [6J 

but ~ (v 2 a) is the moment of inertia of the concrete or 
metal. We have therefore-

11(l .1. a 
}vI = E,.:l Ie + Ej~ Ij, 

s s 

1\1 .1..~ 
Therefore 11a = ]!je [le + mifJ' . [7J 

We must now assume for the purpose of the graphical 
treatment that for an appreciable length .1.s, several feet for 

instance, 11a is given by equation [7J, provided that M is 

taken as constant and equal to the 'fallie 

that at the mid point of the length, or ~ 

either end, Ie and Ij veing also taken there. 

is very nearly true. 

correspondin_q to 

11s distant iom 

This assumption 

As the total change in the inclination of the end 
tangents for a length s is the sum of all the infinitesimal 
changes for the part of the arch under consideration, or 

:s(~~). 
[Eele + mIj ] , 

.1.s being very small, the above assumption 
this expression is equal approximately to 

e _ __ l\~e_s _ 
- Ec [Ie + mIfJ . 

j 

means that 

[8] 

where s = ~ 11s and Me is the moment at the middle of 
s, Ie and If being also taken there. 

If a, b, c (Fig. 34) represents the neutral surface line of 
an un strained arch, and (s) a length of the neutral line 
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whose centre is b. When the arch is loaded the neutral line 
changes shape, and the change of the inclination of the end 
tangents to the neutral arc s is given by equation [8J, where 
M and Ec are constant, and 1\1, Ie and If are taken at b. 

Suppose the end c to be temporarily free, then the 
bending on salone 
will cause a l'obtion 
of the arc b c about 
b equal to e, so that 
the line b c will 
rotate through in­

1 

j~~ 
• I 

finitesimal dis tance e \"T''__~,..L;.----jf----_j_-__j a. 

c e, taken as perpen-
dicular to b e. 

Taking e as the FIG. 34. 

origi~, and e a as the axis of x and the axis of y as vertical, 
and calling the co-ordinates of b, x and y, further drawing 
e d perpendicular to c a; then from similarity of triangles-

ce ce 
e d : e c : : y : be, or cd = T Y and ,- = O. 

uC )C 

'1'he1'efore e(l = yeo . \. [DJ 
similarly de = xe. [10J 

This,assumes that if M, I" If' x and yare all taken at the 
mid point of the arc s as a sort of average, the horizontal 
and vertical deflections of c, due to s, are given with a. 
sufficiently close approximation by the above equations. 

The total horizontal and vertical displacements of e due 
to the l1ending of all the portions of the arch are then 
given by ~ (y e) and ~ (x e). 

Further, if the tangent at (a) moves through at small 
angle f3 we have a vertical deflexion at (e), due to it, of 

It.c. I. 
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(3.ac the horizontal' displacement being nil. We have 
therefore from equation [8J 

~ (lj8) = ~ __ 1\I·~·ZI ... 
,. Ell, + 1111)) 

d "" (:J) "" 1\I.s.x. + (.1-
an .....r = .... Ec(Ic + mIl) tJ·ac 

The total change of inclination of the tangents at (a) and 
(c) is similarly-

~8 = ~ M.s . 
E,,(Ic + mIl) 

For an arch Ec is constant, and consequently, if we divide 
the neutral surface curve of the arch in such a manner as 

to make I +s I constant-we can 'Hite 
c 1Il I 

~(.lJ8) = ~ 1\Iy. 

~(xO) = ~ l\I.c + f3.a(~. 
and ~8 = ~ 1\1. 

We have then the following conditions­

[l1J 
),[12J 

[13) 

}Vhen the arch is COlttill/lOllS harill!l no hinges, we get-
S M = O. [14J 
~ (My) = O. [15J 
S (Mx) = O. [HiJ 

TV!ten the arch tS hinged at the springill!ll3, the span IS 

invariable. Therefore-
}:; My = O. [17J 

The vertical deflexion of c with respect to a is zero, but 
f3 will have a value; therefore ~ (-:\1 x) cannot be zero. 

PRESSURE CL:RVE. 

General Remarks. 

The general principle employed for finding the true 
pressure curve on any arch due to the loading and 
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methods of fixing, whether hinged or otherwise, is stated 
as follows by Professor Cain, in his "Elastic Arches."* 

"If in any arch the equilibrium polygon (due to the 
weights) be constructed which has the same horizontal 
thrust as the arch actually exerts; and if its closing line 
be drawn from consideration of the conditions imposed hy 
the supports, etc.; and if, furthermore, the neutral surface 
curve of the arch itself be regarded as another equilibrium 
polygon due to some systems of loading not given, and its 
closing line be also found from the same considerations 
respecting supports, etc. j then when these two polygons 
are placed so that their closing lines coincide and their 
areas partially cover each other, the ordinates intercepted 
hetween the two polygons are proportional to the real 
bending moments acting in the arch." 

We' have also, as a principle of the equilibrium poly­
gon, that if the ordinates have to be altered in a given 
ratio, the pole distance is altered in the inverse ratio. 
This simply means that if the slope of the lines in 
the diagram of forces is to be altered, the vertical forces 
remaining the same, it is necessary to increase the pole 
distance for a flatter slope, and decrease it for a steeper 
slope. 

If tte sprin.llings are at dUTerellt lerels we have, instead 
of a horizontal thrust, a thrust parallel to the line joining 

,;, The methods employed by Professor Cain are followed in the 
parag-rap:'jl dealing with the location of the pressure curve, by his 
permission. These methods the reader is given in " Elastic Arches," 
"Concrete Steel Arches and Theory of Solid and Braced Elastic 
Arches," pllbli~hed by Van Nostrand 00., 23, :Murray Street, New 
York, at 50 cents each. 

L2 
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the springings. In the discussion to follow, it is always 
assumed that the springings are at the same level. 

Practical examples have been given in the following 
methods for finding the true position of the pressure 
curves in arches, as it was considered that this would be 
preferable to a general treatment. Different forms of 
arched bridge and loading are given in each case in order 
that the whole process may be clearly shown. The bridge 
with arched spandrils assumed for the two-hinged arch 
can be adapted to the other types, the only difference 
being that the load lines or Ps are varied in position. For 
the three-hinged arch, a bridge with a rise of ! the span 
has been assumed instead of the flatter arch selected for­
the other types. 

In all the examples the exterior load has been assumed' 
as covering half the span, but when designing a t>'ridge 
several positions of the exterior load should be tried. It is 
usual to assume two cases, one when the load covers the 
whole span, and the other when it covers half the span, 
but Mr. Cain, in the discussion on a paper recently read 
before the American Society of Civil Engineers by Mr. 
B. R. Leffler, * advises the trial of two further positions, 
one extending from the springing i'lo and the other fo of 

) 

the span. 

CONTINVOUS ARCH HAVING NO HINGES (Fig. 39). 

The description and loading of the assumed }~ridge is. 
shown on the figure, the weight of the concrete used in 
the spandrils is assumed to be the same as that of .the 

* "Transactions of American Society of Engineers," vol. Iv. 



METHODS OF OALCULATION 

arch for the sake of simplicity, although it is usually less. 
'fhe dimensions of the arch ring were found by the use 
of a formula devised by F. F. 'Veld,'" based upon the 
study of all available data upon the subject of his own 
experience in designing arches for a great variety of con­
ditions of span and load. This formula may be stated as 
follows-

d = vL + O'lL + O'OOG/l! + 0·0025p. 
Where d is the depth of the arch at the crown in inches. 
L the clear span in feet. 
1t' the exterior load in pounds per square foot uniformly 

distributed. 
p the weight of the dead load above the crown of the 

arch per square foot in pounds. 
It ;J)ay be of interest to mention that an exterior load 

of 200 Ibs. per square foot will allow for a 15 ton steam 
roller. 

The radial depth of the arch ring at the quarter points, 
should be It that at the crown. \ 

The extrados curve may be struck passing through the 
points ob~ained as above from a centre on the line from 
the crown passing through the centre from which the 
intradoJ was struck, as has been done in the example 
given, or the radial depth of the arch at the springings 
may be made double that at the crown, the outer portions 
of the extrados being drawn in tangent to the curve 
obtained,j1s described above. 

An elliptical form of arch is frequently adopted when there 
are DO hinges and the rise is about t the span. In this 

" 
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case the intrados is described in the usual way with five 
centres or as a true ellipse; the depth at the crown and 
quarter points is found as described for segmental arches. 

A neat method for the graphic construction of a five­

- - - - j-_:".:-": ... -
F " I "D .......... 

f" y;-' ;;----=:" ,.':=:....c-=O~,.:-.._ -_ y-~ 
: I' \,~.1 \ ... " .... ~ ... " : ........ }, 

\ ,"\ ;\",,' ~ 7 t /',:, 

e i // " ",. ... \ N :':r.i? " ,~\ 

centred curve is 
given by Mr. A. 
Swartz in a letter 
to the Engineerill!] 

Record. 
t 1,/-1 ,,II' \ 'I I " , II '... .... '" (!- I, I ' \1 

1 [ .' "'-'?~\ \ \: I .", Since we know 
A
L ' ""e'! \_d~ .' ,~_. ,~ 

k--------,c ...... --,-; -- . . -b ,' .. -----.-_. __ .,,- the rise and span; 
\:"'~i -"}v :' let A B, Fig. 35, , \ . " , . , • represen t the 

'\ \ I I 

" '. : " span and C D the 
'\, \ :,/ 

"', noe. Draw,J D F 
'%0 parallel toAB and 

FIG. 35. produce D C. 
Join A D. Draw F 0 perpendicular to A D. Make C P 
= C D, and describe a semi-circle on A P, cutting C D 

FIG. 36. 

produced at E. Make 
C N = E D and 

~ 

describe the arc M N 
from the celltre 0_ 
l1ake A L = C E, 
and describe the arc 
L M from the centre 
K, cutting

J 
11 N at 

l\L R, M and 0 

are the centres, and A K, :U Hand 0 I the radii. 
Mr. Daniel B. Luten, President of the National Bridge 

Company, in an article published in the Engineel'illg 
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Record of April 14, 1906, discussing the best form of arch 
ring for reinforced concrete bridges, advises a curve for the 
intrados of a mean between the ellipse and the segment 
as shown in Fig 36. The ellipse is readily determined 
by drawing two concentric circles on the major and minor 
axes of the ellipse as diameters, and from the points where 
any common radius cuts the two circles, projecting lines 
parallel to the respective axes. The points of intersection 
of these lines will be points on the ellipse. 

Points on the curve of the intrados are found by 
uisecting the vertical distances between the ellipse and the 
segment and determining by trial arcs of circles to approxi­
mate the true curve. 

The curve of the extrados is a segment struck from a 
centre on the centre line of the arch, with a radius equal 
to ~e radius of the intrados, at the crown, plus 21 times 
the thickness of the arch at the crown. 

Mr. Luten states that an arch designed as above will be 
in almost exact equilibrium under earth loading, when the 
depth of fill at the crown does not exceed three times the 
crown thickness. Where the fill exceeds this amount, it 
will nearly always occur in high embankments where the 
semi-circle is feasible and is the most efficient curve. 

Whh a concentrated load at the crown the above form of 
arch will be found to require reinforcement near the intrados 
at the crown, and near the extrados at the haunches. By 
using one series of reinforcements for both these regions 
and arternating the points of their crossing the arch ring, 
one sy"tem of rods can be made to reinforce the arch against 
all the stresses. 

By distributing the points of bending 60 that the rods 
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will cross the middle and thirds of the half arch, this 
reinforcement will provide for all possible concentrations 
of loading. 

One arch of a double span bridge constructed at Franklin, 
Indiana, with an arch ring and reinforcement as described 
is shown (Fig. 37). and 1\1r. Luten states that numerous 
arches up to 100 feet span have been built in this manner 
with invariable success. 

Having drawn the arch ring, the neutral surface curve 
must be drawn in passing through the mid-points of the 

FIG. 37. 

thickness of the arch ring. This line must now be divided 
into such parts that if 8 is their respective length in feet, 
and d the respective depths at the centres of the lengths 8 

in feet, Ie the moment of inertia of the concrete in foot units, 
If the moment of inertia of the reinforcement in foot uilits, 

and m the ratio of the moduli of elasticity or ~.: = 15, then 

I 
+8 I must be constant; or, considering a longitudinal 

emf 

strip of the arch 12 inches wide, as Ie = b~l~ ,we must divide 

the neutral surface curve into such lengths 8 that d;l ~ 15I
f 

is constant. 
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We can scale the depths of the arch ring el, but in order 
to find If a percentage of metal reinforcement must be 
assumed. 

It 1cill be lisually sufficiently aCC1~rate if this percentage is 
taken as 0·75 per cent. of the area of the 12 inch ll'idth of 

the arch ring at the Cl"OlL"n. 

This will be distributed half near the intrados and half 
near the extrados. 

This area of metal may have to be increased or reduced 
when finally calculated, but the adoption of this percentage 
will be quite sufficiently accurate for obtaining the divisions 
of the neutral surface cun·e. 

In the case considered in Fig. 39, p. 170, the depth of 
arch at the centre found by equation [lJ is 1·25 feet. 
'Therefore the sectional area of reiniorcement in a section 
of th~ arch 1 foot wide, will be 1·25 X 0·0075 = 0·0094 
square feet. The reinforcements will be placed with their 
axes say 2 inches from the intrados and extrados respec­
tively. Consequently as the neutral surface lies half-way 
between the intrados and extrados the value of the, moment 
of inertia of the reinforcements will be I:r. = O'OO!),! 

X (~ - 0·17)2

• The depth d varies at each of the sections 

of arch' ring considered. 
Now to effect the proper division of the neutral surface 

line. The depth of the arch ring at the springing and the 
centre and also at several points along the neutral surface 
line froll1 the springing to the centre (say 5 points) are 
scaled off as accurately as possible; it is advisable to plot 
the ·scaled depths as ordinates to an enlarged scale from a 
horizontal line representing the half length of the neutral 
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surface curve straightened out, and draw an even curve 
passing through or close to the points plotted and so adjust 
the depths, using those scaled from the curve thus obtained 
for the purposes of calculation. 

Table IX. gives these depths together with the values 
1 

of d3
, JIll" and ---:r-+I' 

II III f 

TABLE IX. 

(1 ) (2) (3) (4) (5) 

lliRtance along /IITt = 
]len tral surface Depth of ]I; x l)"()094 x 

line from arch ring d". ('l r Hpl'ingiJJg. d, i- O'17 d" x ",II, 

Feet. Feet, 

0 2'85 23'149 O'22:~ 0'043 
4 2'45 14'706 ()'158 O'~i 
8 2'12 !J'528 0'112 0' 4 

12 1'85 6'332 0'081 0'156 
16 1'625 4'291 0'059 0'230 
20 }'45 3'019 O'OH 0'32~~ 

24 1':32 2'300 0'034 ()'428 
28 1'26 2'000 0'0;;0 0'493 

31'12at 
centre 1'25 1'953 0'030 0'504 

------ - '-'-'--~-

~ow draw a horizontal line AB (Fig. 38) equal to the 
length of half the neutral surface curve (31'12 fee~ in the 
ease under consideration) and divide this at the points at 
which the above depths have been taken, i.e., at 0,4,8, .. ,28 

and 31'12 feet from the springing end. Erect perpendi­
culars at each of the points of division and set off on 
eH,ch perpendicular, to any convenient scale, t~e values 

1 
I.ll + lllIr' 

These are given 111 the 5th column of Table IX. Join 
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the points so laid off, forming a curve and ink in this 
curve together with the perpendiculars AC and BD at the 

rrr 
.~ 

'" ;;; 
~ 

'~ [\ 
~ 

I \ 

\, 
\ ;- \ 

'0 

\ !: 

'" 'I' 
51 ,i 

,'I 

.~ \ '" 
\ 

'';' I 
::J ': 

Ii 
\, 

.~ 
\, 

00 .. :0:> .~ 

ci 
H 

~ 

'';'' 
~ 
I 

. 
extremities of the horizontal line AB, rubbing out the 
intermediate perpendiculars. 

Now if the area ABDC is divided into equal parts by 
perpendicular lines, these perpendiculars will cut the 

'\ 
'\ 
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horizontal line at points which will divide it in such a way 
that if the half neutral surfJ,ce line is divide:1 in a like 

manner, I +~l will be constant. 
" m f 

This can readily be done by a few trials as the upper 
curved line ,,·ill be approximately straight between the 
several divisions, excepting that nearest the springing. 

The figure being divided into the desired number (say 
10) of vertical strips, the area of each of which is, in this 
case, equal to one-tenth the whole area of ABDC. This 
division is shown in Fig. 38. 

Tn the case of the example (Fig. 39, p. 170) Table X. 
gives the lengths of the divisions found as described above, 
their summations and the distances from the springing to 
the centres of the divisions giving the points a, a2, aa, etc. 

,) 

Length of Divisioll 
of Neutral Surface. 

Curve from Springing 
in feet. 

9'97 
4'83 
3'26 
2'55 
2'18 
1'86 
1'70 
1'63 
1'58 
l'5fi 

TABLE X. 

Summation in feet. 

!)(Ii 
H'80 
lH'OG 
~()'Gl 

~2'i9 
:!4'G,j 
2fi';15 
~i'98 
29'.56 
:1l'12 

Distance from Springing 
to Ce"tres of Division, 

in feet. 

4'98 
12'39 
16'43 
19'34 
21'iO .) 
23',2 
2,j'50 
27'16 
28'77 
30'34 

) 

In the example the exterior load IS assumed as covering 
half the arch, as this gi ves approximately the maximum deviv,­
tion for the pressure curve from the neutral surface curve. 

It is usual to assume three cases: the load covering half 
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the span, the load covering the whole span, and with no 
load on the bridge as the relative thrusts at the springings 
will affect the design of the piers and abutments, and the 
load covering half the span and covering the whole span 
give different sections for maximum bending, and also the 
thrusts on the sections vary in intensity in these two cases. 

It mllst also be 7'emembered that change of temperature has 

considerable influence, and cOJlsequcJltly the calculation of the 

bending moments and direct stresses due to this ca1lse 1ltllst 

nerer be neglected. 

Having set off the as along the neutral surface curve 
perpendiculars are dropped from these points and the 
loads for a strip of the bridge and loading one foot in 
width are found for the portions of the arch, superstructure 
and exterior load between them. At the crown two loads 

~ 

are found between alO and all and the centre line. 'fhese 
loads act along the lines P passing through the centres of 
gravity of the several trapezoids enclosed between the 
verticals through the as, the intrados of the arch, and the 
line of loading, equivalent load lines being drawn reducing 
all the several loads to the same value. 

It is only necessary to find the centre of gravity for the 
lines pf action for the ps where the inclination of the 
intrados is considerable, in the present case for Ph P2, Pl9 

and P20, the remaining ps may be drawn acting through 
the centre of the distance between the iI". 

The loads for the outer portions between al and a20 and the 
springir:gs, and acting through the centres of gravity of these 
ou~er portions, are not used for obtaining the equilibrium 
polygon, but are compounded with the thrusts through al and 
a20 to obtain the thrusts through springings BB and BA • 
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1\ 
Pi 
l'" 

Load. 

7.0S7 
2,B25 
1,7na -l,:luf) 
1,0,; I 

!!07 
816 
751 
740 
3S2 
2')') 
4:10 
441 
486 
551 
6il 
SS9 

1,2-13 
2,105 
5,587 

~ORCED CONCRETE 

I 
! 

TABLE XI. 

Summation. 

7,087 
10,012 
11,805 
1:1,164 
14,215 
li),122 
15,938 
Hi,6S!! 
17,429 
17,811 
IS,();):3 
IS,46:) 
IS.904 
IH,;{flO 
19,(Hl 
20,612 
2l,.'iO 1 
22,744 
2-l,909 
;;0,496 

I 
! 

For obtnining ordinate for plotting 
eqllilibrium curve. 

i 
Addition~ from 
rig'. t and left I 

Distances 

from P i2 and P'i' i between I'.. 

18,033 
10,946 
1>,021 
6,228 
4,869 
3,818 
2,911 
2,095 
1,:344 

604 
222 
4:30 
871 

1,357 
l,fl08 
2,579 
:),468 
4,711 
U,S76 

1:1,46:) 

} 5'78 

3·a5 
~ -J 2'5a 

.} 2'09 
I' 1'82 
r 1'72 
} 1'62 
} 1'55 

} 
1'13 
0'78 

l'i:;5 
1'62 

I 1'/2 
( 1'82 
i 2'09 
I, 2'50 
i 3'40 
f ii'90 

Table XI. gives the v,dues of P l , P2, etc., together wit:l 
these sUlllmations. 'J' 

'rhe forces are now laid off to a scale of loads on 
the vertical load line, and a trial horizontal thrust of 
20,000 lbs. has been assumed acting between Pn and P12, 

giving a trial pole 0 1*, Now join the points on the'Nertical 
load line at the terminations of the several ps to 0 1, 

• The trial horizontal thrust should preferably be assumed as acting 
between P,O and PH for the reaSOIl giveIl on p. 171. 
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The rays from the points between the several PS give 
the amount and direction of the several thrusts bJtween 
those P' in the equilibrium polygon, i.e., the ray from the 
point on the load line between PI and 6,682 gives the 
thrust acting between the outer vertical load of 6,682 and 
Ph in amount and direction; similarly that from the 
point between PI and P2 gives the thrust between PI and 
P2, calling these rays PI, P2, Pa, P4, etc. vVe commence 
drawing the equilibrium polygon by drawing a horizontal 
line between the load lines P11 and P12 (in the present case 
this is taken on 0 1 HI prodnced), since the horizontal 
thrust has been assumed as acting between these. 

The polygon is completed by drawing lines betwoen the 
various load lines parallel to the respective rays, i.e., draw 
lines from the ends of the horizontal beL ween Pnand P12 , frolll 

.; 
P11 parallel to the ray P11 P lO, and from P12 parallel to the 
ray P12 P13 from where these lines cut P12 and P13 lines 
parallel to the rays P10 P9 and P13 PH, till they cut the 
load lines P9 and PH, proceeding in this manner u'ntil the 
rays P16682 and P205602 cut the vertical lines dropped 
from a1 and a20 at 1'1 and ~'20' 

The equilibrium polygon can be checked by laying off 
verticaJ ordinates from the horizontal through P11 P12 on the 
several load lines. The ordinates being found as follows ;­

From similar triangles P12 ; HI 0 1 ; ; the ordinate from 
the horizontal through P11 P12 at P13: the horizontal 
distance from P12 to P13 ; or the ordinate on P13 

1'12 X horizontal distance between P I2 and P13• 

lI10 1 

430 x 1'55 
conseq'-lently the ordinate = ~o,o66~ = 0'03. 
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Also (P12 + P13) : HI 01 : : the ordinate from the hori­
zontal through P13 : the horizontal distance from P I3 to P 14 • 

. '. The ordinate at PH from the horizontal through 
Pu P I2 = ordinate on PI3 
+ (P12 + Pig), X horizontal distance between Pig and P1h 

20,000 
. 871 X 1'55 

or ordmate = 0'03 + ---2ifooo-- = 0'03 + 0'067 = 0'10. , 
Similarly (P12 + P I3 + P14) : HI 0 1 : : the ordinate from 
the horizontal through PH: the hOl·jzontal distance from 
P14 to P15 . 

. '. The ordinate at PI5 from the horizontal through 
PH PI2 = ordinate at PH 

(P12 + PIS + PH) X horizontal distance between PI4 and P15> 

+ 20,000 
} 

. 1,357 x 1'62 
or ordmate = 0'10 + -20000-- = 0'10 + 0'109 = 0'21. , 
and so on. 

'rhese ordinates must be laid off to the scale of distances. 
Having plotted the equilibrium polygon join 1'1 1'20 and pro­

duce the verticals through al a2, etc., to cut the equilibrium 
polygon hI, "2, etc., and the line joining t'I 1"20 at VI, 'L:2, 'L's, etc. 

The ordinates l)Jt'I, b2t'2, b3L'3, etc., are those whiclJ must 
be used for the purpose of finding the true line of resistance. 
We must first find the true closing line for the equilibrium 
polygon to satisfy the conditions ~M = 0, and :SMx = 0 
(p. 146). 

The Lending moments are proportional to the 'brdinates 
of the equilibrium polygon from the closing line since ,the 
horizontal thrust is constallt. Consequently if FFI be the 
closing line, ~M = 0 will be satisfied if the algebraical Bum 
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of the ordinates from FFI to bh b2, etc., or ~ (fb) is zero, 
those measured downwards from the bS being positive and 
those measured upwards negative. If the Hum of the 
ordinates between FF\ and t'h V2, t'3, etc., are added to the 
above equality, we get the condition that the sum of the 
ordinates between FFI and 1:1. t'2. Vs, etc., shall equal the sum 
of the ordinates VIOl, t'202, Vslis, etc., or that 

~(1j) must = ~(vb). . [A] 
Also since ~(cb) - ~(1j) = ~(fb), the second condition 

~(l\1x.) = 0 may be written ~(fb.x) = ~(l:b.x) - ~(l!lx) 

= 0, or ~(vlJ.x) = ~(vf.x). 

This indicates that if the ordinates of the types rb and I} 
are regarded as forces, the sums of their moments about an 
abutment are equal, or that the resultant of the 1.N coincides 
with that of the vj", since ~(vb) = ~(1j) from equation [AJ. 

C6nsequently if we malce the 1'eSllltants of the vb' and 

vj" treated as forces coincide, we sati.ify the second condition 

that ~(M.x) = 0, and the fir.~t condition that ~M = 0 is 

satisfied if we obtain the equality ~(lf) = ~(rb) of equa­

tion [AJ. 
To find the true position for the closing line FE\ to satisfy 

these couditions, we first find the resultant of the ordinates 
of the type vb treated as forces in position and magnitude. 

) 

The length of the sum of the ordinates vb is most easily 
found by marking off the several lengths in succession on 
the edge of a piece of paper and scaling the total length 
thus found. Any scale can be used (generally the scale of 
lengths) provided the same scale is used for measuring the 
ordinates throughout the whole subsequent process. 

Calling the magnitude of the resultant of the l·bS R we 
find R = 125'95. 

R.C. 
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To find the position of this resultant we take moments 
of all the vbs about ]) on the vertical through the crown. 
This may be conveniently done by measuring the hori­
zontal distances from the vertical through D to each of 
the 'cbS in hundredths of a foot, calling these Z2, Z3, etc, 

And dividing [(clob19 - 1.'2b2)Z2 + (vlsb18 - 1"3b;J)Z3 + t'17b17 

- V4b4)Z4 + ' ' , , + (vnbn - t'101J10)ZlO] = 50'04 X It 
= 125'95, as shown in Table XII., we find that R acts 
0'40 feet to the right of D. 

Length of 
ordina.tes, 

2 

Length of 
ordina.tes, 

----------

TARLE XII. 

3 

Sum, 

"2b2 = 4',3 vl91h9 = ·1'06 8'79 
"3"3 = 6'2S "'8/;'8 = 5'48 11',6 
"4"4 = 2'~~ v17b'7 = 0'24 13'30 
vol)" = j '<>,3 vl6h6 = ()',9 14'32 
"6bG = 7'Sl t'15VI" = ,'16 14'97 
v,b7 = "H'I'VI4bI4 = 7'41 15'38 
vAh8 = 8'()~ vIsbv, = 2'6,1 I 15'62 
1'91>9 = 8'0;) j'I2h2 = j '821 15'87 

11101110 = 8'0:! I 1'11/1" = 7'92 15'94 

Summation 1125'95 = R 
I 

4 

Differ, 
ence, 

0'67 
0'80 
0'82 
0'74 
0'65 
0'50 
0'40 
0'23 
0'10 

5 f; 

Horizontal I 
distances Products 

from C D to i of col. 4 
h,I'R insnc-· and 

cession from I ... ,»1. 5, 
CD to "2/)e' 

-----,----

I Z2 
= 18'22 12'207 

z;{ = 14':;;; 11 ',H;4 

24 = 11'5;; B'45;) 
z,) !I'2S I (i'SB, 
z(; 7';n j 4'751 
Z7 t)';j;j i :l'IOS 
z.~ ;~ 'H t) 1'5,0 
z\) ~ .;~;; i O'5aG 
210 :=: O'-;S ib 

O'07S 

50'042 

---- .... -_._-------'--------'----
.:2_()'O-!. = O'{() or R acts (HO filet to the righ.t of C D, 
125'95 

R 12fl }) 
v20E = t'IE, = - = - = G'30 to scale of distance, 

11 :W 

Now ,,'e have to find a closing line from which the ~um 
of the ordinates to 7:11'20 = 126, and where the resultant of 
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these ordinates considered as forces acts at 0'40 feet to the 
right of D. 

Assuming a closing 

R, < • 1 = - W118re n IS tIe 
n 

line EEl making t'2oE and TIEl 

number of ordinates (20 in the 

1')() 
present case) :. t'2oE = riEl = 1-0 = 6'30,* 

N ext join Et'l, dividing the ordinates from EEl to t'201'1 

into two sets. 
Now since l'2oE = TIEl. the resultant of the ordinates 

within the triangle 1'2oEl'l treated as forces will equal that 
of the ordinates within the triangle t'lEIE in magnitude, 

R 126 . 
each being equal to "2 = T = 63'0 SInce L'20E = t'IE I 

= H,. and these resultants act at the same distance from nw 

D, the one to the right and the other to the left, calling 
the resultant to the left of D '1'rial T, and that to the right 
of D Trial '1\. 

Next find the position of Trial T by taking moments 
about D in the sallle manner as that used in finding the 
position f41r R. 

'1'he diiIerence between the ordinates at the same 
distancJ from CD may be conveniently marked off by 
joining the point where El'l cuts CD to 1'20, and measuring 
the portion of the ordinate above this line. . 

The ZS will be the same as those used for finding the 
position "vi R The working is shown in Table XIII., 

* ~ny other position for EEL would do, but tho assumed position 
makes tho :;ubsequcnt working easier, It is rccommemlod by Professor 
{'ain in his discus~ion on 1\11', Leffler's paper mentioned pre\·iously. 

M2 
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Trial T being found to act 5-94 feet to the left of D, and 
Trial TI acting 5'94 feet to the right of D. 

TARLE XlIIo 

Horizontal distance from CD to Difference of 
'rEs in succession from CD ordinates for Products. 

to'rwE. Trial To 

----

ZI1 = 0'78 0'21 0'104 
Z12 = 2 0 a3 OoMI 1°3;.3 
Z13 = 3°9-1 OogS 3°862 
Z14 = 5°65 1°38 7'659 
Z'5 = 7 0;n 1'80 13'159 
Z16 = 9°28 2°28 21'158 
Z17 = 11°53 2'81 33°.323 
Z'8 = 14oa3 3'50 50'153 
Z19 = 18°22 4°48 81'625 
Z2() = 25°68 6'30 161°781 

Summation 374'4GQ 

Trial T T o 1 T 0 d 3i4'46 374'46 -= rIa ,= 63°00 an 1£al T = 6:Fooo = .)"94 

Trial T acts 5'94 feet to the left of CD, 
and Trial Tl acts 5'94 feet to the right of CD. 

* ° F - ~ .!!:._ ~ 5'54 l2,)09,i - -087 
t20 - I + I, X n - 11°88 X :20 - i) 

. oj) R 2 X 6 0 a4 12;)'\15 'f ~ 
'.' 1',F, = t + I, Xr;:= 1108S X ~= 6°,2. 

Now the position of Trial T is not changed if E i; moved 
to F, since the ordinates are all altered in the same ratio, 
and similarly the position of Trial Tl is not altered if El is 
moved to Fl. 

Now since R is the resultant in magnitude and position 
!l 

of Trial T and Trial Tl we have, by taking moments in 
turn about tl and t on the lines of action of Tl and T .. , 
Since R = 2 Trial T = 2 Trial '1\. 

*' As shown on po 165. 
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True T X 11'88 = R(5'g4 - 0'40) = 2 Tri,L! T x 5'54, 

and similarly True Tl x 11'88 = 2 rrrial '1\ X 6'34, 

True T 2 X 5'1)4 True Tl 2 X 6'34 
or '1'rial T = ---U::S8' and 'l'rial T~ = ~HilEf-' 

True '1' 2 X 5'54 R 
Consequently t'20 F = Tl'ial T 1"20 E = 11~88 Xr;: 

= 2 X 5'54 X 12i)'!"J§ = 5'87 
11'88 20 . 

True Tl 2 X 6'34 R 2 X (j'34 
and rlF I = Trial '1'1 Vl El -11'88- x 11. = 11'88 

125'% 
X --= 6'72. 

:W 

Set off t'20F = 5'87 and vlF l = 6'72, and join FFI, giving 
the true closing line to satisfy the necessary conditions. 
Th~ next step is to find the closing line to the neutral 

surface curve of the arch regarded as an equilibrium poly­
gon, due to some system of loading not giYen, so as to 
satisfy the conditions :S1\I= 0 and :SCM.x) = O. 

Suppose KKl is this closing line, then since the curve is 
symmetrical the resultant of the ordinates from the line 
AB (joinililg the ends of the neutral surface line) to the 
neutral surface curye (the !J' on the figure), treated as forces 
passes through the crown. 

Therefore to satisfy the condition :S(M.x) = 0 the 
resultant of the ordinates from AD to KKI must also pass 
through the crown. 

This can only occur when RKl is parallel to AB. There­
fore in this case KKI mnst be a horizontal line. To satisfy 
the ~ondition ~l'II = 0 the algebraical sum of the ordinates 
from the line I{K1 to the neutral surface curve must be 
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zero, those measured upwards from KK being positive, and 
those measured downwards being negative. 

It is therefore necessary to place the line KKI at a 
distance from AB, equal to the mean length of the ordinates 
of the type y. 

Since the neutral surface curve is symmetrical about the 
centre, if we take the sum of the yS on one side of the centre 
and divide by half the number of ordinates or the number 
of ordinates on one side of the centre, we get this mean 
length-

The sum of the ordinates for half the arch = 44'23, which 
divided by 10 = 4'42 = e, or the distance from AB to KRI . 

We therefore draw in RKI parallel to AB (or horizontal), 
and 4'42 feet to the scale of distance from AB. 

'Ve have now found the true closing lines for both the 
equilibrium curve and the neutral surface curve of the'liarch. 

Now if we imagine the closing line FFI to be placed so as 
to coincide with KEI , we should have two curves passing 
through the arch, the neutral surface curve aI, a2, a3, etc.,. 
and that of the equilibrium polygon bI, b2 , bg, etc. 

Since both curves with their respective closing lines. 
satisfy the conditions ~l\f = ° and ~(:JLx) = 0, 'then the· 
ordinates intercepted between the two curves, or those of 

It 

the imaginary type a,b, must satisfy these conditions. We 
have then one further condition to satisfy, i.e., that ~(M.y) 
must be zero (p. 146). 

Since the ordinates of the imaginary type ab must be 
proportional to the bending moments at the variou~sections,. 
we have the condition that '2(a.b X y) must be zero 

or ~(jb X y) - '2(ka X y) = 0. 
Therefore ~ (fb X y) must equal '2(ka X y). 
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~(ka X y) may be written ~(y - e) y, or "2.y2 - e"2y. The 
value of this expression is found from Table XIV. 

TABLE XIV. 

Length of ordinates of type y. 

!ll = l'oS 
:'/2 = 3'''5 
(fa = 4'15 
:t!. = 4'55 
'1/5 = 4'/i 
Yo = 0'00 
!/7 = 5'10 
fls = 5'18 
1/a = 0'22 

1/10 = 5'23 

Sum = 44'23. 

y'. 

2'496 
11'903 
17'222 
20'702 
22'753 
25'000 
26'010 
20'832 
27'248 
27'353 

207'519 Summations for half 
the arcb. 

4:~2 = 4'42 = e = ordinate to K Kl from A E. 

2 ('~y2 - e~y) = 2(207"52 - 195'81). 
= 2 X 11'71. 
= 23"-12. 

\ 

And,since the neutral surface is symmetrical, th~se sums 
need only be found for half the arch, and the total multiplied 
by t~o for the whole summation. 

"2(jb X y) must be found for the whole curve bi b2 b3 ••• 

boo, but the working is simplified by proceeding in the fol­
lowing manner, considering the ordinates above FFI as 
positil')e and those below as negative. "2(fb X y) = [.flOblO 
+ jllbll]ylO + [fgb9 + !12b12] Y9 . • . - [J3b3 + ! lsb1S]Ys 
A- [/2b2 + j19b19]Y2 - [.fib1 + f20b20]Yl. 

If the equality ~y2 - e"2.y = "2.( f,b X y) does not hold, 
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all the ordinates of the type (j.b must be altered in the 
, -:£1/2 - -:£1'11 

ratlO of ,;( . b '). The original conditions ~M = 0 and 
~ J, X y 

-:£(l\:Lx) = 0 remain satisfied, since all the ordinates are 
altered in the same ratio, 

Points on the true pressure ClU\'e C1,('2,C3 ••• C20 are 
located on the arch ring by laying off from 1\.K1 ordinates 
1\.c, for which the general equation is-

-:£,1p - e~y 
K.c = fli X 'l-iJb XY)' 

The working IS shown in Tables XY. and XVI., the 

1 

Length of ordi­
nates of type /b, 

TABLE XV, 

2 

Length of ordi­
nates of type/b, 

3 

Sum, 

4 

Length of 
ordinates of 

tspe y, 

------------- ----:,----1 

fib, = - 6',2 
/lh = - l'k() 
j~b" = - ()'25 
j~b. = + 0'57 
j~b5 = + 1'07 
j~bo = + 1';)5 
j~b7 = + ]'5;) 

f,b 8 = + l'ti:; 
f,b" = + 1'71 

ilOblO = + 1',0 

f"o/I,o = - 5'S, : -12'59 \ YI = 1'58 
/1,,/1':1 = - 1'95 - 3',5 !/2 = 3'4~ 
11,11 " = - 0'56 - 0'81 I Ys = 4'1Ll 
j~71J17 = + 0'14 + 0'71 :'/4 = 4'55 
fw/ow = + 0'63 + 1',0 I Yr. = 4'77 

I 
/10"1.3 = + 0'98 1 + 2'33 Yo = 5'00 
j14h" = + 1'20 l + 2'73 Y1 = 5'10 
.Ii,,,,," = + 1'40 : + 3'0;) I Y~ = 5'18 

5 

Product 
col. 3 ~ 
col. 4, 

- 19'592 
- 12'9:17 
- 3';W2 
+ 3'230 
+ 8'109 
+ ll'ti;iO 
-t! 13'92:3 
+ 15'6ll.') 
+ U;'965 
+ 17'782 

\ 

/.2"'2 = + 1'~O i + 3'25 I Yo = 5'22 
juliu = + 1 '10 I + 3'40 I YIO = 5'23 

------S-u-m-r--'n-a-ti-on-, ·----1 +0'00 :----1-+-
51 
~~~ 

i 

~.'I2 - ~ey 23·42 . _ 
~fb X Y = 51'16 = O'4..>S 

':i,~ X '1/ = ~l.:_1_(l = 2'18 and 2'18 X 20'000 
~y" - ~ey 23'42 

true horizontdl 

thrust = 43'600 pounds, 
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distances alCl, a~c2, ascs, etc., or the arms of the bending 
moments at the various sections being giyen in Table XVI. 

The tendency to tensile stress is at the intrados for a 
positive anel at the extrados for a negative bending 
moment. 

To draw in the curve 1'1.1'2,1';] ••• C2C, and to find the 

TABLE XYI. 

Length of I Length of Length of 

I 
Length of 

ordinate l\Iulti- I ordillate ordinate ordmate 
typefb· plied by. I type Ko. type Ka. type ac. I 

I I 

/llil = - 0'72 0'458 

I 
- 308 - 2'85 - 0'2:, 

/2"2 = - 1'80 " 
- 0'82 - 0'97 + 0'15 

/.'''3 = - 0'25 " 
- (l'll - 0'27 + 0'16 

/,1>, = + 0'57 " + 0'26 + 0'12 + 0'14 
/.-,li5 = + 1'07 " 

+ (l'4n +0'35 + 0'14 
/;,"6 .= + 1'36 " + 0'62 + ()';i8 + 0'04 
j;h7 = + 1'53 " + 0'70 + (l'G7 + 0'03 
j~h8 = + 1'6:3 " 

+ (l'i5 + 0'7£; - O'(ll 
/,,1>0 = + 1'71 " + 0'78 +0'80 - 0'02 
'/lilbl0 = + l'iO " + 0'i8 +O·tH - 0'0:3 
/;lb11 = + 1'70 " + 0'78 -L 0'81 - 0'03 
/'2bI2 = +hH " + O'iO + 0'80 - 0'10 
/",h1:l = + 1'~O ,. + 0'63 + 0'76 - 0'13 
/14"14 = + 1'20 

I " 
+ ()';i5 + O'GS - (l'13 

.1;,,1.'5 = + (H)8 
" + 0'45 + ()';i8 - 0'1;) 

j;(jhlr, = -~ 0 G:, 

I 
" + 0'29 + (l'35 - O'OG 

/17"17 =+O'H " + 0'06 + (l'l;l - 0'07 

.fIR"'R = - 0'5(; " - 026 - 0'28 + 0'02 
/,,,",,, o=!- "9;) I " 

- 0':39 ....c. O'f17 + 0'08 
j~uh~u = - 5'87 

I " 
- 2'09 - 2'S5 + 0'15 

I 

magnitude of the thrusts, the true force polygon must be 
drawn. 

From 0 1 draw the line OlR parallel to the closing line 
of the equilibrium polygon FF1, to cut the force line in 
H, and from H draw a horizontal line R.O, making 
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HO - H 0 ~(tb X y) 20,000 X 51'16 = 43,600 lbs. 
- 1 1 X '\, 2 + " "'J'4~ ~y e ... y "'... v 

= the true horizontal thrust to the scale of loads (dde 

p.147). 

The pressure curve is now drawn in by lines parallel 
to the rays of the force diagram through the points 
CI,C2.Cg • • • C20· 

Lastly, the thrust at the springings is found by combin­
ing the loads for the end portions of the arch with the thrusts 
through al and a20. This can be done on the force diagram 
by setting off the respective outer loads (6,682 and 5,602) 
above PI and below P 20 on the force line and drawing rays 
from their terminations to O. These outer rays will give 
the thrusts at the springings in magnitude and direction; 
consequently if we produce the pressure curve lines in the 
arch acting from PI through CI to the load line 6,68! and 
from P20 through C20 to the load line 5,602, and from the 
points of intersection draw lines parallel to the respective 
outer rays of the force diagram through the springings, 
we complete the pressure curve. 

It must be remembered that the bending moment at any 
section is the horizontal thrnst X the 'cel'ticau. distance 
between the curves aI.a2.aS • • • a20, and CI.C2.Cg • • • C20, 

and that the thmst at any section must be resolv:d so as 
to act normally to the radial line at the section or since 

~1 = the radial distance between the neutral surface and 

the pressure curve T = 1\1 -;- the radial distan('jl between 
the neutral surface and the pressure curve (viele p. 141). 

The working has been very fully explained for this "type 
of arch, and the further types will be treated in less detail, 





I, 
i---l'-~-I"-O-"-III-i.~Y-LJ-J-~-r-If-I-v-r.-~-P-I--O-A~"-~-:":cO-O-P::-O-V~I'(~D-~-P-~-"-.r-'I-"V-A-"-I-"'-t1-qr--"I 

• • 
]<'w. 39. 

i. 
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since if necessary reference can be made to this type when 
anything is not (Iuite cleal'. When the load cm'ers the 
whole span, if the trial horizontal thrllst H 10 1 is drawn on 

thefol'ce diaflrrtm a.~ actin.? bet1.ceen P10 and Pu, the equili­
brium curve for the loaded half of the span in the case just 
treated can be used, and as the two sides ,viII be the same, 
this side only need iJe used. 'rhe line joining the ends of 
the equilibrium curve b!.b2.b:l ., etc., will be horizontal, and 
a new true closing line lllL1st be found for these COll­

ditions, and the rest of the working follows in a similar 
manner to that shown ill the above example. This also 

holds tnwfor the cases of the Arch lIill!Jcd at the Springill.qs 

and the Three-Hinged Arch. 

The thrusts and momcnts produccd by changes of tel/lpcra­
ture must be added to thuse due to direct loading. 

) 

Arch Hinged at the Springings (Fig. 40). 

When an arch is hinged at the springings we have the 
conditions that the curve of pressures must pass through 
the hinges and further that equation [17], p. 146, or 
~(M.V) = 0, must be satisfied. 

In this case the assumed arch has the same span, rise and 
exterior loading as in the previous example, but a bridge 
with arcade spandrils has been selected,* where the positions 
of some of the load lines depend on the arched spandrils 
instead of the divisions of the arch ring. 

The depth of the arch ring at the springings has been 
made lqnal to that found for the crown by ]\11'. ",Veld's 
formula (p. 149), the depth at the quarter points has been 
taken as In- this amount, and the extrados curve passes 

'.' Vide remarks on p. GS as to sheal'ing under piers of arcades. 
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through the points so found, a horizontal line tangent to 
the extrados curves on either side of the centre completing 
the arch ring. 

'rIle neutral surface line of the arch ring is drawn through 
the mid points of the depth of the arch ring, and is divided 
in the same manner as the previous example. 

Proceeding as in the last example we obtain the values 
given in Table XVII. 

Division of 
neutral smfacc 

curve. 

TABLE XVII. 

Length of 
division. Summation. 

Distance from 
sprillging to 

centres of 
division. 

----------~-----~~--~-------------I------------

~·03 

2'48 
3'1~ 

3'71 
4'06 
4'25 
3'86 
3'04 
2'MI 
2'08 

2'03 
4'51 
7'03 

11'34 
15'40 
19'65 
23'51 
21;'55 
2fHH 
31'12 

1'01 
3'27 
6'07 • 
9'48 

13'37 
1i'52 
21'58 
25'03 
27'80 
30'08 

'['he ps are found as follows: P20 is taken as the-load of 
the roadway, spandril and arch ring from the springing . . 
to the crown of the first spandnl arch, 

The line of action of the load of the roadway and 
spandril arch will act through the centre line of the end 
llier, as shown by the dotted line ,yith an arrow-head; 
this load must be combined with that of the arch ~ing to 
the centre of the first spandril arch, which brings the line 
of action to P20. P1 is found in the same manner, but the 
exterior load from tbe springing to the centre of the first 



I 
Arch Hinged at Spl'~gings. 

I ; , , , 
I ·1 y: '{' iP, ;- yf I 

I 
j 

, 
I 

FIG. '0. • 
• • 
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spandril arch mllst be added to the load acting through 
the centre of the first pier. 

PI9, PIS, PI7 and P2, Fg and P4 act through the centres of 
the respective piers and the magnitude of each is that due to 
the whole loading from centre to centre of the respective 
spandril arches, including the weight of the arch ring itself. 

PI6 and P5 are each taken as the total loads between the 
centre of spandril arches nearest to the centre to the 
vertical sections at aI5 and a6 and act at the centres of 
gravity of the respective loads. 

The remainder of the ps are taken between the verticat 
sections at the a' and acting at the mid points between 
them, Pu and PlO being taken between all and alO and the 
crown. The loads are given in Table XVII!., together with 

TARLE XVIII. 

Summation. 

PI 1,955 1.9;),) 

P. 2,440 4.395 
Ps 2,;)90 6,785 
P4 2,275 9,O(iO 
Ps 3,715 12,.75 

~~ 2,420 15,195 
1,805 17.000 

PH 1,400 18.400 
J Po 1,120 19.520 

PIO 50.5 20,025 
PH 28;) 20,310 
PI2 660 20,970 
PIS 840 21,810 
PH 1,12,) 22,9:l5 
PIS 1,620 24,5;:;5 
i't6 2,60,) 27,21() 
P17 1,6:l5 28.845 
PIS 1,755 30,GOO 
P19 1,800 32,400 
P20 1,455 33,855 
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the summation. The loads P are laid off as before on the 
vertical force line to the left of the diagram. A trial 
thrust of 30,000 Ibs. is assumed in this case, acting 
between PlO and Pn or through the crown and the equi­
librium polygon bl .b2 .l!3 ••• b20 is drawn as before. The 
~lIecking is accomplished in the same manner as before, 
the horizontal line in this case passing through PlO 

and P u . 
Tbe equilibrium polygon is continued to cut the vertical 

lines dropped from A and B at Al and Bl. 

Join AIBI. 
Since the pressure curve must pass through the hinges 

at the springings AlBl is the closing line of the equilibrium 
polygon, drop verticals through al.a2.aS •.. ~o, cutting 
the polygon at bl .b2.bs • • • b20 , and the line AIBI at 
1"1.1'2.1'3 ••• t·zo. Now suppose the line AlDI to coin­
cide with the line AB. The condition ~C~r.?!) = ° must 
be satisfied, but since the benclillg moment at any section 
= the horizontal thrust X the vertical distance between 
the two cm'yes (ride p. 141), we get the condition ~ [(a.b) 

X y] = 0. If ,ye call the ordinates between AB and 
al·a2·a3 ••• a20 ordinates of the type,1} and 1'lb1:rzbz.1'3ba • 

1'20b20 ordinates of the type Yb' 
J 

The cOllditioll ~ [(a.b) X yJ = ° becomes 

"2.(Yb - V)y = 0. 

The ordinates (Yb - y) varying in sign according as Yb or 
y is the greater. 

The above equation may be ,uitten-

~YbY = "2.y2. 

If this equality does not hold good, all the ordinates of 
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'" 2 
the type Vb must be altered in the ratio :;'1 to locate the 

-!JoY 
true pressure curve, or generalIy­

~1P 
y c = Vvv:-"----' 

~!JbY 

By plotting the values of Yo thus found from the line A B 
'Oil the, verticals through tll.tl2.aa., etc., points on the true 
pressure curve Cl.C2.Ca •.. ('20 are located. The work­
ing is shown in Table XIX., together with the distances 
{ll.i'l, a2'C2, aaC3, etc., giving the arms of the bending moments 
at the variolls sections. The tenJency to tensile stress is at 
the intrados for a positive, and at the extrados for a negative 
bending moment. To obtain the true horizontal thrust and 
to be able to draw the true force diagram for obtaining the 
thrusts and dra"'ing in the pressure curve on the arch ring, 
dra~ from the trial pole 0 1 a line OlII parallel to AlBl, 
cutting the force line at H, and from II draw a horizontal 

'" line H.O, making IIO = HlO l X ~b1f_ Then ° is the ~y2 • 

true pole, and II.O measured to the scale of forces is 
the true horizontal thrust, in this case 36,000 Ibs. 
Lines pM-allel to the rays are drawn through the points 
Cl.C2,C3 ••• C20 on the arch ring, giving the true pressure 

) 

curve, and the lengths of the several rays on the force 
diagram measured to the scale of forces give the several 
thrusts. The outer rays of the force polygon give the 
magnitude ana direction of the thrusts at the springings. 

It mu~t Le remembered that the bell ding moment at any 
section is the horizuntal thrust X the rertical distallce 

• between the curves al·tl2.tl3 ••• (/20 and. Cl.C2.C3 ••• e20, and 
that the thrust at any section must Le resolved so as to act 
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TAm_E XIX. 

1 2 :3 i 5 I (; , 
Difference 
column I 

Y, and 
Length of Length of Column 1 Column 1 column 5 
ordinates. ordinates. squared. x coltrmn 2. Col. 2 giving 

X 0'83. al'ms of 
bending 

mornellt:-;. 

Yl =0'47 v,b, =0'56 0'22 0'26 0'47 0'00 
Y2 = 1';30 "21)2 = l'j:1 1'6!1 2'25 1'44 + 0'14 
Ys == 2'27 Valia =;3'05 0'1,) 6'92 2'53 + 0'26 
y. = 3'3'2 I',b, =-1'36 11'0:2 14'48 :,l'(;2 + 0-30 
Y& =4'30 usb. =5-ti3 18'49 24-21 4-!" + 0'3, 
YG = 5-12 viJG = 6'57 26'22 33'64 {H5 + 0'33· 
Y, =5'6!1 /},b7 = 7-If) :~2-38 40'j4 ,',.94 + 0'25 
Ys =6-0:2 v"b8 = 4'48 36'24 45-03 6'21 +O'Hl 
Yo = 6-10 I'obo = 4'52 37-21 45'87 6'24 1.f-0-1-! 
YIO = 6'1:l VlOblO == 7' 50 37-58 45-98 0'2;3 + 0'10' 
Yn = 6'13 vllbI1 = i'38 4;}'24 0-13 + 0'00 

206'20 
Yl2 = 6'10 Vl2lil2 = 7'19 X 2 43-86 ;)'97 - 0'13 
YI3 = 0'0:2 1/13b13 = 6'91 41'6() 5'74 - 0-28, 
Y14 = i'r09 1'14/;14 = 6'4& 36'76 0'3,'1 - 0'31 
Y,5 = 5'12 V",b'5 = 5'~;) 29-44 4'77 - 0;)3 

Y'6 = 4-30 "'6b16 = 4-8:\ 20'77 4'01 - O'2H 
Y17 = ;3':32 "'7[)17=2-6S 12'22 3'0;3 - 0'2, 
Y18 = 2'2, I'lHh18 == 2'bO 0'07 2'08 - 0'19 
JJJD = l':3() CUbl" = 1'40 1'82 1-16 - 0'14 
yw= 0'47 C')fjU"" = 0'-!8 0-23 ()'40 I) - 0'07 

Hummation 412'4=ly2 49(;'99 = l !lb,'! I 
::81/2 = 412'4 = 0'83 '-' 

":;,!JblJ 4\.17 

'j,YIJ,'Ij 497, ' 
::sy2 = 412-4 = 1-2 and 1'2 X 30,000 True horizontal thrust 

= 36,OO\) 1h8, 
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1\{ 
normally to the radia1 Line at that section, or since 

'1' 
= radial distance from the neutral surface to the pressure 
curve T = M....;- the radial distance between the neutral 
surface and the pressure curve (ride p. HI). 

The thrusts and moments produced by changes of 
temperature must be added to those due to the direct 
loading. 

Three-Hinged Arch (Fig. 41). 

The following method was adopted in designing the arch 
ring Jar this type :-

The depth at the crown and springings is the same as 
that found for the crown of the continuous arch, i.e., 
15 inches, the depth at the quarter points being double this 
amourit. The radius necessary for a segmental curve 
having the same rise and span as the proposed arch is 
found, and the centre for this curve is plotted on a vertical 
line through the crown. Radial lines are then drawn from 
this centre through the springings, and the thickness of the 
arch ring laid off. From the mid-point of this thickness, a 
distance Of 2 inches was set off perpendicular to the radial 
line to J\ive the centre of the hinges at the springing. 

The hinge at the crown was next placed at half the depth 
of the arch ring, and thus three points were fixed on the. 
neutral surface line. 

The radius for a segment passing through these points 
was theri' found, and the centre from which it is struck 
plotted on the vertic111 line through the crown. Next a . 

• 
distance of 2 inches was laid off on the intrados and extrados 
on each side of the crown. The points thus found on the. 

lLC. 
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intrndos ,,'ere then joined to the springings 011 either side, as 
shown on the diagram. These lines \\ ere then bisected and 
lines drawn through the points thus found and the centre 
for the neutral surface curve. The centres for the seg­
mental curves for the extrados and intrados must be on 
these lines. 'rhe arch ring being double the depth at the 

,. . springings or crown at the quarter points, the mid-points 
on the extrados and intrados curves are laid off from the 
neutral surface curve, and the length of the radii were 
found in the usual way from the span and versed sine 
of these curves. 

Table XX. gives the divisions of the arch ring found 
by the method described for the continuous arch. 

TARLE XX. 

Di~tauee ))}'on1 

Vi vision of Length of springings to 
neutral surface division. Summation_ centres of 

curve_ divisions 
giving f1,~. 

81 101 Hll 0'50 
82 1-·16 2'47 1-74 
Sa 2'03 4'50 3'48 
S._l 354 8'04 6-27 
8,5 5-18 13-22 1'0'6:~ 
86 7'01 20'23 16-j2 
S7 5-18 25'41 22;S2 
88 3-54 21l'95 27-18 
Sn 2-03 ;)0-98 29-96 
R10 1'46 :12-44 :n'71 
~ll Hll :I:N5 :l~-B4 

This gives a division of the arch into 22 par';;s instead 
of 20, as in previous cases. 

The P' are taken at the mid-points between th~ a' 

excepting at the cro,Yn, where they are tal,en one on each 

• 
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side, midway between the centre and all and ((12, and at 
the springings, "'here the ps are taken midway between 
the outside of the spandrils and al and ((22. 

By a coincidence the lines of action of PI and P24 pass 
through the hinges. In this case the weight of the 
concrete for the arch is taken at 155 lbs. per cubic foot, 
that of the spandrils at 140 Ibs. per cubic foot, and the 
weight of the filling over the spandrils and of the roadway 
are both taken as 100 lbs. per cubic foot. 

This gives the equivalent load line as shown on the 
diagram, with the several loads reduced to 155 Ibs. per 
cubic foot. 

The loads P are found as described previously, the 
moving load on the right side being added to the similar 
pI found for the left side to obtain the values of P1.P2 
••• f'12' 

The loads are laid off on the vertical to the left of the 
diagram, the force diagram and equilibrium polygon for 
an assumed horizontal thrust of 30,000 lbs. acting between 
P12 and P13 being drawn as described before. The verticals 
through 'the as are then dropped, giving points on the 
equilibrimh polygon b1D2bs ... b22 and 1'11'21"3 ••• 1"22. 

Now since the pressute curve on the arch ring must 
,~ 

pass through the three hinges, all that is necessary is to 
scale the respective lengths of CD and CID1, and if they 
are not the same to alter the ordinates 7·lVl.t"2V2.t"aUa ••• 

1"22U22 in th!f ratio of C~~l' 
Th~ revised lengths thus found must then be laid off 

from the line AB joining the hinges at the springings to 
give points on the true pressure curve. 

N2 
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TABI,E XXI. 

Load 1bs. Summation 1bs. 

PI 1,442 1,442 
P2 1,HR2 3,3:H 
Pg 

\} . ~-
-,;)'). 5,881 

1'4 :l.$i'(; 9,867 
1'5 ;j,'72!:l J5,5\16 
P6 IUn1 22,407 
1'7 5,115 27,522 
P8 ~,H9;) 30,515 
1'9 1,62S 32,14:3 
P10 1,001 33,144 
P u 1m 3:3,775 
P I2 :121 :)4,0(16 
P13 201 34,~97 
PI4 :)91 34,6~8 

P15 G·jJ 35,329 
P16 1,088 ;16,417 :.-

P17 2,13:3 ;)8,550 [ . 

PIR 3,975 42,525 ») 

PI9 5,711 48,2;J(j 
1''>(1 4,989 53,2:!5 
1'11 3,541i 56,771 
J>2" 2,297 59,068 
1'", 1, i02 60,770 
P2.l 1,302 62,072 

CD = 12'22 = 1'064. 
CID1 11'4t-l 
CIDI 11'48 
CD = 12'~2 = 0'94 and 0'94 X 30,000 28,200 1b8. = True 

Horizontal Thrust. 

To find the true pole and horizontal thrust for the force 
polygon, draw the line OIH parallel to AlB I to cut the force 
line at H, and from H draw a horizontal line Jtt), making 

CID] 
HO = IIIO l X elY' 

Lines drawn through the points Cl.C2·C3 

'J 

C22 parallel 

• 
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to the rays P1P 2. P2P3 • • • P23P24 will give the true 
pressure curve, when the sharp bends are rounded off as 
shown by the full line ('1.('2,1'3 • • • ('22' 

TABLE XXII. 

------~--------------.-------

I 
Product ordinate 

'Multiplied bv, from A B to 

-------1-------1. . I pressure curve, 

I
, -~:--I---~~-~--

2'76 
{'72 

" 

734 
lil'04 
I i'ii8 
12'lG 
1:.?'30 
I:! 24 
1:!':!:! 
1:!'1G 
12'07 
11'93 
1hj9 
10'82 
!1'14 
'\'67 
4'29 
2'46 
1'27 
0'42 

The outer rays of the force diagram give the direction 
and magnitude of the thrusts at the springings, and the 
magnituae-.of the thrusts at the several points C1.C2.C3 

••• ('22 on the arch ring are given by the lengths of the 
rays 1\P2.P2P3 ,P3P4 ... P 23P24 of the force diagram. 

Tables XXI. and XXII. show the working. 
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TEMPERATURE STRESSES. 

It is necessary to take the effects of the rise and fall of 
temperature into consideration when designing an arch, 
as the induced stresses from these causes may be 
considerable. 

A rise of temperature causes compressive stresses and a 
fall tensile stresses. 

The horizontal thrust or tension due to changes of 
temperature always acts along the closing line of the 
neutral surface curve, considered as an equilibrium 

. polygon. 

In considering the effects of temperature on an arch we 
must assume that the whole material of the arch ring 
undergoes the same change. This manifestly is not likely 
to be correct, as the concrete being a bad conduc'tor of 
heat, any particle of it will be less affected as its depth 
from the surface exposed to change of temperature 
increases. 

\Ve take, however, the average temperature of the mass, 
which is a very different thing from the average tempem­
ture to which it is exposed. It is very doubWtl whether 
the range of temperature of a mass of concrete will range 

t! 
as much as the variation between the mean summer and 
mean winter temperatures. Iron and steel when used 
alone are employed as thin pieces, and being good con­
ductors, respond rapidly to changes of temperature; 
concrete being used in thicker pieces, or in Ifiass, and a 
poor conductor, responds very slowly. 

An arch is usually employed for a bridge or reserVOIr 
covering, and in either case has over it a considerable 



MI~THODS Ol~ CALCULATIOX 183 

thickness of earth or other e~ually non-conducting material; 
and further, it is frequently over water. Both these 
conuitions tend to protect it against heat and cold. 

Masonry bridges from time immemorial have been built 
without provision for temperature stresses. If a range of 
even 20 degrees had acted upon them, it is highly probable 
that lllany would have collapsed from this cause, and 
we know that they do not so collapse. In masonry 
bridges the spandril walls doubtless aid in resisting such 
effects; but reinforced concrete arches are frequently built 
of small rise compared with the span or with open 
Rpandrils, and consequently receive little or no assistance 
from the spandrils. 

It appears that a liberal allowance for the range of 
temperature used in calculations would be 15 degrees. 
'l'hiA would apply to most countries, the exceptions being 
those which have a steady high summer and steady low 
winter temperature, when 20 degrees might be taken. It 
should be remembered that the daily range is of little 
consequence, but that the high or low temperatures must 
be long continued to produce any considerable effect. 

'rhe "thole question is one of great uncertainty, and must 
be largely a matter for the judgment of the designer. 

For· calculating temperature stresses it is advisable to 
divide the half neutral surface curve into 20 or 30 parts, 

such that I -: I is constant. This can be done in the 
c 111 f 

same mapner as described on pp. 153 to 156. 
If L is the span of the neutral surface curve, f is the 

exl'ansion or contraction due to 1 degree of temperature 
which may be taken as 0·000006. 
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to is the greatest deviation of temperature. 
HI is the horizontal thrust or pull due to the change of 

temperature. 
Ie and If are the respective moments of inertia of the 

concrete and reinforcement. 
Ee is the coefficient of elasticity of the concrete, which 

may Le taken as 2'067 X lOf-, 

And m = :' = 15, 
e 

By the construction Ie + mI'is constant. 
s 

As the arch may be considered symmetrical u'e need only 

COli sid er one-half, as the sh'esses in the other half due to 
change of temperature tcill be identical. 

We have now the condition that-

LEt
O 

_ ~ 1\Iy.~ ( . 'd t' t f t)J 

~ - .... ·Ec(lc + mIr) n e equa Ion at op 0 p, 146) 

and ~,M = ~,HI (ka) • LEt~ _ ~ HI(ka) '!Is 
" ~ - 'E (Ie + 1IIIf ) 

but HI and Ee are constant and the neutral surface curve is 

divided so that I +8 -I' is constant, consequently 
c 111 j IJ 

H _ LEtO Ee(L + mIl) _I_ 
I --2- X s X ~(k(()y' iJ [lJ 

The ordinates of the type (Iii!) = (y - e). 

e is found as described on p. 166, KKI drawn in and the 
y. are scaled off the diagram at each of the as, all as 
described above, tho summation ~ (ka)y being Jw,lren for 
half the arch. 

Having found HI acting along KKI the effect of thitj" is 
not altered if we apply two opposite forces equal to HI 
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acting at the as, we then have horizontal thrusts at the 
(1,' and couples HI (lea) produciqg bending moments. The 
thrusts must be resolved normally to the radial joints. 
These moments and thrusts must be added to the moments 
and thrusts found for the direct loading. 

When the arch is hinged at the springings Hl acts along 
the line joining the hinges, and the value of H l , and its 
moments are altered accordingly; the summation in the 
denominator of the last factor of eq wLtion [1] becomes 
therefore ~ (,1;2), the summativn being taken for half the 

\ arch as before. 
lt must be remembered that Hl is to be considered as a 

thrust and also as a pull, since, when designing an arch, 
it is seldom possible to tell whether it will be finished 
when the temperature is high or low. The moments due 
to Jtemperature have a different sign as the line 1\.Kl is 
above or below the neutral surface line, in the same way 
as described for the moments for direct loading. 

After determining the maximum bending moments and 
thrusts at the several sections, the method of calculation 
given below can be used in dotermining the amount of 
reinfort:ement required . 

• 
CALCULATIONS FOR PIECES SUBJECTED TO BENDING A~D 

DIRECT STRESSES CO')IBINED. 

General Remarks. 

Piec"lS subjected to stresses of this nature are usually 
arches, although other pieces may be also stressed in the 
sAme way, as, for instance, columns under eccentric loading 
and compreEsion pieces under the effects of wind pressure. 
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There are two cases which must be considered-
1. When only one kind of stress is produced, as in the 

case of a column with a load bearing slightly out of the 
centre, or an arch in which the line of pressures lies well 
within the arch ring. 

:'.. When the piece is stressed in both tension and 
compression. 

The usual cases met \vith in practice are those in which 
the main stresses are compressive, and in the following 
such a disposition will be assumed. 

When only Compressive Stresses are produced and the Rein­
forcement is of Small Sectional Area and Depth and at 
both sides of the Piece. 

In this case we have a thrust T acting at the neutral sur­

DI , 
• • J ' 

! ~"ti!C\J 
I • 1 
I " I ' -/-- 1'-'.,:--

j " 
I I' 

/ ::,v'>:)I'" 

f 

FIG. 42. 

face and a bending moment M .. Urftler 
the effect of these the section A B 
(Fig. 42) may be supposed to tal,e up posi­
tion A2 B2, while A Al and B BI represent 

the minimum and maximum compressive 
stresses in the concrete CI and (2. 

As seen from Fig. 42-
I 1 \ 

The thrust T = db \ ('1 + ~ (C2 _ 1'1) r 

+ f~ We + .It W t 

till 
= 2 «('2 + (1) + J: We + j; Wt· [1 J 

The bending moment 

M = ~. «'2 - ('1) rl X (! - !) d 
~ ~ :3 

X b + ,{c 00, v, - it wt VI' 
'}!I 

[2] 
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To find the values of je and '/;, it will be seen from 
Fig. 42 that the hypothesis of the conservation of plane 
sections gives us- \ \ 

\ \ 
S· DD BB3 X AD \ \ lnce 3 = --XIf- , \ 

DD2 = AA2 + .J:)I33 "~1 AD 

it ,\ 1'1 1'2 - 1'1 
but DD2 = t" "'i"C1 2 = E' and BBa = }I' , 

D f c J. 

II 
also AD = '2 - Vt and AB = d. \, 

': 
We have then \ 

. {«'2 + 1'1) I!tl [3J 
tt = m --2- - (1'2 - 1'1) dJ" • 

and similarly­
• . = (~_+ 1'1) • _ !'cl. Jc JIll 2 + (l2 1'1) d J •• • [4J 

Substituting [3J and [4J in [lJ and [2J we get-

• [5J 

and-

M t 1 2 r (1'2 + 1'1) Vc 1 = l~ (1'2 - !'I)d b + IIIl 2 + (1'2 - (1)(1;lVc v. 

I (C2 + ('I) Vt l 
- m-( 2 - (C2 - CI)J) WtVt 
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(C2 - C1) (1 3b 2 2 \ (1'2 + Cl) ( 'i\I = d ,-d + ])/(WcVc + WtVt)· + 2 1/1 WeV• 
ll~ ) 

- WtVt). [6J 
When C1 = O,-i.e. at the limit when the whole piece is in 

compression and when Vc = ~'t-

T - ,r!, dl! + 111 (we + Wt) \ !}!_l'_( - )] - (., ,- - + J We Wt' 
-L \ :J ) Ie 

und-
"':1 - [Idqb + 12mv

2
(w c + Wt») +~( - )] 

l' - C2 ~ 12d f 2 We W t ' 

1 dSh + 12111V2(wc + Wt) + 6dmv(aJc - (Vt) [7J 
and 1\1 = -6' d"b + I( + ) +) ( ) . - ml We Wt ..... //W We - {Vt 

If Vt and Vc are not equal the equation [7J must be 
altered by bringing Vt and Vc inside the brackets. 

If the reinforcement is symmetrical Wc = W t and Vc = t't and 

~~~ . 
(,.) + 1'1 

T = ~'(dh + 2mw), [8] 

and 11[ 1:: c~ -, 1'1 (rfb + 2mwv2) 
d 12 ' [9] 

and 1chen Cl = 0 

1\1: 1 iT;l" + 24mwv2 

'1' = 6d' db + 2111 (n • 
. .,[1 OJ 

When Tensile Stresses are induced, the Reinforcement b~ng 
of small Sectional Area and Depths and at both sides 
of the Piece. 

When this disposition occurs, we shall have (Fig. 43)-

1 • T = ~. I'ub + wcJc - wtft, [11 ] 

1 (d 1) '" M = '2 cub 2' - '37/, + fcwcv, + ftwtVt, [12J 
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and, as in the case of piece subjected to simple bending­
(n - a) it = Cln ---- • [13~_~; 

n ' . 

it = cm {d - _(_1I-_+_jj_;_. [14} 
II, 

Substituting [13J and [14J in [11], 
and [12J-

II) -
4 ~ B 

FIG. 43. 

T = ~~ [1_ u2b + m I, w,.( II 
I! 2 

Wt[d - (n+ t3)]}]. [15} 

C[1 (d 1) M = u ~ 1l
2b ~ - '3 1t + m {we (n - a) Vc + 

Wt [d - (n + ,B)]Vt } l [16J 

lIith a symmetrical reil1forcelllcnt-
) 

We = Wt and I', = I':. 

We get therefore-

T =~[~n2b + mW{(1I - a) - [d - (n + {3)]}} [IIJ 

And as (n - a) + (d - (n + (3); = d - (a + (3) = 2v 

'U _ c f 1 2b (d 1) 2} 
m - U l'21L ~ - '3 u + 2 m wv • \ • [18} 

When the Reinforcement is only on one Side. 

If the curve of pressures remains always on one side of 
the nflutral surface of an arch, one reinforcement may be 
sufficient. 
I We have then for the case where the whole arch is in 
compression, by retaining the reinforcement under the 
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greatest compression and eliminating that which tends 
towards tension-

('2 + ('\ m 
T = ~ (db + moo,) + «('2 - ('1) dW,v" [19J 

[20J 

[21J 

And for the case when part of the arch is III tension, 
retaining the reinforcement on this side-

'[' _ (' { 1 2b I 
- --. ~ 71 - Wllt)-, • 

'I( ::. _ 
[22J 

M = H}u2b (~- ~ u) + 1n wd d -(u + f3)} l't}, [23J 

, f d - (n + (3) t and t = C'II! l I • 
, 'u [24J 

In all these fonnulre the cun'e of pressures is supposed to 
be passing below the neutral surface of the piece as shown 
in the figures, but the same formulre will of oourse apply if 
it passes above, the piece being considered as reversed. 

Use of the above Formulre, 

JT'lten the Tci1ljoTcC1Ilellt is /lVII/metrical, and we require to 
use these formulre to chak a piece oj giren dimensions, we 
proceed as follows :-

Taking the value of m as 15 we first try whether the piece 
is subjected to tension, using equation [10], which hecomes-

1\1 1 d:lb + 3GOwv2 I) 

[2.'}J l' - (fa' db + ;)\)00 • 

If ~;, is equal or less than the value in equation [25J, we 
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know that there will be no tensile stresses, and we pmceed 
to find the values of c and f under these conditions, 

We have from [8J and [9J-
21' 

C2 + ('1 = d iJ + 3000 

12Md 
and ('2 - ('1 = toi + '~6U 2' () i WI' 

From which we get-
'1' 611£1 

('2 = 7111 + 0000 + dllb + 3601.01'2' • [26J 
and-

T 6~fd 
1'1 = Ii iJ + iJUw - dSh + 360wv2' [27J 

By inserting the values thus found for ('2 and C1 in [3J 
and [4J, and as the reinforcement is symmetrical, replacing 
l't and Pc by v, we fiud the values of it and !C. 

If we find from equatiou [25J that tensile stresses will 
be )prowced, we must find the yalue of 11, 

From equation [15J we get, since the reinforcements 
are symmetrical-

Til 
C = -- ---- [28J 

1 2 r ) 
(jU{; + 1500((11 - a) - [d ~ (u + p)] i 

and frem equation [16:-
1\[n 

C = J (d 1) [29J 
2u2{; 2-31[ + 151.Op 1 (It - a) + [d - (/l + 6)] } 

and since these two values of c must equal one another, 
we get-

T 
<l 1 
2u2{; + 1500 [(u - a) - {d - (u + (3); ] 

1\1 

= 1 (d 1 \ + 1" r( \ J.J /" I 1)\ \ Q1L2[J :> _ --;, 1l I ;)1.01' II. - (1, -I-
[30J 
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Substituting the various values we get an equation from 
which we can find u. 

This equation will be most readily solved (since it 
contains the cubes of u) by inserting several values of n 
and obtaining several values for the two sides of the 
equation and plotting these on squared paper to find the 
correct value of 11. 

Having obtained 1l the value of c is deduced from 
eqUittions [28J or [29J, and the values of it and j~ follow 
from equations [13J and [14J, substituting 15 for m. 

The wiLLes j;JlLnd for C2 or c should not exceed 500 lbs. pel' 

squm'e inch; unless }\f is very large compared u'ith T (a 

condition which possibly may occur in some pieces such as. 

roof mfters without ties), u,hen c may be taken as 600 lbs. 

pCI' square inch. 

If it is required to determine the dimensions for a piece 
having only the values of M and T, we may either assume 
values for d and for J3 and a (which have the same value), 
or assume a value for J3 and also the percentage of rein-

2co 
forcement or t = bd Where 2w is the tchole area of the 

two reinforcements and d is the u'/lOle depth of the piece. 
A symmetrical reinforcement is usually employed for 
pieces of this kind. 

The calue of f3 may alll:ays be assumed to be 2 inches, 

if the reinforcement is of small depth compared with that 

of the piece, small bars beillg 1lscd and the requisite sectional 

area being made up by tIll! closcr spacing of small secti(m 

beirs as the total area required increases. If however 
it is thought desirable in the designer's judgment to 

,) 
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alter this dimension, the following equations can easily be 
altered accordingly. 

If we assume a depth d and a value for (3, 
d. d-4 

Then v = ~ - (3, and If (3 = 2, then v = -:l-' 

w may be found direct from equation [26J by sub­
stituting for C2 its maximum value (500 1b8. per square inch). 

The values thus obtained must satisfy the expression 
from equation [25J. 

1\1 1 dSb + 360@,2 

db + DOw' 

If we assume a value for'" we have-
2w d - 4 

'" = bd and v = -2-' 

Equation [26J becomes by inserting these vaIues-

T 6Md 
£2 = (lb + 15bd", - dSb + 45bd'/!( (l - 4)2 

[31J 

'1' oM 
or liC2 = d(l + 15",) d2 + 45,/!(d _ 4)2' [32] 

giving C2 its maximum value (500 Ibs. per square inch), and 
b its value (usually 12 inches), and inserting the assumed 

value fl)r '" we can solve equation [32J for d by trying 
several values for d, and plotting the values for each side of 
the eqUation on squared paper, and finding the intersection 
of the respective curves. 

Having obtained the value of d, w is obtained from the 

t
. ",bd 

equa IOn w = 2-' 
J 

The values found must satisfy the expression [31J. 
If in either of these cases the condition [31] is not satis­

fied, we may reduce the value assumed for'" or increase the: 
R.C. o 
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depth d until the proper values are found, or we must con­
sider the case where tensile stresses exist. 

When Tensile Stresses exist. 

If we assume a value for d and [3, we get from equations 
[17J and [IS]-

T =~~[~u2b + mw{(u - a) - [d - (u + f3)]} ] 

and-

M = - -u b - - - + 2mwv2 • c[l 2 (d u) ] 
v. 2 2 3 

Assuming as before that f3 = 2 inches, we hrwe also 
1n = 15, Cu, - a) = (u - 2) and [d - (u + [3)] =. [d 

- (u + 2)J, and v = ~ - [3 = d :l 4, and giving c its 

maximum value (500 105. per square inch). 
These values inserted in the above equations give-

Tn 1 )1 

C = 2u2b + 15w(2u - d), 

.)) 

T 1 
500 - 21tb 

or w = 1£. ~-;:-------= 
15(2u - d) 

l33] 

and-

Mn = l[u2b(!!. _3__t) + 15w(d - 4)2J 
C 2 2 3 

01'-

~- ub(~-~) 
w = u . 25U 2 3. [34J 

15(d - 4)2 

The values of w from [33] and [34] must be the same. 
',ve have therefore-

'r 256 - ub [3;')J 
(2u - d) 
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We know T, 1\1, d and Ii (I;stmlly 12 inches), and there­
fore we can find the value of u from [35J by trying various 

values for u and plotting each side of the equation Oil 

squared paper as before described. When the value of 

1L has been determined, w is found from [33] or [34], and 

.Ic and it from [13J and [14J by inserting the ntIues (u - a) 

= u - 2, and [d - (u + 13)] = [d - (Il + 2)]. 
It we a.ssume a. value for 'It and {3, we write as belore, 

t = 2w or w = tli!.. 
bd 2 

Substituting this value of w m [33J and [34J we 

obtain-

• and-

'1' 
'" _ 1l .25(J - lIb 

- b l?J(2n -':'d) 

, M lIb 
---(3d - 2u) 

'" = !!:_. 12;; ;) 
b 15l(a_::- 4)" 

[3(j] 

(37J 

'Ye know 'r, M, \Jr and b (usually 12 inches), and can 

therefore obtain from [36J alld [37J two equations con­

taining I', and d. 
By trying various ratios of 1l in respect to d Ire find 

values· of d of each of the two equations, and ploUing 
these on squared lX11)er we find the true yalue of d at the 

in tersection of the curves for the respective equations, and 
the true value of d inserted in either of the equations [36] 

and [37]. will give u. 
• \jrl)(l 

~ follows from the equatIon w = ---;)--, and.fc and .ft are ... 
found as before from equations [13J and [14J. If any 
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other value than 500 is assumed for c the equations [35], 
[36] and [37] must be altered accordingly. 

PIECES \\ ITH 11EINFOHCEMENTS OF LARGE SECTIONAL AREA. 

When reinforcements of large sectional area are employed 
the reinforcements are always symmetrical. In this case, 
however, both the depth and the sectional area of the rein­
forcements must be taken into account, and the resistance 
of the concrete which is replaced by the reinforcements 
when in compression must be deducted. As before, (1.) and 
(!t) will be taken as the mean resistance of the reinforcing 
sections, and (j,,/I) and (!to,) as their maximum resistance, 
(i) representing their moment of inertia about their centre 
of gravity. 

When only Compressive Stresses are Produced (Fig. 44). 
'J) 

We get for the mean stress on the area of JJconcrete 
replaced by the reinforcement 
under greatest compression-

d 
i+ v 

el + (C2 - CI) -(-I -

and for the area of 'concrete 
replaced by the reinfor(jt3ment 
under least compression-

Ii 
2- - v 

}<'w. 44. Cl + (C2 - Cl) -d-

Consequently similarly to equation [lJ, p. 186-1t. 

T = ~(C2 + cI)db - w( 2Cl + «('2 ~ Cl)[(d + 2v) + (d - 21-")]) 

+ 00(;; + j;) 
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'1.' = ~(C2 + C1) (db - 2w) + w~f + it)' . [38] 

and similarly to equation [2], p. 186-
1 2 { (d + 2p) 1\1 = 1~(C2 - c1)d b - (liV C1 + (('2 - (1) 2d - C1 - (C2 

(d - 2v)' (C2 - 1'1).. . 
- (1) 2d J - -_- ({-"(lc + 7t) + (OI'(} - it) 

1 + - (fc - It)· . ~39] 
v 

{ 
1 2v2w 2i{ i 

M = (C2 - (1) f'i2b - d - d f+ wv(!c - it) + -;_; (!c + it). 
And we have also-

{
h + C1) VI it = 1/1' 2 - (C2 - ('1);[5' [40] 

_ {(1'2 + 1'1) . vI 
fc - 1n '2 + (C2 - (1) d J' C41] 

'. ) f. - (C2 + C1) ( ) V,,' I 
t - m r--2--- 1':2 - C1 d J' [42] 

1'_ j(1'2+ C1)+< )v",} 
J c - 11t l') C2 - C1 -, • ... (, 

. [43] 

Inserting the values of [40] and [41] in [38J and '[39J weget-

l' = (C2 + C1) { C~I - w) + 1nw} 
.) 

(db ') 
T = (C2 + (1) f-:T + W (m - 1) f' . [44] 



lOS REINFOHCED COXCRETE 

When Tensile Stresses are Produced (Fig. 45). 
The stress on the area of concretE 

1<---- b ----Ji replaced by the compressive reinforce· 

-ri 7~7~i- ment \Yill be 
~~I~-u ~Jil~ 

li..' ~_~. "'. £. 
I I I I I + I ----'l'--i +1 
: : : ~ : I and similarly to equation [11 J, p. 188. 
: ~u ':::.I~ i.i 1 

~" i • i : ,: T =!eub - c!_.c_w + w(J~ -J~) 
~ "'~~1.-;J_ : 2 u 

____ .._~- •. ___ ~__.a _"C. 

FIG. 15. T = * (~1t2b - h,w) + w(f; - ft). [46] 

and similarly to equation [12J, p. 188-
1 ( cl u) 11, C • :;\1 = -3 cub -2 - 0' - c-wv - -1e + wv(.fc + it) 

b II It 

X i (J~ + 1;), 
he ht 

[47] 

and further we have- II 
J») 

. 0M 
.!t = crn --- , 

1t 
[48] 

.r (hell) 
Ie = en1 U' [49] 

-r _ (hl"'~) 
Jim - em-- II- ' [50] 

.r ("",nU) 
(,m = cm -n-' 

' . 
(51] 

Substituting these values frolO [48J and [49] in [~6] and 
[47] we get-

and-

T = - -1L2b - heW + -- (he - hi), e ( 1 ) emw 
u 2 u 

T = __<?__[l_u2b + whe(m - 1) - mwht]", • [52] 
Il 2 

c {I 0 ('l n) .\. WV(,1n 'liem 1\1 =- -u-u --- - hewv - ~J + -- (he + ht) +--
It 3 ~ 3 n u 

:l\1 = __<?__[! n2/i (!l_!!_) - h ,(uV - i + wvm(hc + ht) + 2im] 
ui) ~ 3 C .... 
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M = _!!_ [~U2b (!!_ - 1
S
t) + wl'hc (m - 1) + i(2111 - 1) 

n i.l :.l' 

+ II/WI'''t]. [53] 

SPHERICAL AND CONICAL COYERINGS.* 

The graphical method of treatment for obtaining the stress 
of domes of thin shells, given below, is very simple and direct. 

A, Fig. 47, p. 204, shows j lIe half-section of a thin dome 
of uniform thickness and of uniform weight per square foot, 
which is hemispherical and of a material capable of resisting 
tensile and compressive stresses. 

Assume the vertical centre line as representing to some 
scale yet to be determined the weight of the dome, or of 
some section of it. Divide this line into any number of 
convenient parts (for convenience, sixteen equal parts have 
bieH taken), and mark the divisions 1" 2" 3,. Draw 
through 1" 2" 3" etc., horizontal lines to cut the section of 
the dome in 1, 2, 3, etc. 

Then as the area of any segment of a sphere equals c 11, 
where c is the circumference of the sphere and h is the 
height of the segment, any length such as 2" 3~, or 5" ti" 
on thf', centre vertical, measured on the ~ame scale UpOll 

which that vertical represents the whole weight of the dome 
or the chosen portion of it, will give the weight of the 
segment, -2~, or 5, ti, of the dome or chosen portion. 

As the tlliclmess of the dome is inconsiderable, the 
pressure may be considered as uniformly distributed over 
any s~ction such as 1, and therefore tangential to the 
surface. Draw through 1 a line 1, a tangential to the 

* The graphical method here given is based on a Impel' by W. Dunn, 
F,RI.B.A., publislH'<l in the" TransactioJl8 of the Boyal IIls1itute of 
British Architect~," March, 1904, and is reproduced from" Heinforced 
COllcI'jte," 3rd edition, by hlar~h & DUllll, 

J 



200 REIKFORCED COXCRETE 

surface (at right angles to the mdius CW,,), and through 

0' produce ao' indefinitely. Through 0' and 1/, draw 0't1 

and itl~ to intersect in t1, completing the triangle of forces 

holding that part 0'1 of the dome in equilibrium; 0'11 is 

the weight of it (being the load on point 1), the line 1t1 

the direct compression uniformly distributed over the 

horizontal section, and the line (J't 1 the radial thrust, all 
measured to the same scale (not yet determined) as 0'16'. 

If the point 11 were taken very near the crown, the load 
would be very small, and the horizontal thrust and direct 
stress "'ould also be reduced; at the crown itself there is 
no stress. This is one of the material points of difference 
Letween the dome and the arch, which latter construction 
has always a thrust at the crown. 

Procee(ling to section 2, we form the stress diKtgr~fn 

giving the four-sided figure 1/, 2" 12/1; 11 , 2" being the 

t> 

FIG. 46. 

weight of the segment, 2,,12 the direct 

stress upon the lower section, t2t1 

giving the radial thrust. Proceeding 
similarly for the remainder 'bf the 
figure, the direct thrusts cut the 
horizontal lines further and fu;the.r 
from the load line until we reach 6" 
when the intersections begin to 
approach the load line again, making 
the polygon of forces for each ~ection 
similar to the four-sided figure abed 
(Fig. 46). • 

The diagram of stresses may take another form (B, 

.. 

. 
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(Fig. 47). Set off the load line as before, and through 0" 

draw lines parallel to those tangential to the surface of the 
dome at the various points to intersect with the horizontal 
lines. Through these intersections draw the curve from 0" 

to 16/1' Then we have the stress diagram but of form 
.7', y, X, 0" following the vertical, then the horizontal, and 
then the inclined line; the radial thrust above the point 
'where the curve turns to the load line again and the radi:ll 

tensions below that point being given by the differences J:,y. 

The lengths xl" correspond to 0, f' in the first figure, 

and similarly the x,y's correspond to the lengths t1 t2
, 

't2 t3 , etc. 

These thrusts and tensions, or the x,y's, must be resolved 
into equivalent thrusts or tensions acting at right angles 
to the plane of the paper-that is, actually upon the 
ve~~ical '~aces of the section. 

Let 0"16 11 represent the total weight of the dome, then 

any x,y shows the total radial thrust upon the correspond­
ing section, which \ye shall call n. Being uniformly 
distributed its intensity per unit of circumference equals 

H 
UIli ts in t11e-cii:c-lliilference-, 

just ~ the intensity of pressure on a column equals the 
total pressure divided by the units of area in the column. 

In any circular ring under uniform normal pressure 
(0, Fig. 47), as in a cylinder holding water, the resultant 
tension or compression T (which we call hoop tension) 
equals t~e intensity of the radial pressure multiplied by 
tbe radius, that is-

R X radius . 
. f = hoop thrust or tenSIOn = T, 

CIrCUli erence 
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Th' radius. t t't f . 1 IS. f IS a cons ant quan 1 y or any Clrc e, CHcum erence 

1 R 
and equals 6'2832 nearly, so that 6'2832 = T. 

When, therefore, 0"16/1 represents the total weight of the 

dome, we must divide each horizontal X,Y by 6'2832 for the 
hoop tension. 

-- 1 
Suppose we take (jlll( j l/ to represent t.d832 of the weight 

of the dome, then we shall not require to divide the X,!)'8, 

as they will each equal the hoop tension at that point; i.e., 

if we take, not the weight of 3600 hut 6'~~~~' or 57'3 of th~ 
dome, the horizontal x,y's give the hoop tension or com­
pression directly. 

) . ) 

Form such a scale that 0/116
" 

measures the weight of 

57'30
; the lengths xo" measured to that scale give the total 

compression on a hodzontal plane on a segment of 57·go of 
the dome (this segment is in plan). 

As the length of an arc of 57'30 equals its radius we have 

only to divide the lengths x,o" by the radius at tHe cone­
fiponding points to get the pressure per lineal unit on the 

,J 

llOrizontal section. 
At the joint where the hoop thrust changes to hoop 

tension the maximum horizontal thrust is caused as is 
dearly seen in B, Fig. 47; it is the sum of all the thrusts 
.r!) above it. Below that joint this thrust is dimiliisheu by 
the tensions X'y in each ring, until in the hemispherical , 
dome these exactly balance the sum of the thrusts xy. If 
the Jome \vere to spring from the joint \"here the hoop 
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thrust changes to hoop tension, the provision to prevent the 
supports spreading would be the maximum obtainable for 
the dome under consideration. This joint is frequently 
called the joint of rupture; it is situated at a height above 

the springing line of ~ (V5-1) radius, or about 51°'-19' from 

the vertical. Above that joint the dome tends to collapse 
inwards; below it tends to spread outwards. 

If the dome is segmental, springing from, say, the level 
6, 6" the stress diagram at the point 6 is found by drawing 
a vertical line representing the weight of the dome 0'6, (A, 
Fig. 47). Through the lower end of this line, draw 6,tO 

parallel to the tangent at the springing and throllgh the 
upper end a horizontal line 01t6• Then 0't6 gives the total 
radial thrust at the springing and 6,t6 the total compression 
<Jil t}~ horizontal plane at tile same point; or, if (J'6, 
represents 

the weight of the dome 
o·::ltli.l2 

then o,t6 will equal the hoop tension at ihe base. This 
would have to be resisted by a ring or by abutments . 

• The weight of the dome or its covering may be estimated 
in tbe following manner. Above any horizontal section the 
weight of the dome will be Ie X 2 7T r v, where l' is the 
radius to which the dome is struck, v the rise, and 10 the 
weight per unit area, the radius Leing measured to the 
centre of the section. 
Th~ same methods can be used for conical coverings, 

.since it happens that the weights above any horizontal 
section are proportional to the vertical distances from the 
apex of the cone to that section. 
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In a cone the greatest horizontal thrust is at the base 
if the abutments do not yield, or if there is a reinforcement 
to tie in the base. If the a,butments yield, the cone itself, 
if capahle of doing so, also supplies the necessary resistance 
to twisting open. 

These results are only correct for thin coverings of 
material capable of resisting tension and compression, 
of true spherical or conical section, and of uniform weight 
per unit of service. Snch a material as reinforced concrete 
may ve assumed to satisfy these conditions. 

If we put an eye to the dome (i.e. omit the central upper 

pMt, S<1Y the part aboye the line 1.1 ,), then the horizontal • 

line 0', tt, t2, t3, etc. is 10,Yered to the level of 1.1" and 
t he position of the join t of rupture is also lowered. If a 
heavy load, such as a bntero, were put at 1, then the 

], 

horizontal line 0', t\ t2, {l, etc., would be raised, incrnasing 
t he part under hoop tension and diminishing the part 
under hoop compression. If the section is varied and 
becomes pointed, or of any other curvature, there is also 
a change in the position of this joint. 

'1'he intensity of the stresses in spherical domes as found 
» 

by such a diagram as A or n, Fi),.;. 47, f()llows from the 
weight of the dome. which varies directly with the thick­
ness, supposed to be uniform. As the area to resist the 
resulting stresses is correspondingly varied, it appears that 
whatever the thickness in a hemispherical dome of uniform 
thicknm;s, the unit stresses theoretically are always the 
same for the same radins. 'Ye say theoretically, '~s the 
foregoing theory does not take account ()f the elasti()l 
yielLling of the dome ,yhich may cause the centre of 
pressure to leave the centre of the section and so materially 
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increase the unit stresses. There is so far no satisfactory 
method devised oy which we may accurately determille 
the centre of pressure, and it is desirable therefore to 
make allowance for these indeterminable stresses by 
making domes of ample thickness. 



(,HAPTER V. 

METHODS OF REINFORCEMENT. 

THERE are at the present time a great number of systems _ 
employing various methods of reinforcement. It is not 
necessary to describe these in detail, but it may 
ve well to briefly set out the general methods of 
reinforcement which lllay be adopted to resist 
the stresses in reinforced cOllcrete structures. 

The reinforcement of collllllJls and piles may 
consist of longitudinal rod" tied together by 
wire ties spaced some distance apart, as shown 

FIG. 4S. 

(Fig. 48). The spacing of the 
ties for this type of reinforce­
mlmt should not be more than 
twenty-four times the di<1meter 
of the longitudinal reinforce­
ments for columns, and should 
be about twelve diameters for 
piles. At the top of piles the 
i-illacing should gradllally re­
duce to about t\yO or three 
diameters. 

COIUIilIiS allll pilI'S are fre­
quently reinforced by spiral 
bindings or closely spaced hoop­
ings, together with longitlldinal 
rods. If the hooping is to be FIG. 49. 
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considered as adding to tbe resistance tbe spacing sbould 
not be greater than about one-fifth the diameter hooped 

- . :",,":.', 

I FIG. 50. , 
core; a very usual spacing is about one-eighth this 
diameter. This method is shown in Figs. 49 and 50. 

'1'jLe fC??tings of columns or walls are usually reinforced 
by bars crossing each other parallel to the sides or 
diagonally or both, and placed near the lower surface. A 
good method to adopt 
IS to place two 
series of fairly large 
sized hal'S cross-
ing one another at 
right itngles under 
the base of the 

column and parallel 
to the sides, with 
smaller 1)t1'8 parallel : 
to these from the 
ou~er sides of each 
serles to 

.) 

) 

the outer 

l; 1 

~ 
}'IG . • H. 

• r\~"\'~ ':\\ . ~ 
~1 ~~ ',: 

~, - ..... ~ . ~ • FIG. 52. 

~ ~I 
FIG. 53. 
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edges of the footing. The larger sized bars are calculated 
to resist the reaction of the four trapezoidal portions of 

.,; 
'0 

the footing while the smaller bars 
distribute the reactions from the 
corners. 

When a beam or slab is freely 
supported and the diagonal tensile 
stresses are resisted by the concrete, 
it is only necessary to place reinforce­
ments near the under-side, as sh"bwn 
in Fig. 51. 

When the member is fixed at the 
ends or passes oyer intermediate 

FIG. 54. 

supports and the diagonal tensile 
stresses are resisted by the concrete, 
it is necessary to place \prther 
reinforcements near the top surface 
over the supports fwd extending into 
the pieces, as shown in Fig. 52; Ql' 

some of the bottom reinforcements 
Illay be bent up so as to pass"'over" the 
supports near the upper surface ,.as 
sbow~ in Fig. 53. 

For slabs which are square or 

.. 
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when the length is less than twice the width, it will be 
necessary to provide reinforcements in both directions, as 

~-------------------- .. -- .. ---- .. ····----1··· _.,.-., ---....... , ... \ .... '" ............ ~ 
fj I, ~ 

FIG. 56. 

shown in Fig. 54, or expanded metal or other mesh rein­
forcement may be used. It is advisable to provide some 

(\fS\\ \ I j r 1 r[[7~ 
FIG. 57. 

transverse reinforcement in all slabs, especially if they may 
be loaded locally. 

If the diagonal tensile stresses are more than can be 
safely resisted by the con­
crete alone, it becomes 

) 

necessary to place rein-

lOrcements to resist t.hese. ~~ ..... '" / 
~~ 0:.:::ZVflp. The bent-up bars shown 

in Fig. 53 provide resist­
ance tC! diagonal tensile 

PIC. ;,ii. 

stresses, but it is generaIIy necessary to insert further 
reinforcements for this purpose. Fig. 55 shows a very 
usual method, the stirrups being flat hoop-iron or roundc 

R.C. p 
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rods. Sometimes the bent-up bars are omitted, aud 
reinforcements are inserted as in Figs. 56 and 57. 

It is advisable that such reinforcements should be 
m some ,yay rigidly attached to the bottom rods, and 

FIG. 69. 

they must penetrate nearly to the upper surface, or, better 
still, be bent over and secured to horizontal bars near 
this surface. The bottom rods may also be lJent .,up 
without passing horizontally over the supports as shown 

• in Fig. 50, or the bars may be of a special form, as 
Fig. 58. 

D 
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Other methods of reinforcing against diagonal tension 
are shown in Fig. 59. 

If the depth of the beam 
is insufficient for the con­
crete to supply adequate 
resistance to compression, 
horizontal reinforcements 

, are provided for the entire 
: length near the upper sur-
• face, as shown in Figs. 57 

and 59. 
.. Cantilevers are reinforced 

FIG. 60. 

with bars near the upper surface, and these must be firmly 
secured or embedded in the support. The reinforcement 
against diagonal tension will be as described for beams. 

I'he ~ops of columns should be well tied into the 
beams by continuing the longitudinal bars of the columns 
well into the beams. The longi­
tudinal bars in the beams must 
also be carried over the columns and 
well into the supports. 

The longitudinal bars of columns 
should be machined flat at their 
lower' ends and bear against a plate 
inserted in the footings, or be bent 
out into the footing near the centre 
of its depth. When there are a series 
of floor~ the bars in the columns . 
should be made continuous by being 

• FIG. 61. machined at the ends and being 
connected by sleeves or some other adequate arrangement. 

p2 
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Pipes, rescl"wir8, and similar stmctw'es are reinforced with 
hoops or spiral windings and longitudinal distribution rods, 

FIG. 62 

FIG. 63. 

FIG. 64. 

... 

as shown in Figs. 60 
and 61. 

Small span arches 
are frequently only 
reinforced near the 
intrados, as in Fig. 
62, but for large 
spans it is advisable 
to insert reinforce­
ments both near thE} 
intrados and extra­
dos, as in Fig. 63. 

Arches with a flat 
extrados a,lie v~ry 

frequently rein­
forced as shown 
(Fig. 64), although 

the central portion of the upper 
reinforcement is sometimes 
omitted. 

In the case of arches with a 
,J 

flat extrados having a small rise 
in proportion to the span it is 
necessary to place reinforce­
ments in the vertical planes near 
the centre to tie the ~ongitu­
dinal bars near the intrados to , 
the concrete, or fUrther bars 
near the extrados. Generally 
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speaking, it is advisable to use inclined reinforcements in 
arches to tie the upper and lower longitudinal reinforce­
ments together, or to secure the bars neal' the intrados to 
the concrete at the extrados. In fact, for all reinforced 

, , 
~-j 

~ 

FIG.6G. FIG. 61. 

concrete work it is well to thoroughly tie the bars to each 
other and to the concrete. 

There are, of course, many structures of a compound 
nature in which the method of reinforcement depends on 
the stres'ses to be resisted by the component parts, but the 
general description given should be a sufficient guide to the , 
rational reinforcement of such structures. 

Figs. 65, 66, and 67 show three methods of designing 
retaining walls. 
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conclusions, 82 
Atmospheric conditions, calculations for, 126-129 

effects of, 69 
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"\ llf,hian Go,ernment formula for hooped concrete, 100 

BARS, disad,antages of large sizes, 75 
form of, effect on bond resistance, 53 
methods for securing ends to prevent sliding, 54 
size of deformed, for resisting temperature stresses, 51 
spacing of, in slahs, 76 
URe of deformed. for resisting temperature stresses, 70 

Beams, behaviour under loading, 44 et serl. 
continuity of reinforcement over snpports, 108, 115 
continuous, bending moments aIld reactions, 89-91 
liouble reinforcement of, discus~ioTl on, 107-109 
methods of reinforcement, 20S-211 
rectangular, calculations for bending stresses, 103-107 
reinforced with large sections, calculations for, 116-11, 
reinforcement over snpports, lOS 
span of, S5 
T, behaviour under loaliing, 63 et seq. 

calculations for, 109-114 
wilith to be assurneli, 109, 110 

Behaviour of reinforced concrete under compression, 18 et self' 
conclusions, 42 

flexure, 44 et se']. 
conclusions, 64 et 81"1. 

Bending and compression combined, calculations for, 185-199 
moment in arches, 140 et seq. 
moments, 85 tt se'). 

continuous beams, 89-91 
slabs, 91-95 

Bent-up reinforcements, calculation for resistance of, 123, 124, 125 
use of, 108 ,. 

Bitumen, use of, 15 
Bond between steel and concrete, 50 et ,'[']. 

advisability of rigidly attached 
, members, 54 

effect of form of bars on, 5;3 
rust on, 52 .. 
size of bars on, 51 
vibrations on, 53 

frictional, 52 
security of eud attachmen ts, 54 

web 

• 
" 
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Bond resistance, calculations for, 120-122 
conclusions as to, 64, 66, 67 

British Fire Prevention Oommittee. remarks on aggregates, 6 
Building, ease and rapidity of, 9 I 

CALCULATIONS, assumptions necessary for, 71 et 8e~ \ 
for arches, large span, 139-199 ' 

small span, 136, 139 
tomperature stresses in, 182-185 

beam8, double reinforcement, 10[)-109 
rectangular single reinforcement. 103-105 
T -double reinforcement, 11:1-11 { 
T-inverted,114 
T -single reinforcement,110-11:; 
with reinfurcements of large section. 116-

118 
bond re~istance, 120-122 
cantilevers, Same as beams. 
colulllns, 97-103 

I' 
i\ 
\ 

eccentric loading on, 99 
hooped, 99-103 

compression, and bending combined, 
direct, 97, 98 

domes and spires, 199-205 
pipes, 129-136 
pressure curve in arches, continuous, 

hinged at 
171-177 

18/;-199 

148-171 
springings, 

three· hinged, 1 ii-181 
reservoirs, circular, 129-13G 
shearillg resistance, 120-126 
temperature stresses, 12G-129 

in arches, 182-18,} 
symbols for, 83 

Cantilevers, calculations for, Same as beams. 
methods of reinforcement, 211 

OlJristvphe experiments on tensile strain in concrete, 58 et seq. 
Cinder concrete, strength of, 19 
.coke breeze concrete, strength of, 19 
Oolonnade spandrils for arches, necessity for shearing reinforcements, 68 
Columns, calculations for, 9i-103 
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Columns, methods of reinforcement, 206, 207, 211 
spacing of ties in, 206 

Compression, and bending combined, calculations for, 185-199 
behaviour of reinforced concrete under, 18 et seq. 

conclusions, 42 
Compressive resistance of concrete, 18, 20, 42 

under flexure, conclusions as to, 65 
Conclusions on behaviour of reinforced concrete under compression, 42 

Concrete, calculations for shearing, resistance of, 
cinder, strength of, 19 
compressive resistance of, 18, 20 
effect of setting conditions on, 33, 34 
hooped, discussion on, 36 et seq. 
mixtures for, 18, 19 

flexure, 6·1 et 81"1_ 

120-123 

modulus of elasticity in compression, 25 et·seq., 35 

tension, 24 
proportions of, 18, 19 
resistance to diagonal tension, 56, 57 

shearing, 55 
tensile strain on, 57 et seq. 

effect of variation of, 
on calculations, 26 

Conditions of setting, effect on reinforced concrete, 33, 34, ~[ 
Conduction of heat, 8 
Conical coverings, graphical treatment for, 203, 204 
Conservation of plane sections, 76 
Considere experiments on conditions of setting, 33 

hooped concrete, 40, 41 
tensile strain in concrete, 58 et 8eq. 

Construction, caro required in, 12 
carelessness in, 12 
ease and rapidity of, 9 

Continuity over supports of beams, etc., 108, 115 
Continuous beam~, bending moments and reactions, 89-91 
Cost, economy of, 10 

of falsework, large item, 10 
Cover to metal, 5-8 
Cracking of concrete, due to tensile strain, 57 et seQ. 
Cracks, fine, initial or artificial, effect on resistance, 63, 64 

DEFOR!>fATIONS, permanent, effects of, 80 
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Deformed bars for bond resistance, 53 
resisting temperature stresses, 70 

Design, scientific, introduction of, 3 
Diagonal tension, 55 et seq. 

calculations for resisting, 120-126 
conclusions as to, 65, 67, 68 
reinforcements, calculations for, 12::-12" 

Domes, graphical treatment for, 199-201 
Durability, 9 

EARLY use of, 2 

Earthquakes, resistance to, 9 
Elastic arches, discussion on, 139-185 

behaviour of concrete in compression, 21 et seq. 
moduli of concrete and steel, ratio of, 36, 81 
modulus of concrete in compression, 25 et seq. 
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effect of variation of, on 
calculations. '){; 

tension, 21 
steel: 4:f 

Elasti,jty, discussion on, 21 et seq. 
Emerson experiments on condition of setting, 33 
Empirical formula, use of, 4 
Erection, ease and rapidity of, 9 
Expeliments on conditions of setting, 33 

conservation of plane sections, 77 
hooped concrete, 40, 41 
preservation of metal, 16 
shearing of concrete, 55 
tensile strain in concrete, 58 

FELT, use of, for water pressure resistance, 15 
:Fibres, action of, 72 
Fire resistance, 5 

remarks of Reinforced Concrete COntmittee of 
R.I.B.A., 7, 8 

8lexute, behaviour of reinforced concrete under, 44 et seq. 
conclusior1s, 64-68 

, Footings, calculations for, 207. Same as for Cantilevers. 
methods of reinforcement, 207 

Formula, empirical use of, 4 
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French Government Commission, coefficients for bending :moments on 
slabs, 91-95 

formuloo, etc., for hoopEld concrete < 

99, 100 

GRASHOF, coefficients for bending moments on slabs, 91, 92 

HARDNESS, 11 
Heat, conduction of, 8 
High carbon steel, disadvantage in the use of, 63 
, useful to resist temperature stresses, 70, 129 
Hooped concrete, discussion on, 36 et seq. 
Hypotheses necessary for calculations, 71 et seq. 

:hrrENETRABILITY, 11 
Impermeability, 13 

conclusions, 82 

I "clined bars, calculations for, resistance of, 123-125 
Increase in strength of concrete with age, 19 
] Ilitial stresses, effect of, 78 
Introduction of reinforced concrete in England, 1 

JOINTS between columns and beams, 211 
of reinforcements in beams and slabs, 115 

LENGTIIS of reinforcements over supports, 115, 116 
Loading, behaviour uuder, 18 et seq. 

of structures, period before, 10 
while erecting, 12, 13 

MAINTENANCE, small cost of, 9 
l\Iesnager experiments on tonsile strain on concrete, 58 
Metal, cover necessary over, 5, 8 

disadvantage in use of large sections, 75 
for resistillg temperature stresses, 70, 80 
preservation of, 15 
spacing of, in slabs, 76 

'Methods of reinforcement, 206-213 
Mi'1ctures for concrete, 18, 19 
Moduli of elasticity of concrete and steel, ratio of, 36, 81 

steel, 43 
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Modulus of elasticity of concrete in compression, 25 et Beg., 35 
Moments, bending. 8'5 et seq. 
Moulding, ease and rapidrl:.y of, 9 

to ornamental designs, 10 
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NEUTRAL axis in arches, calculations for finding position of, 191, 1!)~, 
195 

beams, calculations for finding position of, 104, 107, 
111, 114 

ORNAMENTAL designs, moulding of, 10 

PARABOLIC and straight line stress-strain relations, comparison of, 
49,50 

stress-strain relation, 44-50 
Peabody experiments on setting conditions, 33 
Permanent set, effect on elasticity of reinforced concrete, 34, 3Q 
Piles, calculations for, Same as for columns and beams. 

methods of reinforcement, 206, 207 
spacing of ties in, 206 

'Pipes,'lCalculations for, 1~9-136 
methods of reinforcement, 211 
position of reillfOl'cements, 134, 135 
spacing of reinf0rcements, 132, 133 
thickness of shell, 131, 1:33, 134 

Practice and theory, 4, 5 \ 
Pressure curve in arches, 139-185 \, 

of wind, \)6, 97 , 
coefficients for reduction, 97 

Proportions for concrete, 18, 19 

RANKINE coefficients for bending moments on slabs, 91, 92 
Ratio of moduli of elasticity of concrete and steel, 36 
Reactions of continuous beams, 89, 90 
Reinforcement, bent-up, use of, 108 

calculations for resistance of, 123-125 
disadvantage in use of large sections, 75, 118, 119 
methods of, 206-213 
of columns and beams, continuity oI, 211 
of large sectional area, discussion on, 75, 118, 119 
of slabs, spacilJg of, 76 
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Reinforcement over supports, 108, 115, 116, 211 
to be assumed in arches, 15a 
to resist temperature stresses, 70, 80 
under piers or colonnades for open sprandril arches, 68 

Reservoirs, circular calculations for, 129-136 
position of reinforcements, 1:34, 135 
spacing of reinforcemonts, 132, 133 
thickness of shell, 131 

methods of reinforcement, 211 
Resistance bond. 50 et seq. 

o£ concrete to compression, 18, 20, 42 
safe, 42 

diagonal tension, .56, 57 
shearing, 55 

of rpinforced concrete to compression, 42, 13 
sufe, of sleel, 82 
to fire, oj 

cOI"ering to metal, 6 
to sliding of steel, 50 et 8Pq. 

Retaining walls, methods of reinforcement, 213 
Rigid attachment of web members, advisavility of, 54 
Rust, effect on bond resistance, 52 

of, 011 preservation of metal, 17 

S.~FE stress, bond, 54, 67 
concrete compreEsion, 42, (j.) 

diagonal tension, iJi, 67 
tensile stress in steel, 82 

Scientific design, institution of, a 
Sections, plane, conservation of, 76 
Set, permanent, effect on elasticity of roinforced concrete, 34, 35 
Setting conditions, effect of, 79 

Shearing, 5;') et seq. 

on elasticity of reinforced concrete, a3, 34 
reinforced concrete, 3:1, 34 

forces OIl slabs, 95 
reinforcoments, advisa/"ility of rigid attachment, 54 

calculations for, 123-12G 
resistance, calculations for, 120-126 

Shocks, resistance to, 9 
Slabs, bending moments and shearing forces, 91-95 
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Slabs, continuity of reinforcement over supports, 108, 115 
methods of reinforcement, 208-211 
reinforcements, spacing of, 76 
span of, 85 

Sound, conduction of, 11 
Spaciug for bars in slab~, 76 
Span of slabs and beams, 8.:J 
Spires, graphical treatment for, 203, 204 
Steel, disadvantage in use of large sections, Ii) 

for resisting temperature stresse6, 70, 80 
high carbon, disadvantage. in the use of, 63 \ 

useful to resIst temperature stresse~, 70, 129 
in slabs, spacing of, 76 . 
preservation of, 15 
safe tensile resistance of . .'32 

\ 
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• Srirrups, calculation of resi"tulluU of, 124-126 
Straight line and parabolic stress-strain relations, 

50 
comp~on of, 49, 

stress-strain relation, 49, ,;0, 81 
Strain and stress, discus8ion on, 22 
., Tjllslle, oU' uuucret'e, i)-r er'.se'l' 

conclnsions as to, 67 
Strength, compressive, of cOllcrete, 18-20 
Stress alld straill, discnssion on, 22 

area of coucrete, 44 et Sf']. 

conclusions as to, 66 
initial effect of, 7U 
strain curve, 27 tt '<P'l" 81 
..-orking bond, 54, G7 

concrete in compression, 42, 631 
• diagonal tension, 57, 67 

tensile in steel, 82 
Stresses in arches, distribution of, 140, 141 
Supports, reinforcements over, 108, lUi, llU,211 
Surfaces, reinforcement of expo~8d, 14 
Sym boIs, 83 

• • 
TALDOT exper!lIlE'nts on tensile strain on eon crete, 59, 60 

• remarks on compressive resistance of concrete, 20 
stress-strain curve, 43-50 
tests on hooped concrete, 40, 4.1 
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Talbot tests on shearing of concrete, 55 
Tanks, circular, calculations for, 129 -136 

methods of reinforcement, 211 
position of reinforcements, 134, 135 
spncing of reinforcements, 132, 133 
thickness of shell, I~H 

Tee beams, behaviour of, undcr loading, 63 et seq. 
calculutions for, 109-114 
width to he assumed, IOU, 110 

Temperature, effects of, 69, 80, 121;, 127 
stresses, calculations foJ', 126-129 

discussion on, 6H, 80, 126, 127 
in arches, calculation of, 182-185 
steel for resisting, 'iO, 80, 126-129 

Tensile strain on concrete, 5 j et seq. 
conclusions as to, 67 

stress in Fteel, 82 
Tests on conservation of plane sections, 77 

hooped concrete, 40, 41 
12resprvation of metal, 16 
shearing of concrete, 55 
tensile ~train on conerete, 58 et seq. 

Theory and practice, 4, 5 
'l'hickness of arches, H9-152 
l'hmst in arches, 1-10 d seq. 
Tnrneaure experiments on tensile strain on concrete, 59 

ULTurATE compressive resistance of concrete, 18-20 
not true basiS f<fl' assess­

ing safe sj)l'csses, 20 

VEHTICAL bars, calculation for resistance of, 124-126 
Vibrations, effect of, on bond resistal)(:oe, 53 

re"istance to, 9 

'VALLS, retaining, methods of reinforcement, 213 
reinforcement of, 108 

,Varren experiments on con~ervation of plane sections, .71 
Water, effect on strength of concrete, 20 

pressure, rosistance to, 13, 14, 15 
Waterprocriillg, 9, 14, l.i 
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Watertightness, I:; ~Ui 
'Veb members, effect on fire re~istance, 7 

stresses, calculations for, I:?O -126 
'Weight of rcinfol'(:c,l concrete, SJ 
Width of T beam~, lOD-110 
'Vilkin.-;on·s patent, 1 
Irind pl'e3SUl't)~, 91), !J7 

coeJfkitlnts £01' reduction, 97 
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